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ABSTRACT A novel approximate solution method for the Euclidean Steiner tree problem is proposed and
its performance is demonstrated through experiments using 195 benchmark problem instances from the
OR-Library. Given a finite number of terminal points, the proposed method first generates non-terminal
points around each terminal point and at the same location as the Steiner point for each triangle obtained
by the Delaunay triangulation for all terminal points. It next runs a genetic algorithm to select a subset
of the generated non-terminal points, aiming to minimize the total edge length of a minimum spanning
tree for all the terminal points and the selected non-terminal points. It then optimizes the locations of the
non-terminal points in the tree using Weiszfeld’s method, while preserving the topology. It finally refines the
tree by adding new non-terminal points, adding and removing edges, and optimizing the locations of all non-
terminal points. The experimental results show that, among 150 benchmark problem instances with known
optimal solutions, the proposed method successfully constructs a Euclidean Steiner tree for 61 instances.
For the remaining 89 instances, it produces an approximate solution whose total edge lengths is less than
100.7% of the optimal. The experimental results also show that the proposed method obtains approximate
solutions efficiently: within 1.5 seconds for instances with up to 100 terminal points and within 61 seconds
for instances with up to 1,000 terminal points.

INDEX TERMS Combinatorial optimization, genetic algorithm, Fermat problem, Weiszfeld’s method,
Delaunay triangulation.

I. INTRODUCTION systems, power grids, and transportation systems — can be

The Euclidean Steiner Tree Problem (ESTP) [1] has been
a significant challenge in the fields of combinatorial
optimization and computational geometry. Given a finite
set of terminal points in the two-dimensional Euclidean
space, the goal of the ESTP is to construct a spanning
tree that connects all terminal points, possibly incorporating
additional non-terminal points known as the Steiner points,
in such a way that the total edge length is minimized. Since
shortest path problems encountered in various domains — such
as electrical circuits, computer networks, telecommunication
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formulated as instances of the ESTP, it has been the focus
of extensive research over the past several decades [2].

One of the most challenging aspects of the ESTP lies in
determining both the number and locations of the Steiner
points. However, it has been proved that the ESTP is NP-
hard [3]. As a consequence, a large number of research efforts
have been dedicated to devising heuristic algorithms and
approximation methods for solving the ESTP [4], [5], [6],
[71, [8], [9], [10], [11], [12], [13], [14], [15]. Smith et al. [4]
presented a heuristic algorithm based on a decomposition
approach using the Delaunay triangulation [16], the Voronoi
diagram, and the Minimum Spanning Tree (MST). Fampa
and Anstreicher [5] proposed some techniques to address
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several issues in Smith’s branch-and-bound algorithm and
demonstrated experimentally that they significantly improve
performance. Van Laarhoven and Ohlmann [6] presented a
heuristic that utilizes the Delaunay triangulation to generate
candidate Steiner points for insertion, the MST to identify
Steiner points to remove, and second-order cone program-
ming to optimize the location of the remaining Steiner points.
Hsuetal. [10] designed a novel biologically-inspired explore-
and-fuse approach. Bereta [11] concerned with the Baldwin
effect and Lamarckian evolution in a memetic algorithm.
Pinto and Maculan [12] presented two heuristics for the ESTP
in higher dimensions and showed that those heuristics return
relatively good solutions. Cao et al. [14] proposed a binary
particle swarm optimization algorithm for the ESTP, and
applied it to the problem of establishing a communication
network connecting 144 cities in China. Bereta [15] presented
a genetic algorithm for the ESTP and pointed out that
significant improvement can be achieved through proper
initialization of the initial population, which depends on the
appropriate sorting of vertices.

Recently, Zhang et al. [13], the authors of the present paper,
proposed an approximate solution method for the ESTP
based on a genetic algorithm. This method first generates
non-terminal points around each terminal point using a
simple rule, next runs a genetic algorithm to select a subset
of the generated non-terminal points, aiming to minimize
the total edge length of an MST for all terminal points
and the selected non-terminal points, and finally optimizes
the locations of the non-terminal points in the MST using
Weiszfeld’s method [17], [18], while preserving the topology.
Experimental results show that this simple method can find
good approximate solutions, but they tend to have fewer
non-terminal points than the corresponding Euclidean Steiner
Trees (ESTs).

Although the ESTP is NP-hard, a number of researchers
have investigated exact algorithms over the past several
decades [19], [20], [21], [22], [23], [24]. Winter [19]
proposed an exact algorithm called GeoSteiner, which is
considerably faster than earlier exact algorithms. Winter and
Zachariasen [20] designed an exact algorithm which is based
on but much faster than GeoSteiner. Van Laarhoven and
Anstreicher [21] presented geometric conditions that can
be used to eliminate candidate topologies for the ESTs in
d-dimensional Euclidean space with d > 2, which is an
extension of the results of Winter and Zachariasen [20].
Juhl et al. [22] described algorithmic enhancements that
improves the performance of the GeoSteiner software
package, and presented a computational study performed
on the largest problem instances from the 2000-study.
Brazil et al. [23] introduced an exact algorithm for the
Euclidean k-Steiner tree problem, which minimizes the total
edge length of the tree connecting given terminal points
and at most k additional Steiner points, allowing them to
have degree four. They extended the basic framework of
GeoSteiner’s generation algorithm so that degree-four Steiner
points are allowed, derived some new results restricting the
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structural and geometric properties of optimal k-Steiner trees,
and developed efficient topological pruning methods based
on those results. Lee et al. [24] designed a novel pruning
test to allow more extensive elimination of sub-optimal
topologies during the generation phase of the exact algorithm
for the Euclidean k-Steiner tree problem [23].

As described above, substantial progress has been achieved
in the development and acceleration of exact algorithms for
the ESTP, owing to the dedicated efforts of many researchers.
Nevertheless, due to the NP-hard nature of the problem, such
acceleration is inherently limited. Therefore, further enhance-
ment of both the efficiency and accuracy of approximation
algorithms remains a critical area of ongoing research.

In this paper, we propose a novel approximate solution
method for the ESTP, which builds upon the authors’
previous work [13] but newly incorporates techniques such
as an exact algorithm for three terminal points and the
Delaunay triangulation. The proposed method first generates
non-terminal points not only around each terminal point but
also at the same location as the Steiner point for each triangle
obtained by the Delaunay triangulation for all terminal points.
It next runs a genetic algorithm to select a subset of the
generated non-terminal points, and optimizes the locations
of the selected non-terminal points, aiming to minimize the
total edge length of an MST for all the terminal points
and the selected non-terminal points, in the same way as
the previous work. It finally repeats the following two
procedures: i) selecting two edges that share a terminal point
and generating a new non-terminal point at the same location
as the Steiner point for the three endpoints of the two edges,
ii) removing the two edges and adding three edges connecting
the new non-terminal point to the three endpoints. This step
is introduced to overcome the weakness of the previous work
described above.

The effectiveness of the proposed method is evaluated
through experiments conducted on 195 problem instances
from the OR-Library [25]. The experimental results show
that, among the 150 instances with known optimal solutions,
the proposed method constructs ESTs in 61 instances,
approximate solutions whose total edge lengths are less than
100.1% of the optimal in 83 instances, and approximate
solutions whose total edge lengths are between 100.1%
and 100.7% of the optimal in the remaining six instances.
This indicates the proposed method outperforms the authors’
previous method and an existing evolutionary algorithm [11].
The experimental results also show that the proposed method
obtains approximate solutions efficiently: within 1.5 seconds
for instances with up to 100 terminal points and within
61 seconds for instances with up to 1,000 terminal points.

Il. EUCLIDEAN STEINER TREE PROBLEM AND SOME
KNOWN RESULTS

A. PROBLEM STATEMENT

Let G = (V, E) be an undirected, connected, and weighted
graph. If a subgraph of G is a tree that includes all vertices
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FIGURE 1. How to find the unique Steiner point for three terminal points.

in G then it is called a spanning tree of G. If the sum of the
weights on all edges in a spanning tree of G is not greater than
any other spanning trees of G then it is called a Minimum
Spanning Tree (MST) of G.

Suppose we are given a finite set of terminal points X =
{xl,xz, e R2. A Euclidean MST of X is an MST
of the complete graph K, of which the vertex set is X and
the weight w;; (= wj;) on the edge {x!, x/} is defined by the
Euclidean distance between x' and ¥/, that is, wj; = [lx' —¥/||.
The Euclidean Steiner Tree Problem (ESTP) is to find a finite
set S = {s1 82 ,s”/} C R? of non-terminal points such
that the sum of the weights of all edges (or the total edge
length) of a Euclidean MST of X US is minimized. Such a tree
is called a Euclidean Steiner Tree (EST), and the non-terminal
points in S are called the Steiner points.

It is well known that every EST has the following
properties (see Gilbert and Pollak [1] for details).

1) The angle between any two adjacent edges is not less

than 27 /3 radians.

2) No more than three edges are incident to any vertex.

3) The number of edges incident to any Steiner point is

three, and the angle between them is 27 /3 radians.

4) The number of Steiner points is not greater than the

number of terminal points minus two.

5) All Steiner points are included in the convex hull of the

terminal points.

B. STEINER POINT FOR THREE TERMINAL POINTS

The ESTP with n = 3 is widely known as the Fermat prob-
lem, and has been completely solved by many authors [1],
[2], [26], [27]. One of their solution methods is illustrated in
Fig. 1. We explain briefly how to find the unique Steiner point
s (if it exists) using this method.

LetX = {xl, x2, x3} be a given set of three terminal points
which are distinct from each other. We first check whether the
triangle formed by x!, x> and x> has an internal angle greater
than or equal to 27 /3 radians, that is, there exist 7, j and k
such that {i, j, k} = {1, 2,3} and

o —x)T(xk — xb) 1

<——. N

e — i [lxek — x|~ 2
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Algorithm 1 Three-Point Algorithm
Input: X = {xl, x2, x3} C R? where x
distinct from each other.
Output: Steiner point s € R? or “None”
1: If there exist i,j and k such that {i,j, k} = {1, 2,3}
and (1) is satisfied then return “None”” and stop.
2 Setp < R(/2)x> —x?) and ¢ < R(/3)(x> — x?)
where R(0) is the rotation matrix defined by (2).
3. Ifp"(x! —x?) and p " q have different signs then set v <
x2+ q. Otherwise set v < x4 R(—J‘[/3)(x3 —x2).
4: Sets < v+ t(x! —v) where ¢ is given by (3).
5: Return s and stop.

1 x2 and x° are

If this is the case, there is no Steiner point. Otherwise, we find
a point v such that i) x2, x> and v form an equilateral triangle
and ii) the line segment connecting v and x' intersects the line
passing through x? and x3. By the first condition, v must be
eitherv! = x2 —i—R(71/3)(x3 —xH)orv? = x? +R(—7'r/3)(x3 —
x2) where R(8) is the rotation matrix defined by

R(O) = (cos@ —sin9) . ?)

sinf cosf
By the second condition, the inner products p " (x! — x?) and
p' (v — x?) must have different signs, where p is a normal
vector of the line passing through x> and x3. Using this
condition, we choose either v! or v* to be v. We then draw a
circle passing through v, x* and x>, and find the intersection
s (# v) of the line segment connecting v and x! and the circle,
which is given by s = v 4 r(x! — v) where
2t — )T +x3 —20)
- 3lxt — |2
The above-mentioned procedure to find the unique Steiner
point (if it exists) for a given set X = {xl,xz,x3} of three
terminal points is formally stated in Algorithm 1.

3

C. WEISZFELD’'S METHOD

As an extension of the Fermat problem, we consider the
geometric median problem, which is also known as the
Fermat-Weber problem [28]. Let X = {x!, x2,...,x"} Cc R?
be a given set of terminal points. The Fermat-Weber problem
is formulated as follows:

n
minimize f(y) := Z ly —xi|| . )
i=1
An optimal solution of this problem is called a geometric
median of X. It is well known that the optimal solution is
uniquely determined unless all of the n terminal points lie on
the same line [29].
Weiszfeld [17], [18] proposed an iterative method for
solving the problem (4), which repeatedly updates the value
of y according to the rule:

1 ! x!
y(_zn 1 Z

. : — x|’
=1 s i1
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Let the value of y after k updates be denoted as y[k]. It has
been proved that if y[k] & X for all k > O then f(y[k + 1]) <
fOlk]) for all £ > 0 and the equality holds if and only if
yl[k] is an optimal solution of (4) [17], [28], [30]. It has also
been proved that if y[k] ¢ X for all k > O then the sequence
{y[k]},‘;io converges to an optimal solution of (4) [31].
Weiszfeld’s method plays an important role in the approx-
imate solution method for ESTPs proposed in this paper.

Ill. APPROXIMATE SOLUTION METHOD FOR EUCLIDEAN

STEINER TREE PROBLEM

A. OUTLINE

We propose a novel approximate solution method for solving
the ESTPs. The proposed method is based on the authors’
previous work [13], but newly incorporates techniques such
as the three-point algorithm described in the previous section
and the Delaunay triangulation [16], [32]. The Delaunay
triangulation of a set of terminal points is defined as the
unique triangulation so that the circumsphere of each triangle
has no terminal points in its interior [33]. Since it possesses
important properties related to generation of non-terminal
points, the Delaunay triangulation has been used in many
heuristic algorithms for solving the ESTPs [6], [34].

The proposed method consists of four main stages. In the
first stage, initial non-terminal points are generated around
each terminal point, and at the same locations as the Steiner
points for triangles obtained by performing the Delaunay
triangulation for the set of all terminal points (see Fig. 2(a)).
In the second stage, a subset of the initial non-terminal
points are selected using the genetic algorithm in the authors’
previous work [13], aiming to minimize the total edge length
of a Euclidean MST for all terminal points and the selected
non-terminal points (see Fig. 2(b)). In the third stage, the
locations of the non-terminal points selected in the second
stage are optimized in the same way as in the authors’
previous work [13] so that the total edge length of the
spanning tree is minimized (see Fig. 2(c)). In the last stage, for
each pair of edges sharing a common vertex corresponding
to a terminal point, a new non-terminal point is generated
at the same location as the Steiner point for the three end
points of the two edges to further reduce the total edge
length (see Fig. 2(d)). We call this process refinement of
a tree.

In what follows, we describe each stage in more detail.

B. GENERATION OF INITIAL NON-TERMINAL POINTS

In the first stage, the proposed method generates initial
non-terminal points using two rules. One is the same as in
the authors’ previous work [13]. For each terminal point x/,
the radius 7 is determined first by

ri= Cr};gl x’ — x| (3)

where C is a positive constant Iess than 0.5, and then ¢ non-
terminal points denoted by y?~D+k (k = 1,2, ... ¢) are
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generated as follows:

YDk i iR (Zﬂ(k -1

q

where R(9) is the rotation matrix defined by (2) and e; :=
(1,0)". The other is based on the Delaunay triangulation and
the three-point algorithm. First the Delaunay triangulation is
performed for the set of all terminal points. Then Algorithm 1
is run for each of the triangles obtained by the Delaunay
triangulation. If Algorithm 1 returns the Steiner point s then
a non-terminal point is generated at the same location as s.

Figure 2(a) shows an example to illustrate how initial
non-terminal points are generated in the proposed method.
The blue circles represent given terminal points, the blue lines
a Euclidean MST of the terminal points, the gray lines the
edges of triangles obtained by the Delaunay triangulation, and
the red circles the initial non-terminal points generated using
the method described above with C = 0.3 and g = 7.

)el, k=1,2,...,q

C. SELECTION OF NON-TERMINAL POINTS

Let Y = {y!,y?, ..., y™} be the set of all non-terminal points
generated in the first stage. In the second stage, the proposed
method uses the Genetic Algorithm (GA) developed in the
authors’ previous work [13] to find a subset Y] of Y such that
the total edge length of a Euclidean MST for the points in the
set X U Y7 is as short as possible.

GAs are random search methods inspired by the principles
of natural selection and genetic inheritance observed in
biological systems [35], [36]. They first initialize a population
of candidate solutions. Each candidate solution is represented
as a sequence of 0’s and 1’s, which is called a chromosome.
They next evaluate each candidate solution using a fitness
function, and update the population of candidate solutions
using some genetic operations such as selection, crossover
and mutation. This process is repeated until a termination
criterion is satisfied.

In the first step of our GA, the initial population of n,
chromosomes of length m is generated randomly. To be
more precise, each gene of a chromosome is set to 1 with
probability p,, € (0,1) and O with probability 1 — p,,

independently of other genes. A chromosome b = (b,
by,...,by) € {0,1}" is an enching of a subset Y* of
Y, where b; = 1 indicates that y' is included in Y*, and

b; = 0 otherwise.

In the second step, the fitness of each chromosome b in
the initial population is evaluated. To do so, a Euclidean
MST for X, the set of all terminal points, and the set of
non-terminal points represented by b is obtained using Prim’s
algorithm [37]. The fitness of b is then evaluated by the
inverse of the total edge length of the tree. However, it is clear
that if the Euclidean MST contains a non-terminal point with
degree one or two then the total edge length can be reduced
by removing the non-terminal point. Therefore, in this case,
the fitness of b is evaluated after transforming it into a
better chromosome b*. To be more precise, the following two
operations are done alternatively until the Euclidean MST
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FIGURE 2. Four main stages of the proposed method: (a) generation of non-terminal points, (b) selection of
non-terminal points using a genetic algorithm, (c) optimization of the locations of the selected non-terminal
points, and (d) refinement of the tree. Blue and red circles represent terminal and non-terminal points,

respectively. Blue lines represent the edges of the tree.

does not have such non-terminal points: i) construction of
the Euclidean MST and ii) removal of a non-terminal point
with degree less than three. The procedure for evaluation of
a chromosome is formally stated in Algorithm 2.

In the third step, the population of chromosomes is
updated n, times using three standard genetic operations:
selection, crossover and mutation. Let P be the population
of chromosomes of the current generation. It should be noted
that, strictly speaking, P is a multiset and thus can contain
multiple instances of the same chromosome. Let pg, p. and
Pm be positive numbers satisfying ps + p. + pm = 1. Let
pr be a positive number less than one. The population P’ of
chromosomes of the next generation, which is also a multiset,
is obtained as follows. First, P’ is initialized as P’ = {bP*!}
where b is a chromosome in P with the highest fitness
value. Second, one genetic operation, randomly selected
from selection, crossover and mutation with probabilities py,
pc and p,,, respectively, is applied to P, and the resulting
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one or two chromosomes are added to P’. This process is
repeated until |P’| reaches or exceeds n, where |P’| denotes
the cardinality of P’. Then the fitness of each chromosome
in P’ is evaluated as in the second step. Note that some of the
chromosomes may be transformed into better ones during the
evaluation.

The three genetic operations used in our GA are as
follows. Selection selects one chromosome from P using
the tournament selection rule, that is, randomly selects K
chromosomes from P with equal probability, and then selects
one chromosome with the highest fitness value from the K
chromosomes. Crossover selects two chromosomes from P
using the tournament selection rule, and then generates two
new chromosomes by applying the single-point crossover
operation. Mutation selects one chromosome from P using
the tournament selection rule and, for each gene of the
chromosome, changes its value (from O to 1 or from 1 to 0)
with probability py.
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Algorithm 2 Evaluation of Chromosome

Algorithm 3 Selection of Non-Terminal Points

Input: X = {xl,xz,...,x"},Y = {yl,yz,...
RZand b = (b1, by, ..., by) € {0, 1}™
Output: b* = (b, b5, ..., b}) € {0, )", T = (XUY* E*)

Yy C

andv € R++

1: Setb* < b.

2 SetY* « {yl e Y |bf =1}

3: Find a Euclidean minimum spanning tree 7 = (X U
Y*, E*) of X U Y* using Prim’s algorithm.

4: Search for an index i € {1, 2, ..., m} such that b;." =

1 and the degree of y' in T is less than three. If such an
index does not exist, go to Step 6.

Set b7 < 0 and go to Step 2.

. Find the total edge length £ of T and set v < 1/¢.

7: Return b*, T and v, and then stop.

SN

In the last step of our GA, one chromosome with the
highest fitness value is selected from the population of
chromosomes of the final generation.

The above-mentioned procedure to select non-terminal
points is formally stated in Algorithm 3. Note that the tree
returned by Algorithm 3 does not include any non-terminal
points of degree one or two, because such non-terminal points
are removed during the evaluation process in Step 12.

Figure 2(b) shows the result of the selection of
non-terminal points from those in Fig. 2(a). The blue and
red circles represent the terminal points and the selected
non-terminal points, respectively. The blue lines represent
the Euclidean MST of the terminal points and the selected
non-terminal points.

D. OPTIMIZATION OF LOCATIONS OF NON-TERMINAL
POINTS

Let 71 = (X U Yy, E1) be the Euclidean MST corresponding
to the chromosome selected by the GA. If 7| contains non-
terminal points, their locations are not optimal in general.
So, in the third stage, the proposed method optimizes the
locations of all non-terminal points to minimize the total
edge length of T, while preserving the topology, with the
exception of vertex merging.

We assume without loss of generality that yl, y2, R
y™ are non-terminal points contained in 7. The proposed
method updates the locations of the non-terminal points
sequentially using Weiszfeld’s method as

J
Zjemo Wy + Sieha) o

i

Yy« (6)

2 jeNi(i m + 2 e m
until the movement of all non-terminal points is sufficiently
small, where N(i) C {1, 2, ..., n} is the set of indices of all
terminal points adjacent to yi, and No(i) C {1,2,...,my}1is
the set of indices of all non-terminal points adjacent to y'.
It has been proved under a mild condition that, by using
Weiszfeld’s method, the total edge length of the tree decreases
monotonically and all non-terminal points converges [28].
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Input: X = {x!,x, ... . x"}, Y = L, y* ...,y"} C R?,
ne, ng, K € Ziy v, Pws Ps» Pes Pms Dr € 0,1
Output: 7y = (X UY(,E;)where Y] C Y
1: Sett <« 0.
2. Generate n. binary sequences b', b2, ..., b" of length

m in such a way that bf , the i-th bit of the k-th sequence,
is set to 1 with probability p,, and O with probability
1 — py, and set P < {b', b, ... b"}.

3: Evaluate sequences in P using Algorithm 2. Let b € P
be a sequence with the highest fitness value.

4 Setr < t+1andSet P < {pPs}.

5:  Select K sequences randomly from P with equal
probability, and then select one from the K sequences
with the highest fitness value. Let b*! be the sequence.

6: Select one from the three genetic operations: selection,
crossover and mutation, randomly with probability py,
pe and pp, respectively. If selection is selected, go to
Step 7. If crossover is selected, go to Step 8. If mutation
is selected, go to Step 9.

7. Add b* to P/, and go to Step 10.

8: Select K sequences randomly from P with equal
probability, and then select one from the K sequences
with the highest fitness value. Let b* be the sequence.
Apply the single-point crossover operation to b and b*2,
add the generated two sequences to P, and go to Step 10.

9: Fori=1,2,...,m,sethf" < 1 — b with probability
pr, and then add b o P,

10: If |P'| < n, then go to Step 5.

11: If r < ng then set P < P’ and go to Step 3.

12: Evaluate sequences in P’ using Algorithm 2. Let 5% ¢
P’ be a sequence with the highest fitness value, and T =
(X U Yy, Ey) be the tree corresponding to bbest,

13: Return T and stop.

Note that it sometimes occurs that a non-terminal point
approaches a terminal point or two non-terminal points
approach each other. In these cases, the proposed method
merges two points into one.

The above-mentioned procedure to optimize the locations
of non-terminal points is formally stated in Algorithm 4. Note
that the tree returned by Algorithm 4 does not contain any
non-terminal points of degree one or two. This can be justified
as follows. If y’ and y/ in Step 7 are not adjacent then the
degree of y' after the merge is no less than the degrees of y’
and y’ before the merge. If y’ and y/ are adjacent then no vertex
can be adjacent to both of them; otherwise, 71 = (X UY, E7)
would not be a tree. In this case, the degree of yi after the
merge is no less than the degrees of y’ and y/ before the merge.

Figure 2(c) shows the result of the optimization of the
locations of the non-terminal points in Fig. 2(b). The number
of non-terminal points in Fig. 2(c) is equal to that in Fig. 2(b)
in this case. However, their locations are optimized, and thus

VOLUME 14, 2026
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Algorithm 4 Optimization of Locations of Non-Terminal
Points
Input: X = {x!,x2, ..., x"}, Y}
T1=XUY,E)),e e R4
Output: Updated T
1: Let L be the length of the diagonal line of the smallest
axis-aligned rectangle containing all points in X U Y7.

= {yl’y27 "'ﬂyml} C Rz,

2 SetU < {(i,))|x' e X,y ey, Ix' —y/| <e€L}.
3: If U = ¢ then go to Step 5. ‘ ‘
4: Select a pair (i,j) € U. Replace y¥ with x' in all

edges {y/, -} € Ej, remove duplicate edges and the self-
loop {xi, xt } from E1, remove all pairs (-, j) from U, and
remove y/ from Y;. Go to Step 3.

o SetV o {G.pli<jy ey en. ly -yl <

elL}.

If V = @ then go to Step 8.

Select a pair (i, j) € V. Replace y/ with y' in all edges
{/, -} € Ej, remove duplicate edges and the self-loop
{_yi,yi} from E1, remove all pairs (-, ) and (j, -) from V,
and remove y/ from Y;. Go to Step 6.

8: If Y1 = @ then return 771 = (X, E1) and stop. Otherwise
update the values of all members of Y7 sequentially using
Weiszfeld’s method (6).

9: If [y’ —y"°M|| > €L for somey’ € Yy, where y*°!d is the
value of y’ before update, then go to Step 2. Otherwise
return 71 = (X U Y1, E7) and stop.

i,old :

the angles between edges incident to the same non-terminal
point are approximately equal to 27 /3 radians.

E. REFINEMENT OF TREE

Trees after the optimization of the locations of non-terminal
points tend to have fewer non-terminal points than the
corresponding ESTs, and hence their total edge lengths are
not sufficiently close to the optimal. This is a weakness of
the authors’ previous method [13].

To overcome this weakness, the proposed method adds new
non-terminal points to the tree and optimize their locations in
the fourth stage. To be more precise, the proposed method
first searches for a pair (e, e3) of adjacent edges that share a
terminal point and for which the triangle formed by the three
endpoints of e; and e has no internal angle greater than or
equal to 277 /3 radians. It next generates a new non-terminal
point s using Algorithm 1 for the three endpoints. It then adds
new edges connecting s with the three endpoints and remove
e1 and e;. This process is repeated until there is no such pair
of adjacent edges.

The proposed method finally runs Algorithm 4 again
because the locations of non-terminal points are not optimal
in general.

The above-mentioned procedure to refine the tree is
formally stated in Algorithm 5. Note that the tree returned
by Algorithm 5 does not contain any non-terminal points of
degree one or two. This can be justified as follows. The new
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Algorithm 5 Refinement of Tree

Input: X = {x!, x2, X", Y =yl y? ...
Th=XUY, Ep),e e R4
Output: Updated 7>
1: Search for a pair (eq, e) of distinct edges in E; such that
they share one common vertex in X and, for the three
vertices incident to ej or/and ey, Algorithm 1 returns a
point s € R2. If such a pair does not exist, go to Step 3.
2: Add s to Y,, add three edges connecting s to the three
vertices incident to e or/and e; to E;, and remove e and
ey from E>. Go to Step 1.
3: Optimize the locations of non-terminal points in the tree
T, = (X U Y2, Ey) using Algorithm 4, and return the
resulting 75.

,y™} C R,

18 [ " ratiois in (1.001, 1.007] e |
ratio is in ( 1 1.001] m—
16 - ratio is 1 |

number of problem instances

ol N ]
12 R
10 b
gl |
6 |
4 |

10 20 30 40
number of terminal pomts

FIGURE 3. The number of problem instances for which the proposed
method achieved a ratio equal to 1, in the interval (1, 1.001] and in the
interval (1.001, 1.007].

non-terminal point s introduced in Step 2 has degree three,
and the degrees of all other non-terminal points remain
unchanged after the insertion of s. Moreover, the tree returned
by Algorithm 4 also contains no non-terminal points of degree
one or two.

Figure 2(d) shows the result of the refinement of the tree in
Fig. 2(c). It is easily seen that Fig. 2(d) contains three more
non-terminal points than Fig. 2(c).

IV. EXPERIMENTS

A. SETUP

In order to evaluate the performance of the proposed method,
we implemented it in Python language version 3.11 and C++
language,' and conducted experiments using 195 problem
instances from the OR-Library [25], which are labeled from
10-1 to 1000-15. The number before the hyphen indicates
the number of terminal points, while the number after the
hyphen represents the index of the instance. The parameters
in the proposed method were fixed as shown in Table 1.
Those values were determined through preliminary

10nly Prim’s algorithm for constructing the MST is written in C++
language and called from Python using ctypes library.
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TABLE 1. The values of the parameters used in the experiments.

TABLE 2. Total edge lengths and the numbers of non-terminal points of ESTs and trees obtained by the proposed method (Part 1).

Symbol | Value | Description
C 0.3 positive constant to determine the radius r* in (5)
q 7 number of non-terminal points generated around each terminal point
ne 200 number of chromosomes in each generation of the genetic algorithm
ng 100 number of generations in the genetic algorithm
Pw 1/7 probability that each gene is set to 1 in the initial population of the genetic algorithm
K 5 number of randomly selected chromosomes in the tournament selection rule
Ds 0.2 probability that selection is selected from three genetic operations
Pe 0.6 probability that crossover is selected from three genetic operations
Pm 0.2 probability that mutation is selected from three genetic operations
Pf 0.1 probability that the value of each gene is flipped in mutation operation
€ 10~9 | positive constant used in Algorithm 4

Total Edge Length No. of Non-Terminal Points

Instance Proposed Method Proposed Method

EST Min. Avg. Max. EST Min. Avg.  Max.
10-1 2.020673795 | 2.020673795 (1.00000)  2.020673795 (1.00000)  2.020673795 (1.00000) 4 4 4.0 4
10-2 1.606868229 | 1.606868229 (1.00000)  1.606868229 (1.00000)  1.606868229 (1.00000) 2 2 2.0 2
10-3 2.228074322 | 2.228074322 (1.00000)  2.228074322 (1.00000)  2.228074322 (1.00000) 2 2 2.0 2
10-4 1.798596253 | 1.798596253 (1.00000)  1.798596253 (1.00000)  1.798596253 (1.00000) 2 2 2.0 2
10-5 1.694433309 | 1.694433309 (1.00000)  1.694433309 (1.00000)  1.694433309 (1.00000) 3 3 3.0 3
10-6 2.309602568 | 2.309602568 (1.00000)  2.309602568 (1.00000)  2.309602568 (1.00000) 4 4 4.0 4
10-7 2.233858599 | 2.233858599 (1.00000)  2.233858599 (1.00000)  2.233858599 (1.00000) 4 4 4.0 4
10-8 2.177682904 | 2.177682904 (1.00000)  2.177682904 (1.00000)  2.177682904 (1.00000) 3 3 3.0 3
10-9 1.968478249 | 1.980716968 (1.00622)  1.980716968 (1.00622)  1.980716968 (1.00622) 5 4 4.0 4
10-10 2.059331690 | 2.059331690 (1.00000)  2.059331690 (1.00000)  2.059331690 (1.00000) 4 4 4.0 4
10-11 1.947322109 | 1.947322109 (1.00000)  1.947322109 (1.00000)  1.947322109 (1.00000) 4 4 4.0 4
10-12 1.753123664 | 1.753123664 (1.00000)  1.753123664 (1.00000)  1.753123664 (1.00000) 2 2 2.0 2
10-13 1.713886731 | 1.713886731 (1.00000)  1.713886731 (1.00000)  1.713886731 (1.00000) 3 3 3.0 3
10-14 1.949652208 | 1.949652208 (1.00000)  1.949652208 (1.00000)  1.949652208 (1.00000) 6 6 6.0 6
10-15 1.671645607 | 1.676122287 (1.00268)  1.676122287 (1.00268)  1.676122287 (1.00268) 4 4 4.0 4
20-1 3.071642745 | 3.072208195 (1.00018)  3.072208195 (1.00018)  3.072208195 (1.00018) 8 8 8.0 8
20-2 2.854631374 | 2.854631374 (1.00000)  2.854698307 (1.00002)  2.855300706 (1.00023) 8 8 8.0 8
20-3 2453091823 | 2.453091823 (1.00000)  2.454843042 (1.00071)  2.455280847 (1.00089) 6 6 6.8 7
20-4 2466116544 | 2.466116544 (1.00000)  2.466116544 (1.00000)  2.466116544 (1.00000) 9 9 9.0 9
20-5 2953547045 | 2.953547045 (1.00000)  2.953547045 (1.00000)  2.953547045 (1.00000) 9 10 10.0 10
20-6 3.131569521 | 3.131569521 (1.00000)  3.131569521 (1.00000)  3.131569521 (1.00000) 6 6 6.0 6
20-7 3.059300170 | 3.059300170 (1.00000)  3.059300170 (1.00000)  3.059300170 (1.00000) 9 9 9.0 9
20-8 3.316986082 | 3.316986082 (1.00000)  3.316986082 (1.00000)  3.316986082 (1.00000) 7 7 7.0 7
20-9 3.133634165 | 3.133634165 (1.00000)  3.133634165 (1.00000)  3.133634165 (1.00000) 7 7 7.0 7
20-10 3.011872639 | 3.011872639 (1.00000)  3.013441553 (1.00052)  3.014487496 (1.00087) 8 8 8.0 8
20-11 2.318052600 | 2.318052600 (1.00000)  2.318052600 (1.00000)  2.318052600 (1.00000) 8 8 8.0 8
20-12 2.653745316 | 2.653745316 (1.00000)  2.653745316 (1.00000)  2.653745316 (1.00000) 7 7 7.0 7
20-13 3.022848161 | 3.022882674 (1.00001)  3.022882674 (1.00001)  3.022882674 (1.00001) 10 9 9.0 9
20-14 2.933008589 | 2.933008589 (1.00000)  2.933008589 (1.00000)  2.933008589 (1.00000) 6 6 6.0 6
20-15 2.791479480 | 2.791479480 (1.00000)  2.791479480 (1.00000)  2.791479480 (1.00000) 6 6 6.0 6

experiments. For each instance, the Python program was run
10 times, and the minimum, average and maximum of the
total edge lengths, the numbers of non-terminal points in the
obtained trees, and the execution time were recorded. All
experiments were performed on a computer with an Intel®
Core' 19-13900KF and 32GB RAM running Windows 11.

B. RESULTS

Tables 2—6 show the minimum, average and maximum of the
total edge lengths and the numbers of non-terminal points in
the obtained trees, as well as the total edge length and the
number of Steiner points of the EST provided in the OR-
Library, for each of the 150 instances with 10 to 100 terminal
points. The numbers in parentheses are ratios to the total edge
lengths of the ESTs. The bold numbers indicate that the total
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edge length of the tree constructed using the proposed method
is equal to that of the EST.

We see from Tables 2—6 that the proposed method found an
EST in 61 out of the 150 instances. The proposed method also
achieved a ratio within the interval (1, 1.001] for 83 instances,
and within the interval (1.001, 1.007] for six instances. The
distributions of these three types of instances for 10 groups
categorized by the number of terminal points are shown in
Fig. 3. It can be observed from the figure that the number
of instances for which the proposed method constructed an
EST decreases as the number of terminal points increases.
It can also be observed from the figure that the proposed
method sometimes failed to achieve a ratio less than or
equal to 1.001 in instances with 60 or fewer terminal points.
In contrast, for instances with 70 or more terminal points,
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TABLE 3. Total edge lengths and the numbers of non-terminal points of ESTs and trees obtained by the proposed method (Part 2).

Total Edge Length No. of Non-Terminal Points

Instance Proposed Method Proposed Method

EST Min. Avg. Max. EST Min. Avg.  Max.
30-1 3.578760143 | 3.578760143 (1.00000)  3.578760143 (1.00000)  3.578760143 (1.00000) 11 11 11.0 11
30-2 3.576654401 | 3.576654401 (1.00000)  3.576654401 (1.00000)  3.576654401 (1.00000) 11 11 11.0 11
30-3 3.656897228 | 3.656897228 (1.00000)  3.656897228 (1.00000)  3.656897228 (1.00000) 11 11 11.0 11
30-4 3.711412942 | 3.711412942 (1.00000)  3.711412942 (1.00000)  3.711412942 (1.00000) 15 15 15.0 15
30-5 3.613844843 | 3.613844843 (1.00000)  3.613844843 (1.00000)  3.613844843 (1.00000) 10 10 10.0 10
30-6 3.497442722 | 3.497442722 (1.00000)  3.500002973 (1.00073)  3.502181867 (1.00136) 12 10 10.9 12
30-7 3.813681007 | 3.813681007 (1.00000)  3.815479065 (1.00047)  3.815928579 (1.00059) 12 11 11.2 12
30-8 3.685799965 | 3.685799965 (1.00000)  3.686281645 (1.00013)  3.689533205 (1.00101) 13 13 13.1 14
30-9 3.180977239 | 3.180977239 (1.00000)  3.180977239 (1.00000)  3.180977239 (1.00000) 11 11 11.0 11
30-10 3.718992382 | 3.718992383 (1.00000)  3.718992383 (1.00000)  3.718992383 (1.00000) 11 12 12.0 12
30-11 3.590187768 | 3.590187768 (1.00000)  3.590187768 (1.00000)  3.590187768 (1.00000) 9 9 9.0 9
30-12 3.423946991 | 3.427406461 (1.00101)  3.427413478 (1.00101)  3.427476626 (1.00103) 13 12 12.1 13
30-13 3.222445213 | 3.222445213 (1.00000)  3.222445213 (1.00000)  3.222445213 (1.00000) 9 9 9.0 9
30-14 3.853249608 | 3.855672814 (1.00063)  3.857637537 (1.00114)  3.866729049 (1.00350) 15 15 15.2 16
30-15 3.771808282 | 3.772952792 (1.00030)  3.773208909 (1.00037)  3.773388195 (1.00042) 12 12 13.0 14
40-1 3.928354415 | 3.931451834 (1.00079)  3.931971269 (1.00092)  3.935466703 (1.00181) 19 18 18.0 18
40-2 4.066874017 | 4.066874017 (1.00000)  4.067121256 (1.00006)  4.069048100 (1.00053) 18 17 18.8 20
40-3 4.384545715 | 4.384545715 (1.00000)  4.387263565 (1.00062)  4.390060638 (1.00126) 15 12 13.3 15
40-4 3.853166642 | 3.853166642 (1.00000)  3.853166642 (1.00000)  3.853166642 (1.00000) 16 16 16.0 16
40-5 4.543251968 | 4.543251968 (1.00000)  4.545085653 (1.00040)  4.547836181 (1.00101) 13 13 13.0 13
40-6 4415198331 | 4.420373938 (1.00117)  4.422122471 (1.00157)  4.423337337 (1.00184) 15 15 15.0 15
40-7 4.031922786 | 4.031922787 (1.00000)  4.037533609 (1.00139)  4.038157034 (1.00155) 16 15 15.2 17
40-8 4.273487039 | 4.273487039 (1.00000)  4.273543793 (1.00001)  4.274054575 (1.00013) 13 13 13.0 13
40-9 4.622412940 | 4.622452980 (1.00001)  4.624809718 (1.00052)  4.625894785 (1.00075) 18 17 17.1 18
40-10 5.083206018 | 5.083206019 (1.00000)  5.086706153 (1.00069)  5.093752172 (1.00207) 19 19 19.1 20
40-11 4.139926929 | 4.139926929 (1.00000)  4.140178921 (1.00006)  4.140376672 (1.00011) 14 14 14.0 14
40-12 3.907862365 | 3.909153257 (1.00033)  3.910750246 (1.00074)  3.911149493 (1.00084) 16 17 17.0 17
40-13 4.560496435 | 4.560496435 (1.00000)  4.560496435 (1.00000)  4.560496435 (1.00000) 14 14 14.0 14
40-14 4357807960 | 4.359022419 (1.00028)  4.359152195 (1.00031)  4.359517404 (1.00039) 19 17 17.2 19
40-15 4.507584671 | 4.507908941 (1.00007)  4.507908941 (1.00007)  4.507908941 (1.00007) 16 16 16.0 16

TABLE 4. Total edge lengths and the numbers of non-terminal points of ESTs and trees obtained by the proposed method (Part 3).

Total Edge Length

No. of Non-Terminal Points

Instance Proposed Method Proposed Method
EST Min. Avg. Max. EST Min. Avg.  Max.
50-1 4.836601423 | 4.836601423 (1.00000) 4.836847670 (1.00005)  4.837422247 (1.00017) 20 20 20.0 20
50-2 4.948404618 | 4.948634893 (1.00005)  4.952211855 (1.00077)  4.964110748 (1.00317) 23 22 22.3 23
50-3 4.747169968 | 4.747169968 (1.00000)  4.747169968 (1.00000)  4.747169968 (1.00000) 20 20 20.0 20
50-4 4.469074736 | 4.469074736 (1.00000)  4.469074737 (1.00000)  4.469074737 (1.00000) 22 22 22.7 23
50-5 4.864825693 | 4.864825693 (1.00000)  4.867175475 (1.00048)  4.871440250 (1.00136) 22 21 21.9 22
50-6 4.923458590 | 4.923504042 (1.00001)  4.923555123 (1.00002)  4.923936519 (1.00010) 17 17 17.1 18
50-7 4361318655 | 4.361318655 (1.00000)  4.363285614 (1.00045)  4.366227650 (1.00113) 21 21 21.0 21
50-8 4.702746993 | 4.702943680 (1.00004)  4.704034790 (1.00027)  4.705539913 (1.00059) 19 19 19.2 20
50-9 4.676073800 | 4.676921160 (1.00018)  4.680608917 (1.00097)  4.683813527 (1.00166) 18 18 18.0 18
50-10 4.627790992 | 4.627790992 (1.00000)  4.627955988 (1.00004)  4.628673878 (1.00019) 16 16 16.3 17
50-11 4.669385652 | 4.669612048 (1.00005)  4.670480403 (1.00023)  4.672395653 (1.00064) 20 20 20.2 22
50-12 4.673221536 | 4.673256048 (1.00001)  4.674511005 (1.00028)  4.675185863 (1.00042) 20 19 19.8 20
50-13 4.656471039 | 4.656471039 (1.00000)  4.659529207 (1.00066)  4.668295006 (1.00254) 20 20 20.0 20
50-14 4.709868528 | 4.709868528 (1.00000)  4.710301439 (1.00009)  4.713237302 (1.00072) 16 16 16.0 16
50-15 4.607990921 | 4.612944594 (1.00108)  4.613117259 (1.00111)  4.614671247 (1.00145) 19 19 19.0 19
60-1 4774045341 | 4.774357870 (1.00007)  4.778847038 (1.00101)  4.785042894 (1.00230) 27 25 25.6 26
60-2 4.812986967 | 4.813466301 (1.00010)  4.813482878 (1.00010)  4.813487023 (1.00010) 24 23 23.5 24
60-3 4.945878320 | 4.946485813 (1.00012)  4.948302083 (1.00049)  4.949340340 (1.00070) 24 24 24.0 24
60-4 4.846180502 | 4.846603670 (1.00009)  4.847874524 (1.00035)  4.848706585 (1.00052) 24 22 22.8 24
60-5 4.835551265 | 4.835989025 (1.00009)  4.836130742 (1.00012)  4.836916491 (1.00028) 24 24 24.0 24
60-6 5.250457500 | 5.250457500 (1.00000)  5.252288669 (1.00035)  5.256031922 (1.00106) 21 21 21.2 22
60-7 5214252011 | 5.214649496 (1.00008)  5.217881417 (1.00070)  5.227678614 (1.00257) 28 28 29.1 30
60-8 5.117320734 | 5.117320734 (1.00000)  5.118102171 (1.00015)  5.120171240 (1.00056) 19 19 19.4 20
60-9 4.908680813 | 4.909011680 (1.00007)  4.913519137 (1.00099)  4.915773051 (1.00144) 24 23 239 24
60-10 5.058701860 | 5.060086377 (1.00027)  5.061979790 (1.00065)  5.066859256 (1.00161) 23 23 24.6 25
60-11 4.932758774 | 4.932758775 (1.00000)  4.933579314 (1.00017)  4.934786958 (1.00041) 26 27 274 28
60-12 5292435162 | 5.293873455 (1.00027)  5.298334988 (1.00111)  5.302513874 (1.00190) 24 23 23.9 24
60-13 5.266382273 | 5.266382273 (1.00000)  5.271029919 (1.00088)  5.277702035 (1.00215) 20 19 19.3 20
60-14 5.023550188 | 5.028855043 (1.00106)  5.035540766 (1.00239)  5.038993927 (1.00307) 28 25 27.3 29
60-15 4.967095781 | 4.967979951 (1.00018)  4.969195155 (1.00042)  4.971454626 (1.00088) 26 26 26.0 26

the proposed method consistently achieved a ratio less than
or equal to 1.001. This demonstrates the capability of the
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proposed method to construct high-accuracy approximate
solutions in a stable manner.
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TABLE 5. Total edge lengths and the numbers of non-terminal points of ESTs and trees obtained by the proposed method (Part 4).

Total Edge Length No. of Non-Terminal Points

Instance Proposed Method Proposed Method

EST Min. Avg. Max. EST Min. Avg.  Max.
70-1 5.430374506 | 5.430374506 (1.00000)  5.432610545 (1.00041)  5.435600477 (1.00096) 30 29 29.3 30
70-2 5.327590160 | 5.332189611 (1.00086)  5.334366627 (1.00127)  5.339082790 (1.00216) 30 29 30.4 31
70-3 5.391160605 | 5.392670837 (1.00028)  5.395234792 (1.00076)  5.398766767 (1.00141) 29 26 26.6 28
70-4 5.498932382 | 5.499192660 (1.00005)  5.500650424 (1.00031)  5.506092998 (1.00130) 25 23 23.6 24
70-5 5.476696679 | 5.476707198 (1.00000)  5.478354185 (1.00030)  5.482774572 (1.00111) 26 26 26.0 26
70-6 5.533596306 | 5.534843219 (1.00023)  5.540738669 (1.00129)  5.547320331 (1.00248) 30 31 31.2 32
70-7 5.502831476 | 5.505586852 (1.00050)  5.509759178 (1.00126)  5.513566078 (1.00195) 29 29 29.5 31
70-8 5.480649271 | 5.480649271 (1.00000)  5.485615927 (1.00091)  5.492551459 (1.00217) 23 23 24.0 25
70-9 5472164303 | 5.472164303 (1.00000)  5.474834235 (1.00049)  5.480950682 (1.00161) 24 23 24.3 25
70-10 5.520368980 | 5.520601261 (1.00004)  5.521371663 (1.00018)  5.522599480 (1.00040) 26 25 26.1 27
70-11 5.717338928 | 5.718330511 (1.00017)  5.718398968 (1.00019)  5.718760972 (1.00025) 26 25 25.2 27
70-12 5.522830316 | 5.522866210 (1.00001)  5.527965239 (1.00093)  5.532341733 (1.00172) 28 28 28.0 28
70-13 5.444450389 | 5.445973816 (1.00028)  5.448957464 (1.00083)  5.452932625 (1.00156) 26 26 27.1 28
70-14 5.352111315 | 5.353536043 (1.00027)  5.356469709 (1.00081)  5.359406352 (1.00136) 27 27 275 28
70-15 5.519824091 | 5.520108635 (1.00005)  5.525878120 (1.00110)  5.531514287 (1.00212) 31 31 31.8 33
80-1 6.257418035 | 6.262033514 (1.00074)  6.265137281 (1.00123)  6.268163311 (1.00172) 35 33 34.9 36
80-2 5.695396267 | 5.698124185 (1.00048)  5.702677985 (1.00128)  5.706890069 (1.00202) 33 33 33.0 33
80-3 5.872480074 | 5.875400668 (1.00050)  5.878672891 (1.00105)  5.886048516 (1.00231) 36 34 342 35
80-4 5624164105 | 5.626873390 (1.00048)  5.628869632 (1.00084)  5.632819416 (1.00154) 29 31 322 33
80-5 5.754511555 | 5.754800103 (1.00005)  5.756990593 (1.00043)  5.762288709 (1.00135) 32 31 32.0 33
80-6 6.163252761 | 6.163996089 (1.00012)  6.169031626 (1.00094)  6.186982471 (1.00385) 30 29 30.1 31
80-7 6.030849951 | 6.031318987 (1.00008)  6.034652955 (1.00063)  6.036321324 (1.00091) 35 33 33.8 36
80-8 5.952855469 | 5.957641017 (1.00080)  5.965850456 (1.00218)  5.971906488 (1.00320) 31 30 31.9 34
80-9 6.107672887 | 6.110499664 (1.00046)  6.113410104 (1.00094)  6.116375070 (1.00142) 35 34 34.7 37
80-10 5.714735044 | 5.714735045 (1.00000)  5.716701203 (1.00034)  5.720492507 (1.00101) 30 29 30.7 32
80-11 5.764836056 | 5.765687576 (1.00015)  5.768612320 (1.00066)  5.772900447 (1.00140) 32 33 33.1 34
80-12 5.673138760 | 5.673364276 (1.00004)  5.677079709 (1.00069)  5.680117947 (1.00123) 30 30 30.1 31
80-13 5.968368124 | 5.970011855 (1.00028)  5.973040916 (1.00078)  5.978221286 (1.00165) 30 29 30.2 31
80-14 6.117819783 | 6.117819783 (1.00000)  6.123155343 (1.00087)  6.137112607 (1.00315) 32 32 32.8 34
80-15 6.143383707 | 6.143772087 (1.00006)  6.147213532 (1.00062)  6.150418170 (1.00115) 30 31 31.1 32

TABLE 6. Total ed

ge lengths and the numbers of non-terminal points of ESTs and trees obtained by the proposed method (Part 5).

Total Edge Length

No. of Non-Terminal Points

Instance Proposed Method Proposed Method
EST Min. Avg. Max. EST Min. Avg.  Max.
90-1 6.056187009 | 6.058655956 (1.00041)  6.061875664 (1.00094)  6.068712029 (1.00207) 38 37 379 39
90-2 6.221350869 | 6.225003510 (1.00059)  6.227634399 (1.00101)  6.231118460 (1.00157) 39 38 39.8 41
90-3 6.460569259 | 6.464062846 (1.00054)  6.465903837 (1.00083)  6.467805329 (1.00112) 36 35 355 37
90-4 6.257681402 | 6.261895412 (1.00067)  6.263803109 (1.00098)  6.266960769 (1.00148) 36 37 38.1 39
90-5 6.389159126 | 6.389351003 (1.00003)  6.399997419 (1.00170)  6.408516376 (1.00303) 39 36 37.8 39
90-6 6.046532095 | 6.050677082 (1.00069)  6.054233868 (1.00127)  6.057991463 (1.00190) 38 35 36.1 38
90-7 6.249417094 | 6.249586637 (1.00003)  6.251148028 (1.00028)  6.257384524 (1.00127) 40 39 39.4 40
90-8 6.306456458 | 6.308761022 (1.00037)  6.310717845 (1.00068)  6.314849856 (1.00133) 38 35 37.1 38
90-9 5941531189 | 5.941939615 (1.00007)  5.946049178 (1.00076)  5.949751477 (1.00138) 38 36 37.1 39
90-10 6.320064030 | 6.320064032 (1.00000)  6.325991268 (1.00094)  6.342893877 (1.00361) 36 35 36.4 38
90-11 6.280806724 | 6.280806725 (1.00000)  6.290902140 (1.00161)  6.297528757 (1.00266) 34 34 349 37
90-12 6.082185432 | 6.082185433 (1.00000)  6.086982404 (1.00079)  6.096223617 (1.00231) 40 40 41.8 43
90-13 6.305672180 | 6.306698600 (1.00016)  6.308295090 (1.00042)  6.311185388 (1.00087) 38 37 37.5 39
90-14 6.094139846 | 6.095352441 (1.00020)  6.099592342 (1.00089)  6.109540527 (1.00253) 38 37 379 39
90-15 6.249653001 | 6.251551700 (1.00030)  6.254001013 (1.00070)  6.257700140 (1.00129) 32 30 30.7 32
100-1 6.394256000 | 6.399787929 (1.00087)  6.404918880 (1.00167)  6.410283409 (1.00251) 44 41 42.6 44
100-2 6.594812128 | 6.594812128 (1.00000)  6.604294256 (1.00144)  6.613350210 (1.00281) 43 41 41.9 43
100-3 6.531347066 | 6.533952161 (1.00040)  6.537623106 (1.00096)  6.545000945 (1.00209) 39 39 40.0 42
100-4 6.576977411 | 6.580053469 (1.00047)  6.586001360 (1.00137)  6.598656287 (1.00330) 44 42 429 44
100-5 6.674687782 | 6.676334051 (1.00025)  6.682592114 (1.00118)  6.692181066 (1.00262) 37 37 37.9 39
100-6 6.466368368 | 6.466765562 (1.00006)  6.471537960 (1.00080)  6.481458189 (1.00233) 39 38 39.2 41
100-7 6.987863494 | 6.991512264 (1.00052)  7.000391225 (1.00179)  7.018116792 (1.00433) 45 39 43.6 46
100-8 6.394971137 | 6.395667966 (1.00011)  6.397394457 (1.00038)  6.404588741 (1.00150) 38 39 395 40
100-9 6.914321113 | 6.918436042 (1.00060)  6.926653811 (1.00178)  6.933837424 (1.00282) 48 44 46.2 48
100-10 6.719510819 | 6.719510819 (1.00000)  6.723663727 (1.00062)  6.728095771 (1.00128) 38 37 38.2 41
100-11 6.832950895 | 6.834669474 (1.00025)  6.838999941 (1.00089)  6.847837416 (1.00218) 40 40 41.6 43
100-12 6.670622612 | 6.671513927 (1.00013)  6.673986235 (1.00050)  6.680232486 (1.00144) 41 40 40.8 42
100-13 6.505252521 | 6.507172448 (1.00030)  6.513149492 (1.00121)  6.518100651 (1.00198) 37 38 38.7 41
100-14 6.882598532 | 6.887367090 (1.00069)  6.890544645 (1.00115)  6.894562667 (1.00174) 44 43 44.0 46
100-15 6.205148881 | 6.207522820 (1.00038)  6.218386613 (1.00213)  6.231280313 (1.00421) 34 34 35.4 37

Figure 4 illustrates the distribution of 150 ratios for
each problem size. Across the range of problem sizes, the
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distribution of the ratios remains tightly concentrated
around 1.0, with only slight upward deviations. The narrow
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TABLE 7. Comparison of the best trees obtained by the proposed and previous methods for the six instances considered by Zhang et al. [13].

Instance Total Edge Length No. of Non-Terminal Points
EST Proposed Previous [13] EST | Proposed | Previous [13]
10-1 2.020673795 | 2.020673795 (1.00000) | 2.020673795 (1.00000) 4 4 4
20-2 2.854631374 | 2.854631374 (1.00000) | 2.854631374 (1.00000) 8 8 8
30-1 3.578760143 | 3.578760143 (1.00000) | 3.579130322 (1.00010) 11 11 10
40-2 4.066874017 | 4.066874017 (1.00000) | 4.070599316 (1.00092) 18 18 13
50-2 4.948404618 | 4.948634893 (1.00005) | 4.955753420 (1.00149) 23 23 16
100-2 6.594812128 | 6.594812128 (1.00000) | 6.620518385 (1.00390) 43 43 29

TABLE 8. Total edge lengths and the numbers of non-terminal points of trees obtained by the proposed method for 45 problem instances with 250,

500 and 1,000 terminal points.

Total Edge Length No. of Non-Terminal Points

Instance Proposed Method Proposed Method
Min. Avg. Max. Min. Avg. Max.
250-1 10.288418900  10.299510631  10.309213780 101 102.8 105
250-2 10.128332540  10.136147181  10.145236160 95 101.3 104
250-3 10.064799630  10.083314736  10.100964820 96 100.0 105
250-4 10.408614450  10.423517965  10.435723690 101 104.0 109
250-5 10.262396940  10.270141728  10.275168960 101 103.0 104
250-6 10.232150210  10.243945546  10.254156270 95 97.3 101
250-7 10.158168800  10.166415591  10.178159420 97 102.2 109
250-8 10.318193440  10.335429367  10.349132070 97 100.7 105
250-9 10.322272870  10.334523332  10.350497420 102 103.8 106
250-10 10.260885110  10.271598229  10.286946780 95 98.1 101
250-11 9.914059848 9.921682849 9.936570539 99 102.7 106
250-12 10.503926250  10.519120030  10.537809890 98 102.8 107
250-13 10.163733430  10.185418161  10.202119930 99 103.3 106
250-14 10.284218000  10.292899494  10.304236780 106 108.5 112
250-15 10.176258490  10.188717758  10.197336490 99 103.5 108
500-1 14381593480  14.394538926  14.412784370 209 213.7 224
500-2 14257607960  14.267747172  14.281985370 208 213.0 218
500-3 14356809570  14.375667776  14.393122520 205 213.9 217
500-4 14.470996690  14.488584995  14.511249780 202 209.9 215
500-5 14.113535960  14.125606143  14.141623480 200 204.3 208
500-6 14.571264810  14.584637836  14.597613230 206 211.6 217
500-7 14.102737530  14.114990762  14.135856320 200 206.0 212
500-8 14.185616940  14.208688204  14.219518050 197 201.9 209
500-9 14.248837100  14.260134369  14.280587460 200 204.4 210
500-10 13.717971700  13.733722501  13.764719590 211 216.5 222
500-11 14.230566490  14.244915606  14.261522910 200 205.7 210
500-12 14.441895400  14.461779023  14.481063100 193 198.3 205
500-13 14.172924460  14.187766808  14.213338950 205 209.3 213
500-14 14.702894730  14.722181793  14.734105460 210 215.8 220
500-15 14.162407510  14.171429849  14.188727870 206 210.1 212
1000-1 20.327382000  20.340002036  20.356255310 413 418.4 426
1000-2 20.170384000  20.188228725  20.204977050 421 4232 428
1000-3 20.027650080  20.059866574  20.089361260 388 397.6 410
1000-4 20.308249240  20.340698723  20.358157780 427 432.2 440
1000-5 20.152253950  20.169539888  20.178609890 389 400.4 409
1000-6 20.393349530  20.411117400  20.440364660 412 420.9 428
1000-7 20.364781960  20.385790767  20.406796220 408 415.3 425
1000-8 20.312047820  20.334670181  20.356712190 407 415.5 423
1000-9 20.186568560  20.215046656  20.263660420 419 429.2 438
1000-10 | 20.213213700  20.235882239  20.256815520 405 411.6 418
1000-11 | 20.407532820  20.430198869  20.444152380 418 423.8 433
1000-12 | 20.467451130  20.480335208  20.499110740 419 429.6 435
1000-13 | 20.077959360  20.093735836  20.109304570 408 414.8 420
1000-14 | 20.672876710  20.685710937  20.711322920 408 416.0 425
1000-15 | 20.268914750  20.285395354  20.302759070 413 420.1 434

interquartile ranges and short whiskers indicate low variabil-
ity in the ratio, suggesting that the proposed method maintains
stable performance even as the problem size increases.
Table 7 shows a comparison of the best trees obtained
by the proposed and previous methods for the six instances
considered in the international conference paper [13]. The
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bold numbers indicate that the total edge length of the tree
is equal to that of the EST provided in the OR-Library.
It is clearly seen from the table that the proposed method
overcomes a key limitation of the previous method, which
tends to produce a small number of non-terminal points, and
yields better solutions for all of the six instances.
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FIGURE 4. Boxplots of the ratios obtained by the proposed method for the 150 instances in the OR-Library with known optimal solutions.

TABLE 9. Execution time (in second) of the proposed method.

Instance Minimum Average  Maximum
10-1 to 10-15 0.29500 0.31140 0.40000
20-1 to 20-15 0.33900 0.35609 0.38600
30-1to 30-15 0.39400 0.42370 0.64400
40-1 to 40-15 0.47300 0.51726 0.52300
50-1 to 50-15 0.54100 0.60045 0.74600
60-1 to 60-15 0.62400 0.71369 0.87600
70-1 to 70-15 0.73600 0.81714 0.98500
80-1 to 80-15 0.86500 0.94561 1.13900
90-1 to 90-15 0.92500 1.06140 1.28200
100-1 to 100-15 1.07300 1.18008 1.44700
250-1 to 250-15 3.99800 4.21385 4.55900
500-1 to 500-15 14.01400  15.27572 16.38600
1000-1 to 1000-15 | 53.94900  57.27826 60.94800

Table 8 shows the minimum, average and maximum of the
total edge lengths and the numbers of non-terminal points
in the trees obtained by the proposed method for each of
the 45 instances with 250, 500 and 1,000 terminal points.
We do not evaluate the quality of the trees using ratio
because the optimal solutions are not available in the OR-
Library. However, these results may serve as a benchmark
for evaluating the performance of algorithms developed in the
future.

Table 9 shows the execution times of the proposed method
for the 195 problem instances. Each row of the table
presents the minimum, average and maximum execution
times obtained from 150 runs of the Python program, with
10 runs performed for each instance. It can be observed
from the table that the proposed method is able to find
an approximate solution in less than 1.5 seconds for
the 15 instances with 100 terminal points. Even for the
15 instances with 1,000 terminal points, the proposed method
is able to find an approximate solution in less than 61 seconds.
Figure 5 illustrates the relationship between the problem size
and the average execution time of the proposed method. The
log-linear plot of the relationship produces a concave curve as
shown in Fig. 5(a), while the log-log plot produces a convex
curve as shown in Fig. 5(b). These observations indicate
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FIGURE 5. Relationship between the problem size and the average
execution time of the proposed method, shown as (a) a log-linear plot
and (b) a log-log plot.

that the time complexity of the proposed method is sub-
exponential. However, establishing this conclusion requires
further theoretical analysis.

C. DETAILED CASE ANALYSIS

We select three problem instances from the OR-Library, and

discuss the strengths and limitations of the proposed method.
The first instance is 100-10. Figure 6 shows (a) a Euclidean

MST for the set of terminal points, (b) the tree obtained using
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FIGURE 6. Case analysis of Instance 100-10: (a) a Euclidean MST for the terminal points, (b) the tree obtained using the refinement of the Euclidean
MST, (c) a tree obtained using the proposed method, and (d) the Euclidean Steiner tree provided in the OR-Library. The total edge lengths of the trees
are (a) 6.953979314, (b) 6.816744444, (c) 6.719510819, and (d) 6.719510819. The number of non-terminal points are (a) 0, (b) 39, (c) 38, and (d) 38.
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FIGURE 7. Case analysis of Instance 100-1: (a) a Euclidean MST for the terminal points, (b) the tree obtained using the refinement of the Euclidean MST,
(c) a tree obtained using the proposed method, and (d) the Euclidean Steiner tree provided in the OR-Library. The total edge lengths of the trees are
(a) 6.608524624, (b) 6.437526688, (c) 6.399787929, and (d) 6.394256000. The number of non-terminal points are (a) 0, (b) 42, (c) 44, and (d) 44.
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FIGURE 8. Case analysis of Instance 10-9: (a) a Euclidean MST for the terminal points, (b) the tree obtained using the refinement of the Euclidean MST,
(c) a tree obtained using the proposed method, and (d) the Euclidean Steiner tree provided in the OR-Library. The total edge lengths of the trees are
(a) 2.018842093, (b) 1.981604778, (c) 1.980716968, and (d) 1.968478249. The number of non-terminal points are (a) 0, (b) 4, (c) 4, and (d) 5.

only the refinement of the Euclidean MST, (c) a tree obtained method, that is, generation of non-terminal points, selection
using the proposed method, and (d) the Steiner tree provided of non-terminal points, and optimization of the locations of
in the OR-Library. The total edge lengths of these four trees the selected non-terminal points, are certainly effective.

are (a) 6.953979314, (b) 6.816744444, (c) 6.719510819, and The second instance is 100-1. Figure 7 shows four trees
(d) 6.719510819. It can be observed that the trees in Figs. 6(b) as in Fig. 6. Their total edge lengths are (a) 6.608524624,
and 6(c) satisfy the five conditions in Section II-A. However, (b) 6.437526688, (c) 6.399787929, and (d) 6.394256000.
the total edge lengths of these two trees are different. The It can be observed that the trees in Figs. 7(b) and 7(c)
proposed method is able to find the Steiner tree, while the satisfy the five conditions in Section II-A. The total edge
refinement of the Euclidean MST alone is not sufficient to length of the tree in Fig. 7(c) is shorter than that of the
do it. This indicates that the first three stages of the proposed tree in Fig. 7(b), but longer than that of the Steiner tree
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FIGURE 9. Results of the proposed method on the 144 terminal points considered by Cao et al. [14]: (a) a Euclidean MST for the terminal
points and (b) a tree obtained by the proposed method. The number of non-terminal points in the latter is 66. The total edge lengths are

(a) 26122.25135 and (b) 25108.80908.

in Fig. 7(d). This indicates that the first three stages of the
proposed algorithm are effective, but the proposed method is
not sufficient to find a Steiner tree.

The third instance is 10-9. Figure 8 shows four trees as in
Figs. 6 and 7. Their total edge lengths are (a) 2.018842093,
(b) 1.981604778, (c) 1.980716968, and (d) 1.968478249. The
total edge length of the tree in Fig. 8(c) is shorter than that of
the tree in Fig. 8(b), but longer than that of the Steiner tree in
Fig. 8(d), as in the previous instance. This indicates that the
first three stages of the proposed algorithm are effective, but
not always sufficient to find a Steiner tree even in the case of
10 terminal points.

D. COMPARISON WITH OTHER METHODS

To further evaluate the performance of the proposed method,
we compare it with the memetic algorithm developed by
Bereta [11], the heuristics for the EST in higher dimensions
proposed by Pinto and Maculan [12], and the Binary
Particle Swarm Optimization (BPSO) algorithm developed
by Cao et al. [14].

Bereta applied the memetic algorithm to the 150 instances
from the OR-Library with known optimal solutions, and
presented a graph illustrating the distributions of the mini-
mum ratios for each problem size [11, Figure 9]. Comparing
this graph with Fig. 4 and Tables 2-6, we can evaluate the
performance of Bereta’s algorithm and the proposed method.
When considering the instances with 10 or 20 terminal points,
Bereta’s algorithm outperforms the proposed method because
the former obtains optimal solutions for all of those instances,
whereas the latter does not. For the instances with 30 or
40 terminal points, Bereta’s algorithm and the proposed
method exhibit comparable performance. For the instances
with 50 to 100 terminal points, the proposed method clearly
outperforms Bereta’s algorithm. For example, in the instances
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with 80 terminal points, the minimum ratio obtained by the
proposed method ranges from 1.00000 to 1.00080, whereas
the minimum ratio obtained by Bereta’s algorithm is greater
than 1.0015 for all such instances.

Pinto and Maculan [12] proposed two heuristics which
do not rely on the MST of the terminal points, and applied
them to 75 instances from 10-1 to 50-15 in the OR-Library.
Comparing the results [12, Table 9] with Tables 2—4, we can
easily conclude that the proposed method significantly
outperforms the heuristics in all aspects: the number of
instances for which an optimal solution is obtained, the
quality of the solution measured by the ratio, and the
execution time. Howeyver, it should be noted that the heuristics
were designed not for the ESTP in two dimensions but for
higher dimensions.

Cao et al. [14] applied the BPSO algorithm to the problem
of finding a communication network connecting 144 cities
in China. The coordinates of the cities are given in their
paper [14]. Although an approximate solution obtained by
the BPSO algorithm is provided in [14], the total edge length
of the solution is not shorter than a Euclidean MST for the
set of terminal points, because non-terminal points are not
used.>? We thus compare an approximate solution obtained
by the proposed method, which is shown in Fig. 9(b), with
a Euclidean MST, which is shown in Fig. 9(a). The total edge
length of the former is 25108.80908, while that of the latter
i 26122.25135. The proposed method produced a tree whose
total edge length is 96.12% of that of the Euclidean MST.

V. CONCLUSION

We presented a novel approximate solution method for
the Euclidean Steiner tree problem, and demonstrated its
effectiveness through experiments using 195 benchmark

2The BPSO algorithm may not have been properly used to solve the ESTP.
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instances from the OR-Library. The proposed method is
obtained by augmenting the authors’ previous method [13],
which utilizes a genetic algorithm and Weiszfeld’s method,
with initial non-terminal point generation based on the
Delaunay triangulation, and tree refinement using a
three-point algorithm.

Experimental results show that the proposed method
outperforms the authors’ previous method, the method
using only the tree refinement, and existing evolutionary
algorithms. To be more precise, among the 150 instances with
known optimal solutions, the proposed method found the EST
in 61 cases, a solution within 100.1% of the EST in 83 cases,
and a solution within 100.7% of the EST in the remaining six
cases. This indicates that the proposed method may be useful
in many engineering problems.

However, the experimental results also show that the
proposed method is not always sufficient to find the EST
even for instances with a small number of terminal points.
Improving the proposed method to more effectively solve
the ESTP remains a significant challenge for future research.
Furthermore, the proposed method is applicable only to
two-dimensional ESTPs because it relies on the three-
point algorithm. Extending the method to higher-dimensional
ESTPs is another important avenue for future work.
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