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Abstract

This paper studies V-form traveling fronts to a bistable reaction—diffusion equation. V-form
traveling fronts have been studied so far for many reaction—diffusion equations. The proof of
its existence is often based on the multi-scale method. In this paper we present a new simple
proof for the existence of V-form traveling fronts based on estimates by inscribed balls.
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1 Introduction and the main result

In this paper we study a reaction—diffusion equation

up = Au+ fu), (x,y,1) € R* x (0, 00), (1)
u(x, y,0) =uo(x,y),  (x,y) € R% )
We set u; = du/dt and A = 8°/9x> 4+ 82/dy>. Here, f € C2[0, 1] satisfies
fO) =0, f(H)=0, f'(0)<0, f(1)<O0, 3)
/01 f)ydu >0 “)
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and
fw) <0 if ue(0,ap),
fw) >0 if u € (ap, 1)

for ap € (0, 1). This f is called a bistable reaction term. Now we extend f as a function
of class C? on an open interval including [0, 1]. Now ug is a given bounded and uniformly
continuous function from R2 to R. We write the solution of (1)—(2) as u(x, v, t; up). Under
the assumptions stated above, there exists (k, ®) € (0, 00) x C 2(R) that satisfies

() + k' () + f(P(w) =0, peR, ©)
0<®(u)<l1l, pnekR (6)
with
®(—00) =1, d(c0) =0,
®'(n) <0, w e R.

Now we put
W(u) = —/ f(v)dv,
0

and choose 6y € (ag, 1) with W(0y) > 0 and choose 5o € (0, ag). We assume ®(0) = 6y
without loss of generality. We denote the solution of (1) and (2) by u(x, t; up). This equation
is called the Allen—Cahn equation, the scalar Ginzburg-Landau equation or the Nagumo
equation. Now @ (y — kt) is a planar traveling front solution to (1). For traveling fronts to (1)
in general dimensions have been studied by many mathematicians. Among them, the simplest
non-planar traveling front is a V-form traveling front. See [5-9] for instance. In this paper
we present a simple new proof of the V-form traveling front. Let ¢ € (k, 0o) be arbitrarily
chosen. We put z = y — ¢t and

w(x,z,t) =ulx,z+ct,t), (x,z,1) € R? x (0, 00).
Then we have
W = Wyx + Wy + cw; + f(w), (x,z,1) € R? x (0, 00),
w(x,z,0) = up(x,2), (x,2) € R%

We write the solution as w(x, z, t; ug). Hereafter we write z simply as y, and write
w(x, z,t; ug) as w(x, y, t; ug). Now we have

wr = Aw +cwy + f(w),  (x,y,1) € R? x (0, 0), @)
wlx, y,0) = uo(x,y),  (x,y) € R% ®)
The profile equation of (c, v) is given by
Av+ecvy+ f(0) =0, (x,y) e R
Now we define
2 _ k2

and

k k k
vo(x,y) =@ (;(y - m*|x|)> = max {<D <;(y - m*X)> , @ (;(y + mﬂXl))} (10)
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for (x, y) € R%. We define ® € (0, 7/2) by
my = tan ©

and have ccos ® = k. Now we state V-form traveling fronts to (1) given by [8, 9, 13] as
follows. See also [3-7, 10].

Theorem 1.1 Let ¢ € (k, 00) be arbitrarily given and let vy be given by (10). There exists
V(x, y) such that one has

AV 4+cVy+ f(V) =0, (x,y) e R?, (11
0<Vx,y) <1, (x,y)€R? (12)
V(—x,y) =V(x,y), (& ek, (13)
Velx,y) >0 if (x,y) € (0,00) xR, (14)
(VV(x,y),t) <0, (x,y) eR? (15)

where t is a unit vector with

t=cv, >0, mlnl <t (16)
2

Let G(x; 6p) be defined by V (x, G(x; 6p)) = 6y for x € R. Then one has

lim  sup V(x+A,y+G(A;00))—d><§(y—m*x))‘ =0, (17

A=00 (x,y)eQ

where Qg is any given compact set in R2.

The proof of this theorem has been carried out by the multi-scale methods in [8, 9, 13].
In this paper, we present a simple proof for this theorem based on the estimates by inscribed
balls. Now we define a positive constant
I .
p = 7 min (=70, -},
and choose 3, € (0, 1/4) so small such that we have
—flu)y =B if u €[—284, 28] U1 — 28, 1 + 28,].
We define
M = "(w)]. 18
ue[fin&fﬁm*] @)l (18)

We always assume
—SSupx, ) <148, (xy) eR% (19)

Then we have

— 8 <u(x,y,t;u0) <1468,  (x,y,1) € R* x (0, 00),

sup max{|u,(x, y, t; uo)l, lux(x,y, t; uo)l, [uy(x, y, t; Mo)‘} < 00, (20)

(x,y,1)€RZx[1,00)

tyy (x, y. 1 up)|} < 00, (21)

sup max{|u, (x, y,t; uo)|,
(x,y,1)eRZx[1,00)

Uyy(x, y,t; uo)

’
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For the proof of the Schauder estimates (20) and (21), see [13]. For the one-dimensional case,
(1) and (2) become

ur=uxx + fw), (x,1) € Rx(0,00), (22)

u(x,0) = up(x), x € R. (23)
Here ug is a given bounded uniformly continuous function from R to R. We write the solution
of (22)—(23) as u(x, t; ug). The one-dimensional traveling front ®(x — kt) to (22)—-(23) is
asymptotically stable for an initial perturbation. That is, if

=38 Sup(x) <1448, xeR,

limsupug(x) <sp, 6p <liminfug(x),
X—00 X—>—00

one has, for any given ¢ > 0,

sup |u(x, 5 ug) — d(x —kt — yo)| < ¢ (24)
xeR

for sufficiently large ¢ € (0, 0c0). Here yo € R is a constant. See [1, 2, 13] for the proof.
Let ¢ € (k, 00) be arbitrarily given and let ® € (0, 7/2) be defined by ccos ® = k.
Define vg by (10). We write w(x, y, t; vo) simply as w(x, y, t), and have

0<w,y,t)<1, (x,y,1) €R?x(0,00). (25)

Now we have
w(—x,y, 1) =wx, y,1),  (x,y,1) €R?x (0, 00) (26)

from
v(—x,y) =v(x,y), (x,y) € R%

Also we have
wi(x,y,1) >0,  (x,y,1) € R* x (0, 00). 27)

Indeed, putting

k k
Urgh(x, y) = @ (;(y - m*x)) , uife(x, y) =@ (;(y + mM)) . (r,y) eR%(28)

we have
vo(x, y) = max {vrgn(x, y), v (x, )}, (x,y) € R%.
Then, using
Vrgn (¥, ¥) < v0(x, ¥), vi(x,y) <volx,y),  (x,y) € R?,
we have

Urgh (X, ¥) S w(x, ¥, 1; Vrgn) S w(x, y, 1), vin(x,y) S wx, y, ;o) < wlx, y, 1)
for (x, y, 1) € R? x (0, o). Thus we find
vo(x, y) = max {vreh (x, ), vig(x, )} S wlx, y, 1), (x,y.1) € R* x (0, 00).
Now we have

wy(x, y,t) >0, (x,y,1) e R? x (0, 00).
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Since w; does not vanish identically in R?, we obtain (27) by the strong maximum principle.
By (20) and (27), there exists No € (0, co) with

0 <wx,y, 1) <Nop, (x,9,1) €R*x[l,00). (29)

Next we have
(Vw(x,y,0,8) <0, (x,y,1) € R? x (0, 00), (30)

where ¢ is a unit vector with (16). Indeed, for every o € (0, 00), we have
vo(x) > vo(x +ot), x=(x,y) € R2.

Then we have
w(x,t;v0) > w(x + ot, 1;v0), x € R,

that is,
wx +ot,t;vy) —w(x,t;v9) <0, x e R?,

Dividing the both hand sides by o € (0, c0) and sending ¢ — 0, we have

dw

L 1:v9) <0, € R2.
Y (x,t;v9) < X

Since dw/dt does not vanish identically in R2, we obtain (30) from the strong maximum
principle. By (30), we have

Vw

e 0 > cos ® (x,y,t)esz(O,oo)
[Vw| \1

and thus

[Vw(x,y,1)[cos® < —wy(x, y,1) < |[Vw(x, y, )], (x,y,1) € R? x 0,00). (31)

@ 9

Here “-” means the inner product in R2, Using (27) and the definition of vy, we have

lim

inf  wx, mex| — R, 1) = 1. (32)
R— 00 (x,1)eRx(0,00)

For any (xg, R) € R? x (0, 00), we define B(xg; R) = {x eR2||x — x| < R}. Now we
introduce a useful lemma as follows.

Lemma 1.2 [13, Theorem 5.8] Let R € (0, 00), T € (0, 00), &1 € (0, 1) and xy € R? be
arbitrarily given. Let u(l) and u(z) be bounded and uniformly continuous functions from R to
R that satisfy (19) and
sup  fua(x) —vi(x)| < ey,
x€B(xp;2R)

where x = (x, y). Then one has

R2
sup {u(x, T; u%) —ulx,T; u(l))| < g1eMT 4 dkpe™T exp|——).

- 8T
xeB(xq;R)

Here ko and M are positive constants that depend only on f and are independent of
(R, T, &1, x0)-
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See [13] for the proof. Since 0 is an equilibrium solution of (1), we have
u(x,y,4;0)=0, (x,y,1) € R*x (0, 00).
Applying Lemma 1.2 for u(l) =0 and u(z) = vp, we obtain, for every fixed 7 € (0, 00),
lim <supu(x,m*|x| — R, t; vo)) =1.
R—00 \ xR

Using
w(x,y—ct,t) =u(x,y,t;vo), (x,y,1) e R? x 0, 00),

we have, for every fixed r € (0, 00),
lim (sup w(x, my|x| + R, t)) =0. (33)
R—00 \ xeR

By the Schauder estimate [13, Lemma 2.6], there exists a positive constant By such that

sup [Vw(x, y,1)| < By (34)
(x,y,1)eRZx[1,00)

holds true. For every 6 € (0, 6p], we choose a positive number R = Ry with
W(E)R =1+ Bob. (35)
Let 6 € (0, 1) be arbitrarily given. Using (30), (32) and (33), we define g(x, t; 0) € R by
w(x, g(x,t;0),t) =10 (36)

for (x,1) € R x (0, 00). Then g(x, t; 0) is twice continuously differentiable in x € R and
t € (0, 0o0) with
g(_xat;e):g('xstae)a (x,t,@)ERX(0,00)X(O, 1)7
0<gu(x,2;0) <my,  (x,1,0) €[0,00) x (0,00) x (0, 1), (37)
mylx| < g(x,t;60p),  (x,1) € R x (0,00). (38)

Indeed, we have the first equality from (26). Since w(x, y, t) satisfies

I L 3 ,
(5_@_372_05_“"’))"’)‘:0’ (x,y,t) €[0,00) x R x (0, 00),
wy (0, y, 1) =0, (y,1) € R x (0, 00),
wy (x,y,0) = (o), (x,¥,0) >0,  (x,y) €(0,00) xR,
we have
wy(x,y, t) >0, (x,y,1) € (0,00) x R x (0, 00). 39)

Also we have (37) from (30) and (39), and we have the last inequality from (27) and the
definition of vg.
The following proposition asserts the lower bound of |[Vw]|.

Proposition 1.3 Let ¢ € (k, 00) be arbitrarily given and let vo be given by (10). Then, for
w(x,y, t) =w(x,y,t; vy), one has

inf \Y% , 1 0),t 0. 40
(x,t,G)eRxl[rll,oo)x[tS*,Go]| W(x g(x ) )| - ( )
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We will state the proof of Proposition 1.3 in Sect.4. Now we state the following useful
lemma.

Lemma 1.4 Let ¢ € (k,00) be arbitrarily given and let vy be given by (10) and let
w(x,y,t) = w(x,y,t;v). For any p € (0,7/2 — O], there exists S, € (0,00) such
that, if w(ar, Bi, Ty) = 6 for (a1, B1. T1) € R? x [1, 00) one has

sup  w(ay +oty, B1 +ot, T1) < so. 4D

o €[S,,00)

Here t = (11, o) is an arbitrary unit vector with (16).

Proof This lemma follows from Proposition 1.3 and (30). O

2 The Harnack inequality

Now we state a Harnack inequality that is often used in this paper with its proof for the sake of
readers’ convenience. Let 4 (x, y, r) be a bounded and continuous function from R2 x (0, 00)
to R with
My = sup |h(x, y,t)| < oo. 42)
(x,y.1)€R2 x (0,00)

Let W(x, y, t) satisfy
0 0 2
E_A_Cai'i_h(xsyst) W()ﬁy,f):(), (xsyvt)ER X(0,00), (43)
y
W(x,y,0) = Wo(x,y) =0,  (x,y) e R%. (44)

Let Wy be a nonnegative function of class CH(R?) with
IVWoll g2, < vo 45)

for vg € (0, 00).

Lemma 2.1 Let Wy be a nonnegative function of class CH(R?) with (45) for v € (0, 00) and
let W(x, y, t) satisfy (43) and (44). If one has Wy (xo, yo) > 0 for (xg, yo) € R2, one has

2 ,—Moyt
e
LW()()C(), Yo) exp <

Wx,y, 1) >
(x,y,0) %

_(Ix—x0|+Mo)2+(|y—)’0+ct|+uo)2) -
4t

for (x,y, 1) € R? x (0, 00). Here juo = (2v9) ™' Wo(xo, yo) > 0.

Proof We define w by

d d
— —A—c—+ M| wx,y,1)=0, (x,y,1) € R* x (0, 00),
ot ay

wx,y,0) = Wo(x,y), (x,y) € R?,

that is,

e Mot (x — &)+ (y +ct —n)?
wx,y,t) = /26Xp (—

At 4 ) Wo(§,n)dédn >0 (46)
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for (x, v, 1) € R? x (0, 00). Now we have
0<wx,y, 1) <Wx,y,10, (1 eRx(0,00). (47)

Indeed, we have

DAl bh ) (@ v - W v0)
<8l_ _Cay X, Y, ) wix,y, - X, ¥,

=—(Mo—h(x,y,0) (wx,y, 1) = W(x,y,0) <0, (x,y,1) € R x (0, 00),
wx,y,00— W(x,y,00=0, (x,y) € R%.

Then we obtain (47) from the maximum principle. It suffices to assume (xo, yp) = (0, 0).

Since we have {
Wolx,y) > EWO(O, 0), if /x2+y% < po,

we obtain
— Myt 2 2
e (Ix — xol + po)” + (Iy — yo + ctl + pno)”\ 1
Wx,y, 1) > exp | — ~Wo(x0, yo)T 1§
4t 2
for (x, y,1) € R2 x (0, 00). This completes the proof. O

Now we state the following proposition.

Proposition 2.2 (the Harnack inequality) Let Wy be a nonnegative function of class C' (R?)
with (45) for vg € (0, 00) and let W (x, y, t) satisfy (43) and (44) with

sup IVWoll Lo g2y < vo.
(x.y.1)€R2x[0,00)

If one has
lim W(x;, yi, ) =0
11— 00

for (xi, yi, ti) € R? x (0, 00) with lim;_, o t; = 00, one has

lim W(x +xi,y+yi,t+1)=0

11— 00

uniformly in (x, y, t) on every compact set in R3.
Proof Lemma 2.1 implies

lim W(x +x;,y+yi,t+1)=0

i—00
uniformly in (x, y, t) on every compact set in R? x (—00, 0). Then, Lemma 1.2 also implies

lim W(x +x;,y+yi,t+14)=0

i—00

uniformly in (x, y, ) on every compact set in R? x [0, 0o). This completes the proof. O
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Fig.1 A level set of
{(x, ») Tw(x, y, ;5 v9) = ap} and
an inscribed ball

y

3 Proof of Theorem 1.1 by estimates using inscribed balls
Letc € (k, oo) be arbitrarily given and let vg be given by (10). Letw(x, y, t) = w(x, y, t; vp).
Let 6y be as in Sect. 1. Now we consider an unbounded domain

Q1) = {(x,y) e R*| wx, y,1) < 6o} (48)

with its boundary
0Q(@) = {(x,y) e R?| w(x, y,1) = 6o} .

We often write Q2(z) and 9<2(¢) simply as 2 and 92, respectively. For ¢t € [1, 00), let
(a,b) € (1), (X,Y) € 3Q2(¢) and R € (0, oo) be given, and

B((a,b); B) = {(x,y) € R*||x —al’> + |y — b < R?)
is included in €2 and contacts 92 at (X, ¥) € 9<2. See Fig. 1. Now we also assume
b>Y, la—X|<(b-Y)tan 0.

The following proposition asserts that, if R can be taken arbitrarily large, then we nec-
essarily have |a — X| = (b — Y)tan ®. That is, as R go to oo, |a — X| /(b — Y) has to
converge to tan ©.

Proposition 3.1 (inscribed ball estimate) Let ¢ € (k, 00) be given and let vy be defined by
(10). Define w(x, y,t) = w(x, y, t; vo). Let Q(t) be given by (48) fort € (0, 00). Assume,
fort € (0,00), B((a, b); R) is included in 2(t) and contacts 02(t) at (X, Y) € 02(¢) with
R € (0, 00). Let v = (vy, vy) be a unit vector given by

()= oo ()
W) Va-xr+ - \b-Y/)
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Assume
vy > €os(® — o). (49)

for o € (0, ®]. Then, there exists L(uo) € (0, 00) such that one has R < L(uo), where
L (o) depends on no € (0, ®] and is independent of t € (0, 00) and is independent of
(a,b) € Q(t) and (X, Y) € 02(¢).

Proof We write Q(¢) and 92 (¢) simply as 2 and 92, respectively. Now we define
I={(x.y) eR*|y <b, [x—al*+|y— b’ =R
and have (X, Y) € I'. Then, from Lemma 1.4, there exists S, € (0, c0), and we have

sup w(xy +ot,y1+oth, 1) <so
o€[Sy,00)

for every (x1, z1) € I'. and for every ¢ € (0, c0). Here ¢ = (71, 1) is an arbitrary unit vector
with (16). Let ¢ > 0 be arbitrarily given. We define

so if & > S,
Up(§) =360 if 0<& <S5,
1 if € <0.
We have
w(x—i—X,y-l-Y,l)EUO(();)'v), (x,y) e R?

for t € (0, 0c0). Now a one-dimensional traveling front ¢ is asymptotically stable. For any
given T € (0, 00), if R can be taken sufficiently large, we have, using Lemma 1.2,

X

w(x+X,y+Y,t+T)§<I><(y+CT

> v—24& —kT) +e&, (x,y) € B((0,0); 1).

This inequality holds true for every ¢ € (0, co) and for every (a,b) € Q(t) and (X,Y) €
02(¢t). Here &) € R. Note that y 4+ ¢T appears because we are using the moving coordinate
with speed c. Recalling (27), putting and (x, y) = (0, 0), and using

b=wX,Y, 1) <wX,Y,r+T),

we obtain
00 < @ (cvyT —& —kT) +& = ((cvy =T — &) +e&. (50)
Now we have
cvy —k =ccos(® — o) —k > 0.

Recall that 6 is a positive constant. Then, taking ¢ > 0 small enough and taking T’ € (0, 00)
large enough, we have a contradiction in (50). This is because the right-hand side of (50)
can be arbitrarily small, while its left-hand side is a positive constant. Thus R has an upper
bound that depends only on g, that is, R < L(uo). This completes the proof. O

Now we rewrite Proposition 3.1 in the following form.

Corollary 3.2 Under the the same assumption of Proposition 3.1, let g(x, t; 0) be defined by
(36) and let 6y be as in Sect. 1. Then one has

lim inf )gx(x,z;Qo) = M. (28]

xX—>00 te(0,00
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Proof Fort € (0, 00), assume that B((a, b); R) is included in Q(¢) = {(x, y) € R?|y >
g(x,1;00)} and contacts 92 (?) at (X, g(X, t; 6p)) with R € (0, co). Proposition 3.1 asserts
that, as long as g, (X, t; 6p) does not approach to m,, the radius R has to be uniformly
bounded in all 7 € (0, co0). Then we obtain

lim inf )gx(th;GO) = My,

X—001€(0,00
which gives (51). This completes the proof. O
Let ¢ € (k, 00) be arbitrarily given and let vy be given by (10). We put w(x, y, 1) =
w(x, y,t; vo) for (x, y,1) € R? x (0, 00). Differentiating
w(x, g(x,t;6p),t) =06, (x,1) € R x (0, 00)

by ¢, we have

wy(x, g(x, £;6p), 1) + g (x, t; Op)wy(x, g(x, t; 6p), 1) =0, (x,1) € R x (0, 00). (52)
Then, from (27), (29) and Proposition 1.3, we have

, ,1;6p),t
gt 60) = L8 LD R (0, 00),
—wy(x, g(x,t;00), 1)

sup &(x,1;60p) < 00.
(x,1)eRx(0,00)

Then, using (20), (31) and Proposition 1.3, we have

0< sup g1 (x,t;0p) < oo.
(x,1)eRx(0,00)

Now we assert the following lemma.
Lemma3.3 Let g(x, t; 0) be defined by (36) and let 6y be as in Sect. 1. Then one has

liminf g, (0, t; 68p) = 0.
—>00

Proof We get a contradiction assuming lim inf;_, o, g:(0, £; 6p) > 0. Let xo € (0, co) and
to € (0, 0o) be arbitrarily given. Using (37), we have

lim sup g, (xo. #: 60) > liminf g (0, ; 6p) > O. (53)
f—00 1—00

We define p > 0 as the value of (40) in Proposition 1.3. Let u#(x) be a uniformly continuous
function from R to R with

0<upx) <1, —u6(x) > 0, x eR, 54
—ug(x) > p if x €R, 8 <uox) < 6o, (55)
sup (—up(x)) < oo, (56)
xeR

where u6 means the derivative of ¢ by x. Without loss of generality, we assume u((0) = 6.
Let u(x, t; ug) be the solution of (22)—(23). Let ¢ € (0, co) be arbitrarily given. By (24),
there exists 7' € (0, 0o) such that we have

inf sup lu(x, t;ug) — ®(x —kt —y)| < e.
YER (x,1)eRx[T,00)

@ Springer



48 Page 120f19 Partial Differential Equations and Applications (2026) 7:48

We can choose T € (0, oo) uniformly for every ug with (54), (55) and (56). Now we change

variables
()= 7 (1) )
n) 1+m% —nmy 1 y
with
(£) e (1) o)
m)  JT+m2 \—mx 1 ) \g(xo.10:60))"
Putting
wlx,y, ) =y E .0, (€ ek
we have
Vi = Ve + Yoy + V2 — K20 + ki + f(W), (E.m) € R, (57)
¥ (50, mo) = 6o
and

1 _ (1 5
=— V0 >0, (£,n)eR%.
143 Tm? <m*) &

Using Corollary 3.2, we have

lim  sup (8o, no, o) = 0.

H07>90 1y€(0,00)

Then, using Proposition 2.2, we have

lim  sup max Y&, n,10) =0 (58)
Y0799 10€(0,00) (£,meB((§0.1n0): Ro)

for every Ry € (0, 0c0). Now we choose

Ro =2< sup g,(x,t;00)> T.

(x,1)eRx(0,00)

By (24), (57), (58) and Lemma 1.2, we have

sup W& n00+T)— 2| < 2 (59
(&m)€B((.n0): Ro)

for all #p € (0, c0) and sufficiently large xg, say, xo € [Ag, 00), where Ag is a positive
number. Now we obtain, from (59),

sup ’w(x,y,tg—{—T)—vrgh(x,y)‘ <2¢ (60)
(x,y)€B((x0,8(x0,0560)): Ro)

for (x9, 19) € [Ao, 00) x (0, 00), where gy, is given by (28). Then, putting xo = Ao in (60),
we have

sup |w(x,y,t0+T)—vrgh(x,y)‘ < 2¢ (61)
(x,y)€B(A0.8(Ao.t0+T:600); Ro/2)

for every 1y € (0, co0). While, from (52), we have
w; (Ao, (Ao, 1o +T;6p), 10+ T) = —g; (Ao, to + T'; p)wy (A, g(Ao, 1o + T'; 6p)). (62)
Since ¢ € (0, 0o0) can be taken arbitrarily small, 7o € (0, o) can be taken arbitrarily and

T € (0, 0o) can be taken arbitrarily large, (61), (62) and Proposition 1.3 contradict (53) for
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t =ty + T.Indeed, as t = 1y + T goes to infinity, the left-hand side of (62) remains in a
neighborhood of zero and the right-hand side of (62) does not remain in the neighborhood
of zero. This completes the proof. O

Now we state the proof of Theorem 1.1 as follows.
Proof of Theorem 1.1 We define
Vix,y) = tlim wi(x,y+ g(0,¢;6p),1) on every compact set in R2 (63)
—00

and have
V (0, 0) = 6.

We have

(A + %) wx, y+8(0, 11 60). 1)+ F(w(e, y+5(0, 1: 00). 1)) = w; (x, y+(0, £: 60). 1)

(64)
for (x,y,1) € R? x (0, 00). Using (52) and Lemma 3.3, we have

lim w; (0, g(0, 7;; 6p), ;) = 0.
11— 00

Here (1;);en satisfies

0<1 <141, i €N,

lim 7; = oo.
i—00

Using this equality and Proposition 2.2, we find
lim w;(x, y + g0, 73 6p), 7:) = 0
1—>00
uniformly on every compact set in R2. Using this equality and (64), we obtain (11). By (25),

we have
0<V(,y) <1, (x,y)eR%.

Since V is not identically O or 1, we obtain (12). From Proposition 1.3, we have
inf {IVV(x, )] (x,y) € R?, 8, < V(x,y) < 6o} > 0. (65)

Then, from (26) and (30), we obtain (13) and (15). For every 6 € (0, 1), we define G (x; 6)
by
Vix,G(x;60)) =0, x € R.

Using (39), we have
Ve(x,y) 20, (x,y) €[0,00) xR

and obtain (14). Then we have

G(—x;0) =G(x;0), (x,0) e Rx (0, 1), (66)
0 < Gy(x;0) < my, (x,0) € (0,00) x (0, 1), (67)

lim [Gx(x;00) —my| =0, lim [Gy(x;6p) +ms| =0,
X—>00 X—>—00

For A € (0, 00), we change variables

()= (eetiam) * e (o 1) )
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and put
Vx,y) =V(E n), () eRhL

Now we have

Wee + Wy + V2 — k20 + kW, + f(¥) =0, (£,n) € R?,

v (0,0) = 6
and
np—#vv.<1>>o &, 1) € R?
R, my) = ’ '

Using Proposition 2.2 and sending A — oo, we have

lim max Vg =0
A—00B(0: Ro)

for every Rg € (0, 00). Recalling ®(0) = 6y, we obtain

Alim sup [WE, n) -2 =0 (68)
7% (&,m€B(0; Ro)

for every Ry € (0, 0c0). Now we obtain (17). This completes the proof. ]

Now we define
1 B+ M
Bmin{—Vy(x,y) | (x,y) €R, 8, < V(x,y) <1 -8}

o1 =
Here M is given by (18). The following lemma asserts the uniqueness of V.

Lemma 3.4 Let ¢ € (k, 00) be given and let V be given by (63). Let U satisfy (11) with

0<U(x,y) <1, (x,y)eR%
lim  sup  |U(x,y) — V(x,y)|=0. (69)

R—00,2, 125 g2
Then one has U = V.

Proof We use the arguments in [1, 8, 13]. Let § € (0, §,] be arbitrarily given. Using (17) and
(69), we have
Vx,y) =6 <U(x,y) =V(x,y)+4d

if x2 4 y? is large enough, say, x> + y*> > R7 for Ry € (0, 00). If x> + y? < R?, we have
Vi, y+4) =U,y) = Vx,y—4)
for sufficiently large A € (0, co0). Combining the two inequalities together, we obtain
VE,y+2) -8 <UE,y) <V, y—2)+8,  (r.y) eR%:
Then we have
Ve, y+i+o18(1—e P —se™P <Ux,y) < Vx.y—r—018(1 —e P)) + e

for (x, y, ) € R? x (0, 00). Now V(x, y + A F 018(1 — e P)) + 8e=P" are a supersolution
and a subsolution, respectively. See [13] for the proof. Taking the limit of t — oo, we find

VE,y+r4+018) U@, y) <V, y—i—o1), (x,y) €R%
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Now we define
A=inf{io| UG, y) < Vx,y—1o), (x,y) € R?}.
Then we have A € [—A — 018, A + 018] and
Vy) U@y —A),  (x,y) eR%

By (17) and (69), we have A > 0, thatis, A € [0, > 4+ 018]. If A = 0, we have U = V and
obtain this lemma. If we have V(x,y) = U(x,y — A) forall (x,y) € R?, we find A = 0
using (17) and (69), and we obtain this lemma. Thus, it suffices to get a contradiction by
assuming A € (0, » + 014],

Vx,y) <Ux,y—A), (x,y) e R%

and
sup (U(x,y —A)—Vix,y) >0.
(x,y)eR2

Now we take R € (0, co) large enough with
sup (—Vy(x,y) < L
ly—m|x|[=R—A—1 201

Taking i € (0, min {84, 1/(201)}) small enough, we have
1

Vix,y —A+201h) = Vx,y—A) = 201h/ Vy(x,y — A +2¢o1h)dp > —h (70)
0
if |y — my|x|| > R. Using (69) and
lim  sup |V(x,y — A +201h) —vo(x,y — A +201h)| =0,

R—>oox2+y22Rz

we have
Ux,y) <Vx,y—A+201h) if |y—mx|| <R (71)

taking h smaller, if necessary. Now we have (70) for |y — m,|x|| > R, and have (71) for
|y — my|x|| < R. Then we obtain

Ux,y) <V(x,y—A+201h)+h, (x,y) € R%
Taking t — oo in
Ux,y) <V(x,y—A+201h—oth(1 —e Py +he ™, (x,y,1) € R? x (0, 00),

we obtain
U,y) <V(x,y—A+oih), (x,y) €R%

This contradicts the definition of A. This completes the proof. O

4 Proof of Proposition 1.3

In this section, we state the proof of Proposition 1.3. We apply the arguments of [11, 12,
14] to w(x, y, t) that changes its shape with time . For any 6 € (0, 6p], let Ry be a positive
number given by (35) and define

R = max Ry.
3*/259590
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Using
w; — Aw —cwy — f(w) =0,  (x,y,1) x R? x (0, 00)
and using
we(x, y,0) >0, wy(x,y,1) <0, (x,y,1) €R*x (0,00),
we have

Aw+ f(w) >0, (x,y.1) € R x (0, 00).
Multiplying the both sides of this inequality by —w, and using

wyAw = div (waw) — %Dy (|Vw|2) ,

we have
. 1 2 2
— div (wyVw) + 2Dy (IVwl*) = fw)wy >0,  (x,y.1) €R* x (0,00). (72
Here Dy = 9/0y. Let 6 and s satisfy
s
0 < sy <E§91§90.
For every xo € R, we define a domain in R? by
Qi) ={(x, y) | lx —x0l < R, 51 <w(x,y, 1) <61}
fort € (0, oo) with its boundary
021 (1) = Tbot (1) U T'eop (1) U Lsia (),

where

Toor(t) = {(x,y) € R*|[x —xo| < R, w(x,y.1) =64},

Liop() = {(x,y) € R? | |x —xol < R, w(x,y, 1) =51},

Tga(t) = {(x.y) € R?||x —x0| = R, 51 < w(x,y.1) <61}.

Integrating the both sides of (72) over ©21(¢) and using the Gauss divergence theorem, we
obtain

. 1 2
0< / —div (waw) + =D, (|Vw| ) — f(w)wy | dxdy
0 2

1
:/ <—wy (Vw, v) + ~vy|Vw]? —I—W(w)vy) ds,
891 (1) 2

where v = (v, vy) is the outward unit normal vector on d£2;(¢) and ds is the line element
of 921 (t). Now we have

Joot (1) + Jiop () + Jsia(t) > 0, 1 € (0, 00), (73)

where

1
Joot (1) = / (—wy (Vw, v) + fvyIlez + W(w)vy> ds,
Tbor(1) 2

1
Jiop(1) = / <—wy (Vw, ) + vy |[Vu|* + W(w)vy> ds,
Top(t) 2
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1
Jsia (1) = / (—wv Vw, v) + fvy|Vw|2 + W(w)vy) ds
[sia (¢) ’ 2

for ¢t € (0, 00). First we calculate Jy (7). Using

Vw
V= V| on [pot (1),
we have |
Jbot (1) = / <_*wy|vw| + W(Q])W) ds.
Tot@) \ 2
Using
[Vw]
ds = dx,
—w,
we obtain

xo+R 1 )
Joot (1) =f <§|Vw(x,g(x,t;91))| —W(91)> dx.

0—R
Similarly we obtain
xo+R 1 )
A@60:=/’ <—?Vuwng@J;ﬂD|+4WGD>dL
xo—R
Secondly, using

vy =0 on (),
we have
Jsia (t) =/ (—wy) (Vw, ») ds.
Csia (1)

Using (34) and |v| = 1, we have

[Jsia ()] < Bo/

Fsia ()

Combining (73), (74), (75) and (76), we obtain

Fsia ()

xo+R 1
/ (§|Vw(x,g(x,t;91))|2—W(Ql)) dx

0o—R

xo+R 1 5
>/G <?Vw@£@auﬁDl—M%D>dx—2%w1—n)
xo—R

xo+R
z/ W) dx = 2B — ).
xX0—

Sending 51 — 0, we find

x0+R 1
/ (*IVw(x, g(x, 10N> — W(91)> dx > —2By0,
xo—R 2

that is

1 x0+R

2 Joer

(—wy)ds = Bo/ (=wy)dy = 2By (61 — s1).

7/ [Vw(x, g(x, t; 01))? dx = 2 WO R — Boby) = 2, t € (0, 00).

(74)

(75)

(76)
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Now we obtained
x0+R
/ IVw(x, g(x,1;0))>dx >4,  forall (61,1) € (8,/2,60] x (0, 00). amn
x0—R
Let Ny be as in (29). We define

1 s
ty=min{ -, — ¢ .
2’ 2N,
Let (xo, Po, to) € R? x [1, 00) satisfy
w(a, Bo, to) =0 (78)
for 6 € [84, 6p]. Then we have 7y — t, € [1/2, 1) and

s
E < w(ap, Bo, o — tx) < 6.

Now we define
D ={(x,y) € R?||x —ao| < R, |y — fol <msR}.

and put 0; = w(wo, Po, to — ). Using (31) and applying (77) for t = 19 — t., we have

V2 cos®
max (—wy(x, y, fop — 1)) > ———.

(x,y)eD VR

Then, applying Lemma 2.1, we obtain
inf {—wy (a0, Bo, 10) | (@0, o, f0,6) € R* x [1, 00) x [, 6] with (78)} > 0.

This completes the proof of Proposition 1.3.

We proved the existence of V-form traveling fronts using estimates based on inscribed
balls. This method is a simple one and will be applicable to show the existence of V-form
traveling fronts, pyramidal traveling fronts or polyhedral entire solutions ([4, 10, 15]) for
various kinds of reaction—diffusion equations or systems.
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