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Abstract
This paper studies V-form traveling fronts to a bistable reaction–diffusion equation. V-form
traveling fronts have been studied so far for many reaction–diffusion equations. The proof of
its existence is often based on the multi-scale method. In this paper we present a new simple
proof for the existence of V-form traveling fronts based on estimates by inscribed balls.
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1 Introduction and themain result

In this paper we study a reaction–diffusion equation

ut = �u + f (u), (x, y, t) ∈ R
2 × (0,∞), (1)

u(x, y, 0) = u0(x, y), (x, y) ∈ R
2. (2)

We set ut = ∂u/∂t and � = ∂2/∂x2 + ∂2/∂ y2. Here, f ∈ C2[0, 1] satisfies
f (0) = 0, f (1) = 0, f ′(0) < 0, f ′(1) < 0, (3)∫ 1

0
f (u) du > 0 (4)
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and

f (u) < 0 if u ∈ (0, a0),

f (u) > 0 if u ∈ (a0, 1)

for a0 ∈ (0, 1). This f is called a bistable reaction term. Now we extend f as a function
of class C2 on an open interval including [0, 1]. Now u0 is a given bounded and uniformly
continuous function from R

2 to R. We write the solution of (1)–(2) as u(x, y, t; u0). Under
the assumptions stated above, there exists (k,�) ∈ (0,∞) × C2(R) that satisfies

�′′(μ) + k�′(μ) + f (�(μ)) = 0, μ ∈ R, (5)

0 < �(μ) < 1, μ ∈ R (6)

with

�(−∞) = 1, �(∞) = 0,

�′(μ) < 0, μ ∈ R.

Now we put

W(u) = −
∫ u

0
f (v) dv,

and choose θ0 ∈ (a0, 1) with W(θ0) > 0 and choose s0 ∈ (0, a0). We assume �(0) = θ0
without loss of generality. We denote the solution of (1) and (2) by u(x, t; u0). This equation
is called the Allen–Cahn equation, the scalar Ginzburg–Landau equation or the Nagumo
equation. Now �(y− kt) is a planar traveling front solution to (1). For traveling fronts to (1)
in general dimensions have been studied bymanymathematicians. Among them, the simplest
non-planar traveling front is a V-form traveling front. See [5–9] for instance. In this paper
we present a simple new proof of the V-form traveling front. Let c ∈ (k,∞) be arbitrarily
chosen. We put z = y − ct and

w(x, z, t) = u(x, z + ct, t), (x, z, t) ∈ R
2 × (0,∞).

Then we have

wt = wxx + wzz + cwz + f (w), (x, z, t) ∈ R
2 × (0,∞),

w(x, z, 0) = u0(x, z), (x, z) ∈ R
2.

We write the solution as w(x, z, t; u0). Hereafter we write z simply as y, and write
w(x, z, t; u0) as w(x, y, t; u0). Now we have

wt = �w + cwy + f (w), (x, y, t) ∈ R
2 × (0,∞), (7)

w(x, y, 0) = u0(x, y), (x, y) ∈ R
2. (8)

The profile equation of (c, v) is given by

�v + cvy + f (v) = 0, (x, y) ∈ R
2.

Now we define

m∗ =
√
c2 − k2

k
(9)

and

v0(x, y) = �

(
k

c
(y − m∗|x |)

)
= max

{
�

(
k

c
(y − m∗x)

)
,�

(
k

c
(y + m∗|x |)

)}
(10)
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for (x, y) ∈ R
2. We define � ∈ (0, π/2) by

m∗ = tan�

and have c cos� = k. Now we state V-form traveling fronts to (1) given by [8, 9, 13] as
follows. See also [3–7, 10].

Theorem 1.1 Let c ∈ (k,∞) be arbitrarily given and let v0 be given by (10). There exists
V (x, y) such that one has

�V + cVy + f (V ) = 0, (x, y) ∈ R
2, (11)

0 < V (x, y) < 1, (x, y) ∈ R
2, (12)

V (−x, y) = V (x, y), (x, y) ∈ R
2, (13)

Vx (x, y) > 0 if (x, y) ∈ (0,∞) × R, (14)

(∇V (x, y), t) < 0, (x, y) ∈ R
2, (15)

where t is a unit vector with

t =
(
t1
t2

)
, t2 > 0, m∗|t1| ≤ t2. (16)

Let G(x; θ0) be defined by V (x,G(x; θ0)) = θ0 for x ∈ R. Then one has

lim
A→∞ sup

(x,y)∈�0

∣∣∣∣V (x + A, y + G(A; θ0)) − �

(
k

c
(y − m∗x)

)∣∣∣∣ = 0, (17)

where �0 is any given compact set in R
2.

The proof of this theorem has been carried out by the multi-scale methods in [8, 9, 13].
In this paper, we present a simple proof for this theorem based on the estimates by inscribed
balls. Now we define a positive constant

β = 1

2
min

{− f ′(0),− f ′(1)
}
,

and choose δ∗ ∈ (0, 1/4) so small such that we have

− f ′(u) ≥ β if u ∈ [−2δ∗, 2δ∗] ∪ [1 − 2δ∗, 1 + 2δ∗].
We define

M = max
u∈[−2δ∗,1+2δ∗]

| f ′(u)|. (18)

We always assume
− δ∗ ≤ u0(x, y) ≤ 1 + δ∗, (x, y) ∈ R

2. (19)

Then we have

− δ∗ ≤ u(x, y, t; u0) ≤ 1 + δ∗, (x, y, t) ∈ R
2 × (0,∞),

sup
(x,y,t)∈R2×[1,∞)

max{|ut (x, y, t; u0)| , |ux (x, y, t; u0)| ,
∣∣uy(x, y, t; u0)

∣∣} < ∞, (20)

sup
(x,y,t)∈R2×[1,∞)

max{|uxx (x, y, t; u0)| ,
∣∣uxy(x, y, t; u0)∣∣ , ∣∣uyy(x, y, t; u0)

∣∣} < ∞. (21)

123
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For the proof of the Schauder estimates (20) and (21), see [13]. For the one-dimensional case,
(1) and (2) become

ut = uxx + f (u), (x, t) ∈ R × (0,∞), (22)

u(x, 0) = u0(x), x ∈ R. (23)

Here u0 is a given bounded uniformly continuous function fromR toR. Wewrite the solution
of (22)–(23) as u(x, t; u0). The one-dimensional traveling front �(x − kt) to (22)–(23) is
asymptotically stable for an initial perturbation. That is, if

− δ∗ ≤ u0(x) ≤ 1 + δ∗, x ∈ R,

lim sup
x→∞

u0(x) ≤ s0, θ0 ≤ lim inf
x→−∞ u0(x),

one has, for any given ε > 0,

sup
x∈R

|u(x, t; u0) − �(x − kt − γ0)| < ε (24)

for sufficiently large t ∈ (0,∞). Here γ0 ∈ R is a constant. See [1, 2, 13] for the proof.
Let c ∈ (k,∞) be arbitrarily given and let � ∈ (0, π/2) be defined by c cos� = k.

Define v0 by (10). We write w(x, y, t; v0) simply as w(x, y, t), and have

0 < w(x, y, t) < 1, (x, y, t) ∈ R
2 × (0,∞). (25)

Now we have
w(−x, y, t) = w(x, y, t), (x, y, t) ∈ R

2 × (0,∞) (26)

from
v0(−x, y) = v0(x, y), (x, y) ∈ R

2.

Also we have
wt (x, y, t) > 0, (x, y, t) ∈ R

2 × (0,∞). (27)

Indeed, putting

vrgh(x, y) = �

(
k

c
(y − m∗x)

)
, vlft(x, y) = �

(
k

c
(y + m∗x)

)
, (x, y) ∈ R

2, (28)

we have
v0(x, y) = max

{
vrgh(x, y), vlft(x, y)

}
, (x, y) ∈ R

2.

Then, using

vrgh(x, y) ≤ v0(x, y), vlft(x, y) ≤ v0(x, y), (x, y) ∈ R
2,

we have

vrgh(x, y) ≤ w(x, y, t; vrgh) ≤ w(x, y, t), vlft(x, y) ≤ w(x, y, t; vlft) ≤ w(x, y, t)

for (x, y, t) ∈ R
2 × (0,∞). Thus we find

v0(x, y) = max
{
vrgh(x, y), vlft(x, y)

} ≤ w(x, y, t), (x, y, t) ∈ R
2 × (0,∞).

Now we have
wt (x, y, t) ≥ 0, (x, y, t) ∈ R

2 × (0,∞).

123
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Since wt does not vanish identically inR2, we obtain (27) by the strong maximum principle.
By (20) and (27), there exists N0 ∈ (0,∞) with

0 < wt (x, y, t) ≤ N0, (x, y, t) ∈ R
2 × [1,∞). (29)

Next we have
(∇w(x, y, t), t) < 0, (x, y, t) ∈ R

2 × (0,∞), (30)

where t is a unit vector with (16). Indeed, for every σ ∈ (0,∞), we have

v0(x) > v0(x + σ t), x = (x, y) ∈ R
2.

Then we have
w(x, t; v0) > w(x + σ t, t; v0), x ∈ R

2,

that is,
w(x + σ t, t; v0) − w(x, t; v0) < 0, x ∈ R

2,

Dividing the both hand sides by σ ∈ (0,∞) and sending σ → 0, we have

∂w

∂ t
(x, t; v0) ≤ 0, x ∈ R

2.

Since ∂w/∂ t does not vanish identically in R
2, we obtain (30) from the strong maximum

principle. By (30), we have

− ∇w

|∇w| ·
(
0
1

)
≥ cos� (x, y, t) ∈ R

2 × (0,∞)

and thus

|∇w(x, y, t)| cos� ≤ −wy(x, y, t) ≤ |∇w(x, y, t)|, (x, y, t) ∈ R
2 × (0,∞). (31)

Here “·” means the inner product in R2. Using (27) and the definition of v0, we have

lim
R→∞ inf

(x,t)∈R×(0,∞)
w(x,m∗|x | − R, t) = 1. (32)

For any (x0, R) ∈ R
2 × (0,∞), we define B(x0; R) = {

x ∈ R
2 | |x − x0| ≤ R

}
. Now we

introduce a useful lemma as follows.

Lemma 1.2 [13, Theorem 5.8] Let R ∈ (0,∞), T ∈ (0,∞), ε1 ∈ (0, 1) and x0 ∈ R
2 be

arbitrarily given. Let u10 and u20 be bounded and uniformly continuous functions from R
2 to

R that satisfy (19) and
sup

x∈B(x0;2R)

|v2(x) − v1(x)| < ε1,

where x = (x, y). Then one has

sup
x∈B(x0;R)

∣∣u(x, T ; u20) − u(x, T ; u10)
∣∣ ≤ ε1e

M1T + 4k0e
M1T exp

(
− R2

8T

)
.

Here k0 and M1 are positive constants that depend only on f and are independent of
(R, T , ε1, x0).

123
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See [13] for the proof. Since 0 is an equilibrium solution of (1), we have

u(x, y, t; 0) = 0, (x, y, t) ∈ R
2 × (0,∞).

Applying Lemma 1.2 for u10 = 0 and u20 = v0, we obtain, for every fixed t ∈ (0,∞),

lim
R→∞

(
sup
x∈R

u(x,m∗|x | − R, t; v0)

)
= 1.

Using
w(x, y − ct, t) = u(x, y, t; v0), (x, y, t) ∈ R

2 × (0,∞),

we have, for every fixed t ∈ (0,∞),

lim
R→∞

(
sup
x∈R

w(x,m∗|x | + R, t)

)
= 0. (33)

By the Schauder estimate [13, Lemma 2.6], there exists a positive constant B0 such that

sup
(x,y,t)∈R2×[1,∞)

|∇w(x, y, t)| < B0 (34)

holds true. For every θ ∈ (0, θ0], we choose a positive number R = Rθ with

W(θ)R = 1 + B0θ. (35)

Let θ ∈ (0, 1) be arbitrarily given. Using (30), (32) and (33), we define g(x, t; θ) ∈ R by

w(x, g(x, t; θ), t) = θ (36)

for (x, t) ∈ R × (0,∞). Then g(x, t; θ) is twice continuously differentiable in x ∈ R and
t ∈ (0,∞) with

g(−x, t; θ) = g(x, t; θ), (x, t, θ) ∈ R × (0,∞) × (0, 1),

0 ≤ gx (x, t; θ) < m∗, (x, t, θ) ∈ [0,∞) × (0,∞) × (0, 1), (37)

m∗|x | < g(x, t; θ0), (x, t) ∈ R × (0,∞). (38)

Indeed, we have the first equality from (26). Since w(x, y, t) satisfies
(

∂

∂t
− ∂2

∂x2
− ∂2

∂ y2
− c

∂

∂ y
− f ′(w)

)
wx = 0, (x, y, t) ∈ [0,∞) × R × (0,∞),

wx (0, y, t) = 0, (y, t) ∈ R × (0,∞),

wx (x, y, 0) = (v0)x (x, y, 0) > 0, (x, y) ∈ (0,∞) × R,

we have
wx (x, y, t) > 0, (x, y, t) ∈ (0,∞) × R × (0,∞). (39)

Also we have (37) from (30) and (39), and we have the last inequality from (27) and the
definition of v0.

The following proposition asserts the lower bound of |∇w|.
Proposition 1.3 Let c ∈ (k,∞) be arbitrarily given and let v0 be given by (10). Then, for
w(x, y, t) = w(x, y, t; v0), one has

inf
(x,t,θ)∈R×[1,∞)×[δ∗,θ0]

|∇w(x, g(x, t; θ), t)| > 0. (40)

123
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We will state the proof of Proposition 1.3 in Sect. 4. Now we state the following useful
lemma.

Lemma 1.4 Let c ∈ (k,∞) be arbitrarily given and let v0 be given by (10) and let
w(x, y, t) = w(x, y, t; v0). For any μ ∈ (0, π/2 − �], there exists Sμ ∈ (0,∞) such
that, if w(α1, β1, T1) = θ0 for (α1, β1, T1) ∈ R

2 × [1,∞) one has

sup
σ∈[Sμ,∞)

w(α1 + σ t1, β1 + σ t2, T1) ≤ s0. (41)

Here t = (t1, t2) is an arbitrary unit vector with (16).

Proof This lemma follows from Proposition 1.3 and (30). �


2 The Harnack inequality

Nowwe state a Harnack inequality that is often used in this paper with its proof for the sake of
readers’ convenience. Let h(x, y, t) be a bounded and continuous function fromR

2×(0,∞)

to R with
M0 = sup

(x,y,t)∈R2×(0,∞)

|h(x, y, t)| < ∞. (42)

Let W (x, y, t) satisfy
(

∂

∂t
− � − c

∂

∂ y
+ h(x, y, t)

)
W (x, y, t) = 0, (x, y, t) ∈ R

2 × (0,∞), (43)

W (x, y, 0) = W0(x, y) ≥ 0, (x, y) ∈ R
2. (44)

Let W0 be a nonnegative function of class C1(R2) with

‖∇W0‖L∞(R2) ≤ ν0 (45)

for ν0 ∈ (0,∞).

Lemma 2.1 Let W0 be a nonnegative function of class C1(R2) with (45) for ν0 ∈ (0,∞) and
let W (x, y, t) satisfy (43) and (44). If one has W0(x0, y0) > 0 for (x0, y0) ∈ R

2, one has

W (x, y, t) ≥ μ2
0e

−M0t

8t
W0(x0, y0) exp

(
− (|x−x0|+μ0)

2+(|y−y0+ct |+μ0)
2

4t

)
> 0

for (x, y, t) ∈ R
2 × (0,∞). Here μ0 = (2ν0)−1W0(x0, y0) > 0.

Proof We define w by
(

∂

∂t
− � − c

∂

∂ y
+ M0

)
w(x, y, t) = 0, (x, y, t) ∈ R

2 × (0,∞),

w(x, y, 0) = W0(x, y), (x, y) ∈ R
2,

that is,

w(x, y, t) = e−M0t

4π t

∫
R2

exp

(
− (x − ξ)2 + (y + ct − η)2

4t

)
W0(ξ, η) dξdη > 0 (46)

123
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for (x, y, t) ∈ R
2 × (0,∞). Now we have

0 < w(x, y, t) ≤ W (x, y, t), (x, y, t) ∈ R
2 × (0,∞). (47)

Indeed, we have
(

∂

∂t
− � − c

∂

∂ y
+ h(x, y, t)

) (
w(x, y, t) − W (x, y, t)

)

= −(M0 − h(x, y, t))
(
w(x, y, t) − W (x, y, t)

) ≤ 0, (x, y, t) ∈ R
2 × (0,∞),

w(x, y, 0) − W (x, y, 0) = 0, (x, y) ∈ R
2.

Then we obtain (47) from the maximum principle. It suffices to assume (x0, y0) = (0, 0).
Since we have

W0(x, y) ≥ 1

2
W0(0, 0), if

√
x2 + y2 ≤ μ0,

we obtain

W (x, y, t) ≥ e−M0t

4t
exp

(
− (|x − x0| + μ0)

2 + (|y − y0 + ct | + μ0)
2

4t

)
1

2
W0(x0, y0)πμ2

0

for (x, y, t) ∈ R
2 × (0,∞). This completes the proof. �


Now we state the following proposition.

Proposition 2.2 (the Harnack inequality) Let W0 be a nonnegative function of class C1(R2)

with (45) for ν0 ∈ (0,∞) and let W (x, y, t) satisfy (43) and (44) with

sup
(x,y,t)∈R2×[0,∞)

‖∇W0‖L∞(R2) ≤ ν0.

If one has
lim
i→∞ W (xi , yi , ti ) = 0

for (xi , yi , ti ) ∈ R
2 × (0,∞) with limi→∞ ti = ∞, one has

lim
i→∞ W (x + xi , y + yi , t + ti ) = 0

uniformly in (x, y, t) on every compact set in R
3.

Proof Lemma 2.1 implies

lim
i→∞ W (x + xi , y + yi , t + ti ) = 0

uniformly in (x, y, t) on every compact set in R2 × (−∞, 0). Then, Lemma 1.2 also implies

lim
i→∞ W (x + xi , y + yi , t + ti ) = 0

uniformly in (x, y, t) on every compact set in R2 × [0,∞). This completes the proof. �


123
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Fig. 1 A level set of
{(x, y) |w(x, y, t; v0) = a0} and
an inscribed ball

 0

X

y

3 Proof of Theorem 1.1 by estimates using inscribed balls

Let c ∈ (k,∞)be arbitrarily given and letv0 be given by (10). Letw(x, y, t) = w(x, y, t; v0).
Let θ0 be as in Sect. 1. Now we consider an unbounded domain

�(t) = {
(x, y) ∈ R

2
∣∣ w(x, y, t) ≤ θ0

}
(48)

with its boundary
∂�(t) = {

(x, y) ∈ R
2
∣∣ w(x, y, t) = θ0

}
.

We often write �(t) and ∂�(t) simply as � and ∂�, respectively. For t ∈ [1,∞), let
(a, b) ∈ �(t), (X , Y ) ∈ ∂�(t) and R ∈ (0,∞) be given, and

B((a, b); R) = {(x, y) ∈ R
2
∣∣ |x − a|2 + |y − b|2 ≤ R2}

is included in � and contacts ∂� at (X , Y ) ∈ ∂�. See Fig. 1. Now we also assume

b > Y , |a − X | ≤ (b − Y ) tan�.

The following proposition asserts that, if R can be taken arbitrarily large, then we nec-
essarily have |a − X | = (b − Y ) tan�. That is, as R go to ∞, |a − X | / (b − Y ) has to
converge to tan�.

Proposition 3.1 (inscribed ball estimate) Let c ∈ (k,∞) be given and let v0 be defined by
(10). Define w(x, y, t) = w(x, y, t; v0). Let �(t) be given by (48) for t ∈ (0,∞). Assume,
for t ∈ (0,∞), B((a, b); R) is included in �(t) and contacts ∂�(t) at (X , Y ) ∈ ∂�(t) with
R ∈ (0,∞). Let ν = (νx , νy) be a unit vector given by

(
νx
νy

)
= 1√

(a − X)2 + (b − Y )2

(
a − X
b − Y

)
.

123
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Assume
νy ≥ cos(� − μ0). (49)

for μ0 ∈ (0,�]. Then, there exists L(μ0) ∈ (0,∞) such that one has R ≤ L(μ0), where
L(μ0) depends on μ0 ∈ (0,�] and is independent of t ∈ (0,∞) and is independent of
(a, b) ∈ �(t) and (X , Y ) ∈ ∂�(t).

Proof We write �(t) and ∂�(t) simply as � and ∂�, respectively. Now we define

� = {(x, y) ∈ R
2 | y ≤ b, |x − a|2 + |y − b|2 = R2}

and have (X , Y ) ∈ �. Then, from Lemma 1.4, there exists Sμ ∈ (0,∞), and we have

sup
σ∈[Sμ,∞)

w(x1 + σ t1, y1 + σ t2, t) ≤ s0

for every (x1, z1) ∈ �. and for every t ∈ (0,∞). Here t = (t1, t2) is an arbitrary unit vector
with (16). Let ε > 0 be arbitrarily given. We define

U0(ξ) =

⎧⎪⎨
⎪⎩
s0 if ξ > Sμ,

θ0 if 0 ≤ ξ ≤ Sμ,

1 if ξ < 0.

We have

w(x + X , y + Y , t) ≤ U0

((
x
y

)
· ν

)
, (x, y) ∈ R

2

for t ∈ (0,∞). Now a one-dimensional traveling front � is asymptotically stable. For any
given T ∈ (0,∞), if R can be taken sufficiently large, we have, using Lemma 1.2,

w(x + X , y + Y , t + T ) ≤ �

((
x

y + cT

)
· ν − ξ0 − kT

)
+ ε, (x, y) ∈ B((0, 0); 1).

This inequality holds true for every t ∈ (0,∞) and for every (a, b) ∈ �(t) and (X , Y ) ∈
∂�(t). Here ξ0 ∈ R. Note that y + cT appears because we are using the moving coordinate
with speed c. Recalling (27), putting and (x, y) = (0, 0), and using

θ0 = w(X , Y , t) ≤ w(X , Y , t + T ),

we obtain
θ0 ≤ �

(
cνyT − ξ0 − kT

) + ε = �
(
(cνy − k)T − ξ0

) + ε. (50)

Now we have
cνy − k = c cos(� − μ0) − k > 0.

Recall that θ0 is a positive constant. Then, taking ε > 0 small enough and taking T ∈ (0,∞)

large enough, we have a contradiction in (50). This is because the right-hand side of (50)
can be arbitrarily small, while its left-hand side is a positive constant. Thus R has an upper
bound that depends only on μ0, that is, R ≤ L(μ0). This completes the proof. �


Now we rewrite Proposition 3.1 in the following form.

Corollary 3.2 Under the the same assumption of Proposition 3.1, let g(x, t; θ) be defined by
(36) and let θ0 be as in Sect.1. Then one has

lim
x→∞ inf

t∈(0,∞)
gx (x, t; θ0) = m∗. (51)
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Proof For t ∈ (0,∞), assume that B((a, b); R) is included in �(t) = {(x, y) ∈ R
2 | y ≥

g(x, t; θ0)} and contacts ∂�(t) at (X , g(X , t; θ0)) with R ∈ (0,∞). Proposition 3.1 asserts
that, as long as gx (X , t; θ0) does not approach to m∗, the radius R has to be uniformly
bounded in all t ∈ (0,∞). Then we obtain

lim
X→∞ inf

t∈(0,∞)
gx (X , t; θ0) = m∗,

which gives (51). This completes the proof. �

Let c ∈ (k,∞) be arbitrarily given and let v0 be given by (10). We put w(x, y, t) =

w(x, y, t; v0) for (x, y, t) ∈ R
2 × (0,∞). Differentiating

w(x, g(x, t; θ0), t) = θ0, (x, t) ∈ R × (0,∞)

by t , we have

wt (x, g(x, t; θ0), t) + gt (x, t; θ0)wy(x, g(x, t; θ0), t) = 0, (x, t) ∈ R × (0,∞). (52)

Then, from (27), (29) and Proposition 1.3, we have

gt (x, t; θ0) = wt (x, g(x, t; θ0), t)

−wy(x, g(x, t; θ0), t)
> 0, (x, t) ∈ R × (0,∞),

sup
(x,t)∈R×(0,∞)

gt (x, t; θ0) < ∞.

Then, using (20), (31) and Proposition 1.3, we have

0 < sup
(x,t)∈R×(0,∞)

gt (x, t; θ0) < ∞.

Now we assert the following lemma.

Lemma 3.3 Let g(x, t; θ) be defined by (36) and let θ0 be as in Sect.1. Then one has

lim inf
t→∞ gt (0, t; θ0) = 0.

Proof We get a contradiction assuming lim inf t→∞ gt (0, t; θ0) > 0. Let x0 ∈ (0,∞) and
t0 ∈ (0,∞) be arbitrarily given. Using (37), we have

lim sup
t→∞

gt (x0, t; θ0) ≥ lim inf
t→∞ gt (0, t; θ0) > 0. (53)

We define ρ > 0 as the value of (40) in Proposition 1.3. Let u0(x) be a uniformly continuous
function from R to R with

0 ≤ u0(x) ≤ 1, −u′
0(x) > 0, x ∈ R, (54)

− u′
0(x) > ρ if x ∈ R, δ∗ ≤ u0(x) ≤ θ0, (55)

sup
x∈R

(−u′
0(x)

)
< ∞, (56)

where u′
0 means the derivative of u0 by x . Without loss of generality, we assume u0(0) = θ0.

Let u(x, t; u0) be the solution of (22)–(23). Let ε ∈ (0,∞) be arbitrarily given. By (24),
there exists T ∈ (0,∞) such that we have

inf
γ∈R sup

(x,t)∈R×[T ,∞)

|u(x, t; u0) − �(x − kt − γ )| < ε.
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We can choose T ∈ (0,∞) uniformly for every u0 with (54), (55) and (56). Now we change
variables (

ξ

η

)
= 1√

1 + m2∗

(
1 m∗

−m∗ 1

) (
x
y

)

with (
ξ0
η0

)
= 1√

1 + m2∗

(
1 m∗

−m∗ 1

)(
x0

g(x0, t0; θ0)

)
.

Putting
w(x, y, t) = ψ(ξ, η, t), (ξ, η) ∈ R

2,

we have

ψt = ψξξ + ψηη +
√
c2 − k2ψξ + kψη + f (ψ), (ξ, η) ∈ R

2, (57)

ψ(ξ0, η0) = θ0

and

ψξ = 1√
1 + m2∗

∇ŵ ·
(

1
m∗

)
> 0, (ξ, η) ∈ R

2.

Using Corollary 3.2, we have

lim
x0→∞ sup

t0∈(0,∞)

ψξ (ξ0, η0, t0) = 0.

Then, using Proposition 2.2, we have

lim
x0→∞ sup

t0∈(0,∞)

max
(ξ,η)∈B((ξ0,η0);R0)

ψξ (ξ, η, t0) = 0 (58)

for every R0 ∈ (0,∞). Now we choose

R0 = 2

(
sup

(x,t)∈R×(0,∞)

gt (x, t; θ0)

)
T .

By (24), (57), (58) and Lemma 1.2, we have

sup
(ξ,η)∈B((ξ0,η0);R0)

|ψ(ξ, η, t0 + T ) − �(η)| < 2ε (59)

for all t0 ∈ (0,∞) and sufficiently large x0, say, x0 ∈ [A0,∞), where A0 is a positive
number. Now we obtain, from (59),

sup
(x,y)∈B((x0,g(x0,t0;θ0));R0)

∣∣w(x, y, t0 + T ) − vrgh(x, y)
∣∣ < 2ε (60)

for (x0, t0) ∈ [A0,∞) × (0,∞), where vrgh is given by (28). Then, putting x0 = A0 in (60),
we have

sup
(x,y)∈B(A0,g(A0,t0+T ;θ0);R0/2)

∣∣w(x, y, t0 + T ) − vrgh(x, y)
∣∣ < 2ε (61)

for every t0 ∈ (0,∞). While, from (52), we have

wt (A0, g(A0, t0 + T ; θ0), t0 + T ) = −gt (A0, t0 + T ; θ0)wy(A0, g(A0, t0 + T ; θ0)). (62)

Since ε ∈ (0,∞) can be taken arbitrarily small, t0 ∈ (0,∞) can be taken arbitrarily and
T ∈ (0,∞) can be taken arbitrarily large, (61), (62) and Proposition 1.3 contradict (53) for
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t = t0 + T . Indeed, as t = t0 + T goes to infinity, the left-hand side of (62) remains in a
neighborhood of zero and the right-hand side of (62) does not remain in the neighborhood
of zero. This completes the proof. �


Now we state the proof of Theorem 1.1 as follows.

Proof of Theorem 1.1 We define

V (x, y) = lim
t→∞ w(x, y + g(0, t; θ0), t) on every compact set in R2 (63)

and have
V (0, 0) = θ0.

We have(
� + c

∂

∂ y

)
w(x, y+g(0, t; θ0), t)+ f (w(x, y+g(0, t; θ0), t)) = wt (x, y+g(0, t; θ0), t)

(64)
for (x, y, t) ∈ R

2 × (0,∞). Using (52) and Lemma 3.3, we have

lim
i→∞ wt (0, g(0, τi ; θ0), τi ) = 0.

Here (τi )i∈N satisfies

0 < τi < τi+1, i ∈ N,

lim
i→∞ τi = ∞.

Using this equality and Proposition 2.2, we find

lim
i→∞ wt (x, y + g(0, τi ; θ0), τi ) = 0

uniformly on every compact set in R2. Using this equality and (64), we obtain (11). By (25),
we have

0 ≤ V (x, y) ≤ 1, (x, y) ∈ R
2.

Since V is not identically 0 or 1, we obtain (12). From Proposition 1.3, we have

inf
{|∇V (x, y)| ∣∣ (x, y) ∈ R

2, δ∗ ≤ V (x, y) ≤ θ0
}

> 0. (65)

Then, from (26) and (30), we obtain (13) and (15). For every θ ∈ (0, 1), we define G(x; θ)

by
V (x,G(x; θ)) = θ, x ∈ R.

Using (39), we have
Vx (x, y) ≥ 0, (x, y) ∈ [0,∞) × R

and obtain (14). Then we have

G(−x; θ) = G(x; θ), (x, θ) ∈ R × (0, 1), (66)

0 < Gx (x; θ) < m∗, (x, θ) ∈ (0,∞) × (0, 1), (67)

lim
x→∞ |Gx (x; θ0) − m∗| = 0, lim

x→−∞ |Gx (x; θ0) + m∗| = 0,

For A ∈ (0,∞), we change variables(
x
y

)
=

(
A

G(A; θ0)

)
+ 1√

1 + m2∗

(
1 −m∗
m∗ 1

) (
ξ

η

)
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and put
V (x, y) = �(ξ, η), (ξ, η) ∈ R

2.

Now we have

�ξξ + �ηη +
√
c2 − k2�ξ + k�η + f (�) = 0, (ξ, η) ∈ R

2,

�(0, 0) = θ0

and

�ξ = 1√
1 + m2∗

∇V ·
(

1
m∗

)
> 0, (ξ, η) ∈ R

2.

Using Proposition 2.2 and sending A → ∞, we have

lim
A→∞ max

B(0;R0)

�ξ = 0

for every R0 ∈ (0,∞). Recalling �(0) = θ0, we obtain

lim
A→∞ sup

(ξ,η)∈B(0;R0)

|�(ξ, η) − �(η)| = 0 (68)

for every R0 ∈ (0,∞). Now we obtain (17). This completes the proof. �

Now we define

σ1 = 1 + β + M

β min{−Vy(x, y) | (x, y) ∈ R, δ∗ ≤ V (x, y) ≤ 1 − δ∗} .

Here M is given by (18). The following lemma asserts the uniqueness of V .

Lemma 3.4 Let c ∈ (k,∞) be given and let V be given by (63). Let U satisfy (11) with

0 < U (x, y) < 1, (x, y) ∈ R
2.

lim
R→∞ sup

x2+y2≥R2
|U (x, y) − V (x, y)| = 0. (69)

Then one has U ≡ V .

Proof We use the arguments in [1, 8, 13]. Let δ ∈ (0, δ∗] be arbitrarily given. Using (17) and
(69), we have

V (x, y) − δ ≤ U (x, y) ≤ V (x, y) + δ

if x2 + y2 is large enough, say, x2 + y2 ≥ R2
1 for R1 ∈ (0,∞). If x2 + y2 ≤ R2

1 , we have

V (x, y + λ) ≤ U (x, y) ≤ V (x, y − λ)

for sufficiently large λ ∈ (0,∞). Combining the two inequalities together, we obtain

V (x, y + λ) − δ ≤ U (x, y) ≤ V (x, y − λ) + δ, (x, y) ∈ R
2.

Then we have

V (x, y + λ + σ1δ(1− e−βt )) − δe−βt ≤ U (x, y) ≤ V (x, y − λ − σ1δ(1− e−βt )) + δe−βt

for (x, y, t) ∈ R
2 × (0,∞). Now V (x, y + λ ∓ σ1δ(1− e−βt )) ± δe−βt are a supersolution

and a subsolution, respectively. See [13] for the proof. Taking the limit of t → ∞, we find

V (x, y + λ + σ1δ) ≤ U (x, y) ≤ V (x, y − λ − σ1δ), (x, y) ∈ R
2.
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Now we define

� = inf
{
λ0

∣∣U (x, y) ≤ V (x, y − λ0), (x, y) ∈ R
2} .

Then we have � ∈ [−λ − σ1δ, λ + σ1δ] and
V (x, y) ≤ U (x, y − �), (x, y) ∈ R

2.

By (17) and (69), we have � ≥ 0, that is, � ∈ [0, λ + σ1δ]. If � = 0, we have U = V and
obtain this lemma. If we have V (x, y) = U (x, y − �) for all (x, y) ∈ R

2, we find � = 0
using (17) and (69), and we obtain this lemma. Thus, it suffices to get a contradiction by
assuming � ∈ (0, λ + σ1δ],

V (x, y) ≤ U (x, y − �), (x, y) ∈ R
2.

and
sup

(x,y)∈R2
(U (x, y − �) − V (x, y)) > 0.

Now we take R ∈ (0,∞) large enough with

sup
|y−m∗|x ||≥R−�−1

(−Vy(x, y)
)

<
1

2σ1
.

Taking h ∈ (0,min {δ∗, 1/(2σ1)}) small enough, we have

V (x, y − � + 2σ1h) − V (x, y − �) = 2σ1h
∫ 1

0
Vy(x, y − � + 2ϕσ1h) dϕ > −h (70)

if |y − m∗|x || ≥ R. Using (69) and

lim
R→∞ sup

x2+y2≥R2
|V (x, y − � + 2σ1h) − v0(x, y − � + 2σ1h)| = 0,

we have
U (x, y) < V (x, y − � + 2σ1h) if |y − m∗|x || ≤ R (71)

taking h smaller, if necessary. Now we have (70) for |y − m∗|x || ≥ R, and have (71) for
|y − m∗|x || ≤ R. Then we obtain

U (x, y) ≤ V (x, y − � + 2σ1h) + h, (x, y) ∈ R
2.

Taking t → ∞ in

U (x, y) ≤ V (x, y − � + 2σ1h − σ1h(1 − e−βt )) + he−βt , (x, y, t) ∈ R
2 × (0,∞),

we obtain
U (x, y) ≤ V (x, y − � + σ1h), (x, y) ∈ R

2.

This contradicts the definition of �. This completes the proof. �


4 Proof of Proposition 1.3

In this section, we state the proof of Proposition 1.3. We apply the arguments of [11, 12,
14] to w(x, y, t) that changes its shape with time t . For any θ ∈ (0, θ0], let Rθ be a positive
number given by (35) and define

R = max
δ∗/2≤θ≤θ0

Rθ .

123



   48 Page 16 of 19 Partial Differential Equations and Applications             (2026) 7:48 

Using
wt − �w − cwy − f (w) = 0, (x, y, t) × R

2 × (0,∞)

and using

wt (x, y, t) > 0, wy(x, y, t) < 0, (x, y, t) ∈ R
2 × (0,∞),

we have
�w + f (w) > 0, (x, y, t) ∈ R

2 × (0,∞).

Multiplying the both sides of this inequality by −wy and using

wy�w = div
(
wy∇w

) − 1

2
Dy

(|∇w|2) ,

we have

− div
(
wy∇w

) + 1

2
Dy

(|∇w|2) − f (w)wy > 0, (x, y, t) ∈ R
2 × (0,∞). (72)

Here Dy = ∂/∂ y. Let θ1 and s1 satisfy

0 < s1 <
δ∗
2

≤ θ1 ≤ θ0.

For every x0 ∈ R, we define a domain in R
2 by

�1(t) = {
(x, y)

∣∣ |x − x0| < R, s1 < w(x, y, t) < θ1
}

for t ∈ (0,∞) with its boundary

∂�1(t) = �bot(t) ∪ �top(t) ∪ �sid(t),

where

�bot(t) = {
(x, y) ∈ R

2
∣∣ |x − x0| ≤ R, w(x, y, t) = θ1

}
,

�top(t) = {
(x, y) ∈ R

2
∣∣ |x − x0| ≤ R, w(x, y, t) = s1

}
,

�sid(t) = {
(x, y) ∈ R

2
∣∣ |x − x0| = R, s1 ≤ w(x, y, t) ≤ θ1

}
.

Integrating the both sides of (72) over �1(t) and using the Gauss divergence theorem, we
obtain

0 <

∫
�1(t)

(
− div

(
wy∇w

) + 1

2
Dy

(|∇w|2) − f (w)wy

)
dxdy

=
∫

∂�1(t)

(
−wy (∇w, ν) + 1

2
νy |∇w|2 + W(w)νy

)
ds,

where ν = (νx , νy) is the outward unit normal vector on ∂�1(t) and ds is the line element
of ∂�1(t). Now we have

Jbot(t) + Jtop(t) + Jsid(t) > 0, t ∈ (0,∞), (73)

where

Jbot(t) =
∫

�bot(t)

(
−wy (∇w, ν) + 1

2
νy |∇w|2 + W(w)νy

)
ds,

Jtop(t) =
∫

�top(t)

(
−wy (∇w, ν) + 1

2
νy |∇w|2 + W(w)νy

)
ds,
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Jsid(t) =
∫

�sid(t)

(
−wy (∇w, ν) + 1

2
νy |∇w|2 + W(w)νy

)
ds

for t ∈ (0,∞). First we calculate Jbot(t). Using

ν = ∇w

|∇w| on �bot(t),

we have

Jbot(t) =
∫

�bot(t)

(
−1

2
wy |∇w| + W(θ1)νy

)
ds.

Using

ds = |∇w|
−wy

dx,

we obtain

Jbot(t) =
∫ x0+R

x0−R

(
1

2
|∇w(x, g(x, t; θ1))|2 − W(θ1)

)
dx . (74)

Similarly we obtain

Jtop(s1) =
∫ x0+R

x0−R

(
−1

2
|∇w(x, g(x, t; s1))|2 + W(s1)

)
dx . (75)

Secondly, using
νy = 0 on �sid(t),

we have

Jsid(t) =
∫

�sid(t)
(−wy) (∇w, ν) ds.

Using (34) and |ν| = 1, we have

|Jsid(t)| ≤ B0

∫
�sid(t)

(−wy) ds = B0

∫
�sid(t)

(−wy) dy = 2B0(θ1 − s1). (76)

Combining (73), (74), (75) and (76), we obtain
∫ x0+R

x0−R

(
1

2
|∇w(x, g(x, t; θ1))|2 − W(θ1)

)
dx

>

∫ x0+R

x0−R

(
1

2
|∇w(x, g(x, t; s1))|2 − W(s1)

)
dx − 2B0(θ1 − s1).

≥
∫ x0+R

x0−R
(−W(s1)) dx − 2B0(θ1 − s1).

Sending s1 → 0, we find
∫ x0+R

x0−R

(
1

2
|∇w(x, g(x, t; θ1))|2 − W(θ1)

)
dx ≥ −2B0θ1,

that is

1

2

∫ x0+R

x0−R
|∇w(x, g(x, t; θ1))|2 dx ≥ 2 (W(θ1)R − B0θ1) ≥ 2, t ∈ (0,∞).
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Now we obtained∫ x0+R

x0−R
|∇w(x, g(x, t; θ1))|2 dx ≥ 4, for all (θ1, t) ∈ (δ∗/2, θ0] × (0,∞). (77)

Let N0 be as in (29). We define

t∗ = min

{
1

2
,

δ∗
2N0

}
.

Let (α0, β0, t0) ∈ R
2 × [1,∞) satisfy

w(α0, β0, t0) = θ (78)

for θ ∈ [δ∗, θ0]. Then we have t0 − t∗ ∈ [1/2, 1) and
δ∗
2

≤ w(α0, β0, t0 − t∗) < θ.

Now we define

D = {
(x, y) ∈ R

2
∣∣ |x − α0| ≤ R, |y − β0| ≤ m∗R

}
.

and put θ1 = w(α0, β0, t0 − t∗). Using (31) and applying (77) for t = t0 − t∗, we have

max
(x,y)∈D

(−wy(x, y, t0 − t∗)
) ≥

√
2 cos�√

R
.

Then, applying Lemma 2.1, we obtain

inf
{−wy(α0, β0, t0)

∣∣ (α0, β0, t0, θ) ∈ R
2 × [1,∞) × [δ∗, θ0] with (78)

}
> 0.

This completes the proof of Proposition 1.3.
We proved the existence of V-form traveling fronts using estimates based on inscribed

balls. This method is a simple one and will be applicable to show the existence of V-form
traveling fronts, pyramidal traveling fronts or polyhedral entire solutions ([4, 10, 15]) for
various kinds of reaction–diffusion equations or systems.
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