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Abstract

The present study examines an OpenFOAM-based LES analysis from the viewpoints of inviscid energy
conservation and viscous turbulence decay. The Smagorinsky model is employed as the sub-grid scale (SGS)
model, and a two-dimensional periodic analytical solution and a three-dimensional periodic Taylor-Green vortex
(TGV) are employed to represent inviscid flows. The analytical relationship for the kinetic energy K, dK/dt =0,
with ¢ as the dimensionless time, is utilized to validate the OpenFOAM results. For the viscous flow case, the
TGV flow in a three-dimensional periodic cubic domain is adopted, and its turbulence kinetic energy distribution
is compared with that obtained by a spectral method to examine the analysis. The OpenFOAM-based analysis
exhibits energy conservation error in flows that should ideally conserve energy. For the two-dimensional flow,
this error decreases with increasing grid resolution N. However, in the three-dimensional flow, the error does not
improve even with higher N. In the three-dimensional TGV flow, the turbulence kinetic energy predicted by
OpenFOAM exhibits a strong agreement with that from the spectral method when a standard constant value of
the Smagorinsky model is employed and the mesh is sufficiently refined. Conversely, for a condition of relatively
coarse mesh, the decay characteristics of turbulent kinetic energy deviate from those of the spectral method, and
a higher constant value of the Smagorinsky model than the default value becomes necessary to reproduce
comparable results. These results suggests that even in LES simulations where highly accurate conservation laws
are not satisfied, adjusting the model constants so that the predicted values match experimental or numerical
reference data can improve the apparent reliability of the turbulent kinetic energy in the decaying turbulence.

Keywords : Turbulent flows, Numerical simulation, Large-eddy simulation, Energy conservation, Decaying
turbulence

1. Introduction

Incompressible turbulent phenomena are frequently observed in flows around transportation vehicles and in
atmospheric environments, requiring highly accurate numerical analysis (Pope, 2000). Compared to Reynolds-averaged
Navier-Stokes (RANS) models (Spalart, 2000; Menter, 2009; Xiao and Cinnella, 2019), large-eddy simulation (LES) has
the advantage of directly resolving large-scale turbulent eddies, allowing for a more refined capture of unsteady flow
phenomena (Meneveau and Katz, 2000). However, uncertainties due to model parameters and mesh resolution are
unavoidable in LES (Canuto and Cheng, 1997; Park et al., 2006), and high accuracy is not always guaranteed. Therefore,
it is essential to validate LES predictions by comparing them with experimental data and direct numerical simulations
(DNS) to clarify the applicability and limitations of the method. In particular, while RANS often struggles to adequately
represent complex turbulent structures and vortex generation (Shirzadi et al., 2020; Brener et al., 2021; Song et al., 2022),
LES is considered highly effective for such flow regimes. Nevertheless, continuous evaluation is crucial to ensure the
accuracy of LES, and it is imperative to accumulate further verification evidence to increase its reliability.
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A key factor that significantly influences the high fidelity of incompressible LES analyses is the energy conservation
property (Harlow and Welch, 1965; Morinishi et al., 1998). This property concerns the conservation properties of the
transport equations for turbulent kinetic energy and velocity fluctuation intensities derived from the discretized governing
equations. Ideally, these properties should be preserved in the same way as in the original continuous equations. Attention
has long been paid to this perspective, and second-order accurate discretization for the convective terms have been
employed (Harlow and Welch, 1965). Subsequently, generalized higher-order discretization schemes have been
developed, often based on fractional-step methods, and their energy conservation properties are often verified in inviscid
periodic flow problems (Morinishi et al., 1998). As conservation errors occur, it has been found that inaccuracies in static
pressure fluctuations can exceed those in turbulent kinetic energy (Honda et al., 2021). Unlike the reduction in spatial
resolution typically caused by discretization errors (Morinishi and Vasilyev, 2002; Suzuki and Hasegawa, 2024), these
conservation errors can be difficult to compensate for using subgrid-scale (SGS) models (Chitose et al., 2024). Although
any discretization approach inevitably introduces some numerical error, increasing the order of accuracy is expected to
yield results that asymptotically approach those of spectral methods. In this context, compact difference schemes, widely
used in compressible flow analysis, have also been subjected to similar examination (Morinishi et al., 2011).

In recent years, general purpose solvers have been widely used for LES, among which OpenFOAM is a notable
example (Jasak, 2009). Numerous studies have reported scientific results obtained through OpenFOAM-based LES
analyses (Constant et al., 2017; Xia et al., 2020). For example, incompressible flows around bluff bodies have been
simulated with OpenFOAM and compared with FLUENT software (Robertson et al., 2015). Furthermore, the accuracy
and validity of OpenFOAM-based LES was confirmed in the wake of a circular cylinder (Cao and Tamura, 2016; Jiang
and Cheng, 2021; Muhammad et al., 2022). In the same flow configuration, the influence of different subgrid-scale (SGS)
models on the OpenFOAM LES results was investigated, as well as the influence of mesh element shapes on the circular
cylinder wake simulation. OpenFOAM-based turbulence analyses were also validated on channel and pipe flows (Komen
et al., 2014), which served as benchmark cases for high-fidelity simulations. In these validations, quasi-direct numerical
simulations with OpenFOAM accurately reproduced the fundamental statistical properties of wall-bounded turbulent
flows. Other studies have also reported that OpenFOAM-based LES is capable of capturing the low-order statistical
quantities in channel flows with satisfactory accuracy (LarKermani et al., 2018).

As highlighted in the previous studies show above, the fact that the energy conservation property under inviscid
conditions can significantly influence LES fidelity (e.g., Morinishi et al., 1998) is presumably also true for OpenFOAM-
based LES. However, to the extent of the current knowledge, the energy conservation properties of OpenFOAM-based
LES have not been explicitly investigated in existing research. As a result, the energy conservation perspective has been
missing when investigating the accuracy of OpenFOAM-based LES, and it remains uncertain whether OpenFOAM can
reliably handle inviscid flow conditions. The previous validation efforts for OpenFOAM simulations have mainly focused
on wall-bounded flows and flows around bluff bodies. Meanwhile, high-fidelity analyses have used not only wall-
bounded flows but also free-stream turbulence to validate simulation accuracy. The present study argues that
OpenFOAM-based LES should also be tested using such the decaying turbulence. In particular, wind tunnel experiments
have investigated one of the most fundamental properties of turbulence, the decay characteristics, and quantified it by a
decay exponent (Pope, 2000; Mohamed and LaRue, 1990; Krogstad and Davidson, 2010; Kurian and Fransson, 2009;
Suzuki et al., 2016). Since this exponent is one of the parameters in RANS models (Pope, 2000), testing OpenFOAM on
this property has practical engineering relevance. When evaluating turbulence decay characteristics, it is noteworthy that
the Taylor-Green Vortex (TGV) flow (Brachet et al., 1983; Drikakis et al., 2007) has often been used in previous studies
(Shu et al., 2005; Lehmkuhl et al., 2019; Asada et al., 2024). However, examples of OpenFOAM-based LES applied to
TGV flows appear to be rather limited (Kajzer et al., 2014).

The objective of this study is to examine OpenFOAM-based LES analyses in terms of inviscid energy conservation
and turbulent viscous decay. As inviscid flow fields, a two-dimensional periodic flow field described by Taylor's
analytical solution (Kim and Moin, 1985; Suzuki et al., 2017) and a three-dimensional periodic flow field given by the
Taylor-Green vortex (TGV) (Brachet et al., 1983; Drikakis et al., 2007) are used. In these flow fields, the kinetic energy
is theoretically conserved at a constant level, and thus they are often used in previous studies to investigate energy
conservation properties. As shown in this work, OpenFOAM exhibits a non-negligible conservation error in three-
dimensional inviscid flow. With respect to turbulent viscous decay, the focus is on the decay law of turbulent kinetic
energy in a fully developed three-dimensional TGV flow, with particular emphasis on the decay exponent. The results of
the present OpenFOAM-based LES analyses for the three-dimensional TGV flow are compared with those obtained from
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DNS using a Fourier spectral method (Canuto et al., 1988; Suzuki and Kouchi, 2022) and from the finite difference
method conserving energy under inviscid conditions. As shown here, the turbulent kinetic energy distributions of the
OpenFOAM-based LES do not agree with those of the reference analyses when the default Smagorinsky model constant
is used. However, this discrepancy can be mitigated by assigning a model constant value larger than the default setting.
The present work addresses OpenFOAM-based large-eddy simulation (LES) from an engineering perspective rather than
fundamental turbulence research, and therefore does not consider direct numerical simulation (DNS). LES lowers
computational cost in unsteady-flow calculations by modelling motions whose spatial scales fall below the grid spacing,
allowing a coarser mesh. Because engineering analyses commonly require such cost reductions, LES is often practicable,
whereas DNS is typically prohibitive. When DNS is warranted, one can invoke solvers that incur no kinetic-energy
conservation error—such as the Fourier spectral method employed here—without relying on OpenFOAM, whose
discretisation may introduce non-negligible conservation errors. Consequently, while rigorous verification of
OpenFOAM-based LES is essential for engineering use, validating OpenFOAM as a DNS platform is of markedly lower
priority. For these reasons, the present study confines its scope to the verification of OpenFOAM-based LES.

2. Examination in terms of inviscid energy conservation
2.1 Methods

In this section, the inviscid flows are considered within two-dimensional and three-dimensional periodic domains.
In an inviscid, incompressible flow, the kinetic energy of the system is conserved provided that no boundaries or external
forces are present. Upholding this energy-conservation law in LES is pivotal, because it ensures that the discrete
governing equations honour the fundamental physics of the continuous system. When a discretisation scheme lacks strict
energy conservation, the theoretically guaranteed energy cascade can be distorted, impairing the correct transfer of kinetic
energy from large to small eddies. By preventing spurious numerical dissipation or production, an energy-preserving
scheme allows the cascade process to proceed in accordance with physical principles. If the numerical method conserves
energy, the decay of turbulent kinetic energy is driven solely by molecular viscosity and SGS model; consequently, the
computed energy spectrum and turbulence intensity remain realistic. The improved prediction of statistics at energy-
containing scales enhances the physical fidelity and internal consistency of LES results. Maintaining a proper energy
budget at each scale therefore permits reliable turbulence analyses. Moreover, spatial discretisations endowed with
energy-preserving properties suppress non-physical energy growth, leading to enhanced numerical stability. This feature
is especially valuable in applications—such as atmospheric turbulence or wind-farm flows—in which molecular viscosity
is often neglected and the governing equations reduce to inviscid form. Balancing energy conservation with stability
enables robust long-time integrations without resorting to excessive numerical viscosity. For these reasons, energy
conservation in LES has been a topic of active research for more than sixty years and remains a pressing issue today.
Ongoing developments that reconcile conservation accuracy with computational efficiency will be indispensable for
future high-fidelity simulations

The computational domains for the two- and three-dimensional flows are a square and a cube, respectively, each with
a side length of 27 (Ono et al., 2025). The origin of the coordinate system is placed in the center of these domains, and
for x, y and z directions are defined accordingly. The OpenFOAM simulations conducted in this study employ a structured
mesh with periodic boundary conditions applied in all directions. The solver is implemented using OpenFOAM’s native
finite-volume formulation. In the present study, all simulations of the OpenFOAM were carried out with OpenFOAM
v2106. The governing equations are the continuity equation for incompressible flow and the inviscid Navier-Stokes
equations for the velocity components, «, v and w for x, y and z directions. As described later, these equations incorporate
the subgrid scale (SGS) shear stresses associated with an LES approach, and by allowing the SGS stresses to
asymptotically approach zero, this setup allows us to investigate whether inviscid flow can be reproduced. Consequently,
the governing equations are considered to have been subjected to a filtering operation. The primary motivation for
focusing on inviscid flows is to exploit the analytically known conservation of kinetic energy under inviscid conditions,
following a similar rationale in previous studies (Morinishi et al., 1998; Honda et al., 2021; Chitose et al., 2024). For the
two-dimensional inviscid flow, the Taylor analytic solution given below is used as the initial condition (Suzuki et al.,
2017):

u(x,y) =2 cos(x) sin(y) and v(x,y) = — 2 sin(x) cos(y). )
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Under inviscid conditions, the above flow field remains constant in time. This solution can be derived by imposing
inviscid constraints on the original Taylor solution for viscous flows. For the three-dimensional inviscid flow, we use the
Taylor-Green vortex (TGV) field, which is commonly used to validate numerical schemes. The initial velocity field of
the TGV flow is given as follows (Brachet et al., 1983):

u(x,y,z) = 232 cos(x) sin(y) cos(z), v(x,,z) = — 2v/2 sin(x) cos(y) cos(z), and w(x,y,z) = 0. )

Here, (u,v,w) = (u1,uz,u3) for x; directions with i = 1, 2, 3, where (x,y,z) = (x1,x2,x3). As can be seen from the above
expressions, the constant in the initial velocity field is chosen such that the spatially averaged kinetic energy, denoted by
K, is K = 1. This flow field is used to validate the present OpenFOAM-based analysis. The PISO algorithm is used to
solve the system of governing equations (Komen et al., 2014), consistent with a previous study that validated an
OpenFOAM simulation for turbulent channel flow. The BiCGStab method is used for the convergence. In the present
analysis, subgrid scale (SGS) stresses are retained in the governing equations, and by gradually reducing the Smagorinsky
model constant toward zero, we aim to replicate an inviscid flow. Specifically, we use the Smagorinsky model whose
constant is denoted by C;. Here, SGS eddy viscosity of the Smagorinsky model vsgs is obtained as vsgs = (C;4)? S, where
S is the characteristic filtered rate of strain, obtained as S = (2 Sj Sy)"? with S; = (1/2) (Ou/0x;+ u;/ox;) (Pope, 2000) ,
where Sj; and u; are provided as the filtered quantities, and 4 is the filter length scale, set to be equal to the grid width.
Four values of Cy are considered in this study: 0.01, 0.001, 0.0001, and 0. Because advance certainty could not be obtained
that stable computations would be possible at Cs; =0, simulations were carried out not only for C; =0 but also for cases
in which C; was asymptotically reduced toward zero. A second order Crank-Nicolson scheme (Choi and Moin, 1994) is
used for time integration. In the present work, the nonlinear terms in the coupled governing equations are advanced in
time with a Crank—Nicolson scheme embedded within a PISO algorithm. Here, in OpenFOAM’s PISO algorithm, the
eddy-viscosity coefficient is computed once per time step and treated as a fixed value during the velocity—pressure
iterations of the PISO loop; this is the standard procedure. The use of PISO follows the approach of Komen et al. (2014);
however, those authors did not employ Crank—Nicolson for temporal discretization. Guided by earlier studies that
advocate Crank—Nicolson for both viscous and nonlinear terms (e.g., Choi and Moin, 1994), we adopt the same second-
order scheme here. Also, spatial derivatives are approximated by a second order central difference method. Both schemes
are the same as those used in the previous study. For both two- and three-dimensional cases, the number of grid points
per side N is varied among 10, 32, and 100. The time step At is set to 0.005 and the simulation is run until ¢ = 20.
Additionally, we assessed time-step sensitivity in the three-dimensional inviscid Taylor—Green vortex by successively
reducing the step size to Ar=0.015, 0.010, and 0.005. The initial kinetic-energy gradient—which reflects the conservation
error—decreased monotonically as A¢ was refined. The purpose of the inviscid tests was to evaluate the numerical
schemes implemented in OpenFOAM, chiefly its spatial and temporal discretisations, rather than to validate the physical
turbulence model used in the LES framework. Indeed, only the Smagorinsky SGS model is employed in the present
study, so verification of the turbulence-modelling strategy lies outside the current scope. Because OpenFOAM is known
to exhibit non-negligible kinetic-energy conservation errors under inviscid conditions, we anticipated that its stability
might deteriorate and, in the worst case, the calculation might diverge. To explore this possibility, the governing equations
were solved without the viscous term while the Smagorinsky constant Cs was progressively reduced to zero, thereby
removing both the molecular viscosity and the SGS eddy viscosity in the asymptotic limit. Kinetic-energy conservation
errors can manifest in two distinct ways: (i) a monotonic increase in energy leading to numerical blow-up, or (ii) a gradual
loss of energy with time. In our OpenFOAM runs the latter behaviour was observed—the mean kinetic energy decreased
steadily, but no divergence occurred, and the solver remained stable throughout the simulation window. Consequently,
although OpenFOAM does not preserve kinetic energy exactly, the code proved capable of executing inviscid LES
calculations without numerical breakdown even when both molecular and SGS viscosities were completely absent.

2.2 Results and discussion

The present study begins with the results concerning the convergence of the two-dimensional flow to an inviscid
state. Figure 1 shows contour plots of the kinetic energy illustrating the dependence on the Smagorinsky model constant
Cs. Here the results are shown for N =32. As C; decreases, the flow field approaches an inviscid regime, and at C; =0 it
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(b) =20, C,= 0.01 k

(d) £=20, C, = 0.0001

Fig. 1 Dependence of the kinetic energy distribution of the two-dimensional (2D) flow described by Taylor's analytical
solution on the model constant C,. Here N = 32. Panel (al) shows the initial energy field. As the figure shows the
distributions obtained with C; = 0.001 and C; = 0.0001 are visually indistinguishable.

(@) t=0 (b) =20, N=32 (¢)t=20,N=100 k

Fig. 2 Grid dependence of the kinetic energy distribution for the inviscid 2D flow described by Taylor's analytical solution.
Here, C; = 0 (the inviscid condition), and panel (a) shows the initial energy field. As shown in panels (b) and (c), at ¢
= 20 the energy field remains closer to the initial condition for larger N.

reduces to a strictly inviscid flow. As can be seen in Fig. 1(a), the initial flow field is characterized by an alternating
spatial pattern of high and low energy regions. The contour plots of the kinetic energy at # = 20 are shown in Fig. 1(b)-
(d). As can be seen, the alternating pattern of high and low energy regions seen in the initial state is maintained at ¢ = 20.
The flow field is expected to converge as C; is reduced. Indeed, the results for C; = 0.001 in Fig. 1(c) are quantitatively
similar to those for C; = 0.0001 in Fig. 1(d). On the other hand, Fig. 1(b), where = 0.01, shows a noticeable quantitative
discrepancy compared to Fig. 1(d). Figure 2 shows the two-dimensional contour plots of the kinetic energy at Cs = 0,
corresponding to the inviscid condition, and highlights the dependence on the number of grid points N. Figure 2(a) shows
the initial flow field at # = 0. As the figure shows, even under the inviscid condition, C; = 0, the kinetic energy contours
show a clear dependence on N. In particular, for N =100 at ¢ = 20 shown in Fig. 2(c), the contour distribution closely
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Fig. 3 Dependence of the mean kinetic energy distribution of the 2D flow described by Taylor's solution on C; and N). (a)
Dependence on C,. Here N =32. As C; to 0, the energy distribution converges. (b) Dependence on N. As N increases,
the distribution approaches that of the analytical solution.

@al)t=0 (b) =20, C, = 0.01
w ’
2
1
0

(¢)t=20,C,=0.001 (d) =20, C, = 0.0001

Fig. 4 Contours of the kinetic energy in the three-dimensional (3D) Taylor-Green vortex (TGV) flow, showing the
dependence on C;. These contour plots are taken at z = w. Panel (a) shows the initial field. As can be seen in panels
(b)-(d), the contours converge as Cs to 0.

resembles that of the initial field, suggesting that kinetic energy errors in the two-dimensional flow may be small at this
resolution. In contrast, for N =32 in Fig. 2(b), the # = 20 contours differ significantly from those of the initial field. This
comparison implies that the degree of kinetic energy conservation in the present OpenFOAM analysis is influenced by
the grid resolution.

Figure 3 shows the time evolution of the spatially averaged kinetic energy K for different values of C; and different
numbers of grid points N. In the figure, the line K = 1 indicates the analytically expected energy conservation under
inviscid conditions. As shown in Fig. 3(a) for the case N = 32, the energy distribution converges as C; approaches zero.
Notably, OpenFOAM produces valid simulation results for every tested value of C; that tends to zero, indicating that
OpenFOAM is indeed capable of analyzing a two-dimensional periodic inviscid flow. In the present study, which
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(b)t=20,N=132
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Fig. 5 Contours of kinetic energy in the 3D inviscid TGV flow, showing the dependence on the number of grid points N.

Similarly, these contours are plotted at z = «t, and panel (a) shows the initial field. As shown in panels (b) and (c), the

contours at ¢ = 20 have extensive blue regions corresponding to low wavenumbers that differ from the initial field.
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Fig. 6 Dependence of the mean kinetic energy distribution in the 3D TGV flow on C; and N. (a) C, dependence. The
distribution converges as C; to 0. Here N = 32. (b) N dependence, under the inviscid condition (C; = 0). As shown,
even with increasing N, the distribution does not converge to the analytical value K = 1.

investigates whether OpenFOAM satisfies the kinetic-energy conservation law, it was not evident beforehand whether a
solver that may contain conservation errors could remain stable under genuinely inviscid conditions—namely, with the
viscous term suppressed and the Smagorinsky model constant set to zero. Because schemes that strictly conserve kinetic
energy in the inviscid limit typically exhibit robust numerical stability, the inviscid tests were designed by gradually
reducing the SGS constant toward zero while disabling the viscous term. The calculations reveal that OpenFOAM
converges without divergence even when the viscous term is omitted and the SGS constant is set exactly to zero. Figure
3(b) shows the dependence of the time evolution of K on N. As can be seen, for N =10 and N = 32 the averaged kinetic
energy decreases with time. In contrast, for N = 100 the time evolution of K remains close to unity. These results confirm
that, for two-dimensional flows, the accuracy of kinetic energy conservation in OpenFOAM improves with increasing
number of grid points.

Next, the results for the inviscid three-dimensional TGV flow are shown. Figure 4 shows the contour plots of the
kinetic energy at z = m, illustrating the dependence on the Smagorinsky model constant C,. The initial flow field at =0
is shown in Fig. 4(a). As can be seen, the contours at # = 20 converge as C, approaches zero, and the results for Cy= 0.001
appear to coincide with those for C; = 0.0001. In contrast, the contours at # = 20 for C; = 0.01 deviate visibly from those
obtained with the two smaller C, values. Figure 5 shows the dependence of the kinetic energy distribution on the number
of grid points for the inviscid TGV flow obtained by the present OpenFOAM-based analysis. As before, these contour
plots are taken at z = &, and Fig. 5(a) shows the initial flow field. Note that the color scale used in this figure is different
from that used in the previous figures. The colour scale in Fig. 4 is linear in the displayed values. Under this palette,
however, the spatial distribution of kinetic energy in Fig. 5 (c) is not rendered with sufficient contrast. Because that
distribution reflects the time-dependent evolution of the flow structures, clear visualisation is essential. Accordingly, in
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Fig. 5 (c) we adjusted the colour mapping in the vicinity of zero kinetic energy, allowing the field to be presented as a
contour plot that more clearly reveals its spatial variation. As shown in Fig. 5(b) and (c), at ¢ = 20, the contour plots for
both grid resolutions are predominantly in the blue region. This indicates that throughout the domain, the kinetic energy
at =20 has decreased by a non-negligible amount from its initial distribution, and that this decay appears to be relatively
insensitive to changes in the number of grid points N.

Figure 6 shows the temporal evolution of the spatially averaged kinetic energy K for the inviscid three-dimensional
TGV flow, illustrating its dependence on both the Smagorinsky model constant C; and the number of grid points N. In
each panel, the line K = 1 denotes the analytically expected value under truly inviscid conditions. As can be seen in Fig.
6(a) for N = 32, the energy distribution converges to the C; = 0 result as C; decreases. This finding suggests that
OpenFOAM can indeed perform simulations under inviscid conditions for the three-dimensional TGV flow in a manner
consistent with the two-dimensional inviscid flow results. This remark explains that, for the three-dimensional inviscid
flow—just as for the two-dimensional case—the computation could still be performed with N = 32 even after the SGS
coefficient was progressively reduced to C; = 0; however, kinetic energy was not conserved under those conditions.
Figure 6(b) shows the dependence of the kinetic energy distribution on the number of grid points. Even with increasing
N, thus decreasing the grid size, the averaged kinetic energy does not approach the analytically expected K = 1, but rather
shows a non-negligible deviation. This behavior is in contrast to the two-dimensional case, where the conservation error
decreases with increasing mesh resolution.

In the two-dimensional flow, the inviscid Taylor analytical solution was employed; for the viscous Taylor solution,
the viscous term balances the unsteady term, and the convective term balances the pressure term (e.g., Suzuki et al.,
2017). When the viscous term is absent, the unsteady term becomes zero, whereas the balance between the convective
and pressure terms still holds. The same balance between the convective and pressure terms is presumed to persist even
in the presence of conservation errors. This can be confirmed from the close similarity between Fig. 2(c), which includes
conservation error, and Fig. 2(a). Because the PISO algorithm in OpenFOAM introduces a small error into the continuity
equation, these two equilibrium relations are not exact but approximate, as pointed out in previous studies. The non-zero
unsteady term is considered to originate from an error term whose magnitude decreases with increasing grid resolution.
When such an equilibrium exists among the terms other than the error term and the error term merely appears as an
additional unsteady term, the solver is expected to produce valid results; such situations are frequently observed in
laminar flows. By contrast, in a three-dimensional inviscid field, the balance between the convective and pressure terms
is not expected to hold at every location. In this case, the error term influences the flow field through its effect on the
convective term, and consequently the kinetic energy is affected. Here, in this study, the Atz-dependence of the
kinetic-energy conservation error in 3D cases does not coincide with the second-order accuracy of the Crank—Nicolson
method; instead, the observed exponent is smaller than two. Although the time-step dependence of this error is of interest,
the procedure for quantifying its Az-dependence requires further investigation. Therefore, these results are not included
in the present work.

3. Examination in terms of viscous turbulence decay
3.1 Methods

The turbulent flow under consideration is reproduced in a three-dimensional periodic cubic domain of side length 2.
The governing equations are the continuity equation for incompressible flow and the Navier-Stokes equation, both
nondimensionalized using a Reynolds number of Re = 1600 (Suzuki and Kouchi, 2022). These filtered equations contain
subgrid-scale (SGS) shear stresses that need to be modeled. In this study, as in the analysis of three-dimensional inviscid
flow presented in the previous chapter, we adopt the widely used Smagorinsky model in OpenFOAM-based LES to
model the SGS shear stresses. The initial velocity field is given by the Taylor-Green vortex (TGV) formulation, identical
to Eq. (2) introduced earlier. Furthermore, the algorithm, time integration scheme, and spatial discretization used here to
analyze the viscous turbulent flow in OpenFOAM are the same as those discussed previously. The number of grid points
per dimension, N, is set to N =32, which is commonly chosen resolutions in previous LES studies (Kobayashi, 2005), or
N = 128;. In the present OpenFOAM-based analysis, the Smagorinsky model constant C; takes the values Cs; = 0, 0.1,
0.2,0.3,0.4, 0.5, and 0.6 for N =32, while for N= 128, C;=0, 0.1, 0.2, and 0.3, based on previous studies (Pope, 2000;
Canuto and Cheng, 1997; Park et al., 2006).

The results of the present OpenFOAM-based analysis are compared with those of a spectral method and an LES
analysis based on a fractional-step method instead of OpenFOAM. The spectral method follows a standard formulation
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(al)t=0 (@2)t=2

Fig. 7 Time evolution of isosurfaces of turbulent kinetic energy £ for the 3D viscous TGV flow obtained by the present
OpenFOAM analysis. The depth (into the sheet) is the z direction, while the horizontal and vertical directions are x
and y, respectively. Panels (al)-(a3) show the isosurface of K =1 at =0, 2, 4. Panels (b1)-(b3) show the isosurface
of k=0.005 at £ = 0, 20, 40. Although the present OpenFOAM solver exhibits certain conservation errors under the
inviscid condition, the evolving instantaneous flow fields maintain symmetry.

(Canuto et al., 1988) verified in the previous study (Suzuki and Kouchi, 2022). Specifically, the pressure is eliminated
using the projection tensor with an integrating factor approach for the viscous term and a five-step fourth-order Runge-
Kutta scheme for the inertial term. The 2/3 rule is used to mitigate aliasing. The spatial grid size for the spectral method
is N = 256. The governing equations in the fractional-step LES analysis are the same as in the OpenFOAM-based
approach; however, instead of the PISO algorithm, a fractional-step method is used to solve the system of equations
(Suzuki et al., 2013a, 2013b). In this framework, the Poisson equation is solved at each fractional step using a direct
method based on fast Fourier transform (Suzuki and Hasegawa, 2024). A fourth-order conservative central-difference
scheme (Morinishi et al., 1998) is used on a staggered grid with N = 32 grid points per dimension. For time integration,
a five-step fourth-order Runge-Kutta method (RK4) (Suzuki et al., 2020), a second-order Adams-Bashforth method
(AB2), or a second-order Crank-Nicolson method (CN2) is used. Notably, the second-order Crank-Nicolson scheme,
unlike the two explicit time integration schemes, does not preserve energy under inviscid conditions. In the fractional-
step LES analysis, the Smagorinsky model constant C, takes the values 0.1, 0.12, 0.4, and 0.5. Because Morinishi’s
energy-conserving formulation is explicit in time, a truncation error in the kinetic-energy budget is unavoidable.
Extensive work by the first author has demonstrated that this error is negligibly small. For instance, with a staggered grid
and a fourth-order Runge—Kutta integrator, the deviation from exact conservation converges to machine precision (Suzuki
et al., 2020a). The same verified configuration is employed in the latter part of the present manuscript for the Taylor—
Green vortex and serves as the reference solution. On a collocated grid, the conservation error can be improved to second-
order accuracy in time (Suzuki et al., 2020b).

3.2 Results and discussion

Figure 7 shows a visualization of the TGV flow field obtained from the current OpenFOAM-based LES analysis
using isosurfaces of kinetic energy wuu;/2. The results correspond to the case N = 128. In the figure, the depth (into the
sheet) direction is z, while the horizontal and vertical axes are x and y, respectively. Figure 7(al)-(a3) shows the time
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Fig. 8 Time evolution of turbulent kinetic energy for the 3D viscous TGV flow obtained by the present OpenFOAM analysis.
Here K is the spatially averaged value at each time. The OpenFOAM results are plotted as a function of C; and
compared with those from a spectral method. (a) Case N = 128. The distribution of K from the OpenFOAM analysis
with the default C, value matches that from the spectral method for ¢ > 30. (b) Case N = 32. The OpenFOAM result
with the standard C; is an order of magnitude larger than that of the spectral method. A larger C; is needed for the
OpenFOAM result to match the reference solution.

evolution of the £ = 1| iso-surface during the initial phase. Starting from an initial single wavenumber flow field,
increasingly higher wavenumber structures appear as time progresses. In contrast, Fig. 7(b1)-(b3) focuses on the decay
regime and show the evolution of the iso-surface for £ = 0.005. As can be seen, the initial field has a similar single-
wavelength structure, as in Fig. 7(al), but at ¢ = 20 the presence of small-scale turbulence is evident. At ¢ = 40, these
small-scale features diminish and flow structures dominated by lower frequencies become more prominent. A remarkable
feature common to Fig. 7(a2), (a3), (b2) and (b3) is that the isosurfaces exhibit mirror symmetry with respect to the
planes x = 0 and y = 0. Previous studies have reported that the evolving turbulent structures in the TGV flow maintain a
symmetry nature over time (Brachet, 1991; Sharma and Sengupta, 2019; Sharma et al., 2020). The present OpenFOAM
results are consistent with these findings. Although, as described in the previous chapter, the OpenFOAM analysis
exhibits a small non-negligible inviscid conservation error, this error appears to have a negligible effect on the
preservation of the symmetric structure of the flow

Figure 8 shows the time evolution of the spatially averaged turbulent kinetic energy, comparing the present
OpenFOAM-based analysis with the spectral method. Here, K is the spatially averaged value of the kinetic energy wu;u,/2
at each time step. The OpenFOAM results are further distinguished by different values of the Smagorinsky model
constant, C;. A Gaussian spatial filter corresponding to grid resolutions of N = 128 and N = 32 was applied a posteriori
to the DNS velocity field. As shown in Fig. 8(a), for N = 128, the distribution for C; = 0.1 in the OpenFOAM analysis
agrees well with that of the spectral method when sufficient time has elapsed. Although the results for C; = 0, 0.2, and
0.3 are also shown, these distributions deviate from the prediction of the spectral method, unlike the case of C;=0.1. For
the N = 128 filter, the reduction in turbulent kinetic energy is negligible, as shown in the figure. Hence the previously
established agreement between the high-resolution OpenFOAM LES and the DNS is unaffected by the filtering operation.
These results suggest that despite the presence of a non-negligible inviscid conservation error in the OpenFOAM analysis,
a sufficiently refined mesh (N = 128) allows for a reasonably accurate decay profile of turbulent kinetic energy under the
commonly used Smagorinsky constant C;= 0.1. Because the present test case is the TGV, the observed decay of the total
turbulent kinetic energy is governed by a cascade that transports energy from the largest eddies to progressively smaller
ones. This cascade is not merely a qualitative picture; it is tied directly to the shape of the energy spectrum in wavenumber
space. A familiar example is the — 5/3 power law in the inertial sub-range. The SGS model constant is likewise linked to
the spectral form. In the Smagorinsky model, for instance, the constant is proportional to the three-quarter power of
Kolmogorov’s constant—the prefactor of the — 5/3 spectrum—yielding the theoretical estimate Cs = 0.17. Because all
runs share the same initial velocity field, increasing C; steepens the spectral slope, forcing the energy density to fall more
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Fig. 9 Time evolution of the dissipation rate ¢ in the 3D viscous TGV flow obtained by the present OpenFOAM analysis,
where &= — dK/dt. The results for N =32 are shown as a function of C, and compared to the spectral method. As can
be seen, a larger C, than the default value is required for the OpenFOAM analysis to produce a dissipation profile

equivalent to the spectral method.
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Fig. 10 Time evolution of turbulent kinetic energy and dissipation rate in the 3D viscous TGV flow obtained by the present
OpenFOAM analysis. These results are compared with those obtained by a fractional-step method. Although the
fractional-step method with an explicit time-integration scheme strictly preserves energy under inviscid conditions,

the implicit scheme exhibits errors in inviscid energy conservation.

rapidly with wavenumber than in the reference spectral solution. When C; is raised beyond the value consistent with the
target spectrum, this artificially enhanced high-wavenumber damping can induce over-dissipation blocking: the energy
transfer stalls near the grid cut-off, a spectral bottleneck forms, and the total turbulent kinetic energy rises transiently
before resuming its decay.

Figure 8(b) compares the OpenFOAM-based turbulence kinetic energy distribution for N = 32 with that obtained by
the spectral method. In contrast to the case shown in Fig. 8(a), the results for C; = 0.1 are almost an order of magnitude
larger than those obtained by the spectral method. Moreover, in this N = 32 case, matching the spectral method values
requires increasing the Smagorinsky constant C; to about 0.4-0.5, which is several times larger than the default value
typically used in high-fidelity analyses. With the coarser N = 32 filter, kinetic energy decreases perceptibly, but only up
to t = 15—that is, before the turbulence has decayed appreciably. Beyond ¢ = 25, where the decay exponent is evaluated,
the filtered N = 32 data remain close to the N =256 DNS reference. From the spatially averaged turbulent kinetic energy
K, the dissipation rate € can be calculated as follows (Brachet et al., 1983; Brachet, 1991; Suzuki and Kouchi, 2022):

&1t) = — dK(1)/dt. (3)
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Here, in this study this study has examined carefully how to evaluate the viscous dissipation rate, . Ultimately we use
only its spatially averaged value to determine the turbulence-decay exponent. Because the spectral solver delivers a DNS
solution whereas the OpenFOAM runs are LES, we sought a definition of € that would not bias the comparison. Although
numerical dissipation could in principle be quantified by subtracting the molecular and SGS contributions from e, that
residual would depend strongly on solver settings and on the instantaneous flow field, making it a fragile basis for firm
conclusions. Following precedent in Taylor—Green vortex studies, we therefore compute € from the global energy balance,
€ = — dK/dt, and then obtain the decay exponent from this total dissipation rate. In this formulation ¢ comprises the
molecular dissipation derived from the strain-rate tensor, the SGS dissipation, and any remaining numerical error. Figure
9 compares the dissipation rate distribution from the OpenFOAM analysis at N = 32 with that of the spectral method.
The time history of the total viscous dissipation rate, — dK(#)/dt, is likewise compared in the figure. Here the influence of
the N = 32 filter is more pronounced, which is expected because the dissipation involves the strain-rate tensor and is
therefore weighted toward higher wavenumbers. As shown, the dissipation rates predicted by OpenFOAM for C, = 0.1
and 0.2 exceed those of the spectral method by about an order of magnitude. Consistent with the kinetic energy
comparisons, achieving a dissipation rate similar to the spectral method requires choosing C; in the range of 0.4-0.5.

Figure 10 compares the time distributions of turbulent kinetic energy and dissipation rate for different analyses,
focusing on the cases C; = 0.1 and C; = 0.12. The fractional-step LES results are shown alongside the present
OpenFOAM-based analysis. As indicated, when the fractional-step LES employs the RK4 and AB2 time integration
schemes, both of which preserve energy under inviscid conditions, the turbulent kinetic energy and dissipation rate
profiles for C;= 0.1 and C; = 0.12 generally match those of the spectral method in the long-time decay regime. In contrast,
when the CN2 is used, which introduces errors in the conservation property, the resulting distributions deviate from those
of the spectral method. Additionally, the OpenFOAM-based results for Cs = 0.1 are shown for comparison. These results
suggest that for N = 32, the accuracy of the energy conservation in the LES analysis significantly affects the calculated
turbulent kinetic energy distribution.

The pattern by which kinetic-energy conservation errors manifest differs markedly between the inviscid and viscous
test cases examined here. For the three-dimensional inviscid flow, the energy cascade should, by definition, transfer
kinetic energy from large to small scales without viscous influence. When the discrete scheme fails to conserve kinetic
energy, however, this transfer behaves as though an artificial diffusive (viscous-like) term were present. Such numerical
diffusion therefore contaminates the cascade itself. A direct consequence is that the —53 power law of the inertial
subrange—derived under the assumption of inviscid transport—may be distorted by the conservation error. In the viscous
TGV problem, molecular viscosity is already active and is supplemented by the LES eddy viscosity. Any additional, non-
physical diffusion produced by a conservation error thus acts on top of two genuine diffusion mechanisms. Excessive
dissipation can trigger over-dissipation blocking (e.g., Sun and Yang, 2023), in which the cascade stalls and the inertial-
range spectrum deviates strongly from the expected form. Although this phenomenon usually suppresses the overall
turbulent kinetic energy, a coarse-grid LES of statistically unsteady turbulence (such as the present TGV flow) may
instead experience a spectral energy pile-up near the grid cut-off. In that event the total kinetic energy can increase
transiently, because energy is not transferred efficiently to the sub-grid scales. The increase is temporary—once integrated
over a sufficiently long interval, the net energy dissipation is still reduced by the conservation error—but even a transient
surplus may appreciably skew the resolved, grid-scale turbulence. Consequently, conservation errors remain a potential
source of bias in unsteady LES, regardless of whether their effect on the total energy appears transient or persistent.

As shown in Fig. 9, the spatially averaged turbulent kinetic energy in the TGV flow, considered as a form of decaying
turbulence, is expected to follow the following power-law decay behavior in the long-term decay regime (Pope, 2000;
Mohamed and LaRue, 1990; Krogstad and Davidson, 2010; Kurian and Fransson, 2009; Suzuki et al., 2016):

K()=A (t—to)™ 4)

where ¢ is a virtual origin, 4 is a decay coefficient and # is the decay exponent. The decay exponent is considered an
important parameter that quantifies the decay characteristics of the turbulence and plays a role in forming one of the
model constants in RANS analyses (Pope, 2000). Focusing on this exponent #, the present study verifies the performance
of the OpenFOAM-based analysis. By using the viscous dissipation ¢ given by Eq. (3), the following turbulence time
scale T'is used in the present study (Suzuki at al., 2013b):
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Fig. 11 Time evolution of the turbulent time scale as a function of C;. (a) Results for C; = 0.1 to 0.3. Unlike the spectral
method, the OpenFOAM result for £ > 30 does not vary linearly with time, but shows large variations. (b) Results
for C; = 0.4 to 0.6. For ¢ > 30 the OpenFOAM result becomes an almost linear function of time. The value of the
decay exponent from the spectral method is also shown.

T=K(6)/&(t) = (1/n) (t — to). (5)

which allows the determination of the decay exponent n if the turbulent kinetic energy does indeed follow the
aforementioned power law. Figure 11(a) and 11(b) compares the temporal evolution of the turbulence time scale 7 from
the OpenFOAM analysis with that from the spectral method. Figure 11(a) shows the results for C;= 0.1-0.3, while Fig.
11(b) focuses on C;= 0.4-0.6. As shown in Fig. 11(a), for C;= 0.1-0.3, the turbulent time scale from the OpenFOAM
analysis varies with time, so it does not seem appropriate to approximate it by the linear function given above. In contrast,
the time scale distribution from the spectral method is approximately linear for ¢ > 30. In a three-dimensional Taylor—
Green vortex, as in other cases of decaying grid turbulence, small-scale fluctuations are expected to be sufficiently excited
for > 30, placing the flow in the viscous decay range while largely preserving the spectral shape. Although it would be
ideal for the turbulent kinetic energy to follow a clear power-law, Fig. 11(b) shows that the turbulent time scale does not
form a perfect straight line over ¢ = 30-50. The interval =32-37, where the time-scale curve appears almost perfectly
linear, was therefore selected; within this window a least-squares fit was applied to obtain the virtual origin and decay
exponent. Some arbitrariness may remain in the choice of the fitting interval, yet Fig. 11(b) indicates that a straight-line
approximation with the same slope (i.e., the same decay exponent) is also valid across 30 < ¢ < 50. Consequently, whether
the fitting interval is set to t=32-37 or to ¢ = 30—50 changes only the virtual origin, exerting negligible influence on the
estimated decay exponent. Because the conclusions of this work are based on the decay-exponent value, this freedom in
choosing the fitting interval does not affect those conclusions. In Fig. 11(b), the spectral method distribution is fit by the
above equation, yielding n = 1.77. Also plotted are the OpenFOAM results for Cs= 0.4—0.6, which show a roughly linear
variation of the turbulent time scale for > 30. These observations suggest that for large values of C, the mean turbulent
kinetic energy obtained from OpenFOAM-based LES can indeed be described by a power-law decay. Here, the impact
of the spatial filter on the decay exponent is assessed in the figure. Although the turbulence time scale derived from the
N = 32-filtered field deviates slightly from the N =256 DNS value, it still follows the linear relationship based on the
decay exponent and virtual origin with excellent fidelity. Quantitatively, the differences introduced by the filter are too
small to affect the study’s main conclusions. The decay exponent of turbulent kinetic energy must be evaluated by a
procedure that is independent of the assumed virtual origin. This requirement has been verified in grid-generated
turbulence produced by wind-tunnel meshes. Building on that evidence, the present study derives the decay exponent
from Eq. (5), which links the turbulent kinetic energy K to the total viscous dissipation rate — dK(¢)/dt. Because Eq. (5)
yields the decay exponent and the virtual origin simultaneously, the exponent is obtained without bias from any a priori
choice of virtual origin (e.g., Suzuki et al., 2013b). For conventional square-mesh grid turbulence—where the kinetic-
energy field is essentially uniform in space—the exponent is typically » = 1.3 (e.g., Mohamed and LaRue, 1990; Suzuki
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Fig. 12 (a) Time evolution of K/ [(t — t,)""] from the OpenFOAM analysis compared to the spectral method, where N = 32.
The spectral method shows a nearly constant profile for ¢ > 30, while the OpenFOAM results increase or decrease
with time depending on C;. These results suggest that a value of C; between 0.4 and 0.5 stabilizes the time profile.
(b) Decay exponents obtained from the OpenFOAM analysis as a function of C;, again compared to the spectral
method. Here N = 32. As indicated, a value of C; slightly larger than the default of 0.1 aligns the OpenFOAM decay
exponent with that of the spectral approach.

et al., 2016, 2018). When the energy field is non-uniform, as in turbulence generated by multiscale grids, larger values
around n = 2 (Nakamura et al., 2024) have been reported. The initial Taylor—Green vortex has a single spatial wavelength
equal to the box length 2w and, as the visualisations demonstrate, exhibits marked spatial non-uniformity. It therefore
yields a decay exponent higher than that observed for square-mesh grid turbulence, consistent with the behaviour reported
here.

Figure 12(a) compares the decay law corresponding to a decay exponent n = 1.77 derived from the turbulent kinetic
energy distribution of the spectral method with that obtained from the present OpenFOAM-based analysis. In the figure,
if the distribution can be described by a power law whose exponent » matches that of the spectral method, then the
quantity on the vertical axis remains constant with time. As shown in Fig. 12(a), this quantity decreases with time for Cj
= 0.5 and 0.6 for ¢ > 30, while it increases for C; = 0.4. These observations imply that the value of C, that makes the
quantity on the vertical axis constant is between 0.4 and 0.5. Figure 12(b) plots the decay exponent z as a function of C;
for Cs=0.4-0.6. As shown in the figure, matching the OpenFOAM-based decay exponent to that of the spectral method
requires setting Cs~ 0.43. Note that this value is several times larger than the Smagorinsky constant commonly used in
high-fidelity analyses. Nevertheless, as demonstrated in the present study, when a reference solution is available, such as
the results of the spectral method, adjusting C; to match the turbulent kinetic energy distribution to the reference solution
allows OpenFOAM to reproduce an equivalent turbulence decay characteristics.

The Smagorinsky coefficient, Cs, is not an arbitrary tuning knob but a numerical representation of inter-scale energy
transfer. Consequently, its value must be chosen so that the LES reproduces the true cascade as faithfully as possible. The
model constant of the Smagorinsky model has a theoretical formula (Lilly, 1967; Lesieur and Metais, 1996; Pope, 2000)
as follows: C; = (1/m) (3 Ck /2)**. For example, when Cx = 1.4, C; becomes 0.18. The value C, =0.17 is frequently used
(Deardorft, 1971; Pope, 2000). In actual free-shear turbulence, C; may be set to about 0.2 (Clark etal., 1979; Sagaut,
2006). Using experimental data (Comte-Bellot and Corrsin, 1971), C, has been obtained as 0.19 —0.24, as described in
Rogallo and Moin (1984). On the other hand, it is recognized that a single universal C; cannot represent all turbulent
flows. In channel turbulence, C; = 0.1 is commonly used (Deardorff, 1971; Pope, 2000; Sagaut, 2006). The value obtained
by Lilly gives excessively large mean shear in channel turbulence (Deardorff, 1971). Therefore, when LES is applied to
channel flow, C; =0.1 is adopted and is used as the standard empirical value for wall turbulence (Deardorff, 1970). The
reason why the small value Cs; =0.1 is required in channel turbulence is that the mean velocity gradient is not zero and
thus contributes to the magnitude of the strain rate (Sagaut, 2006). In fact, by subtracting the mean strain-rate tensor, it
is possible to reproduce the turbulent field well even when a value close to the theoretical one is used in channel
turbulence (Lévéque et al., 2007). The optimal value of Cs in channel turbulence may depend on spatial resolution. Only
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when sufficiently fine grids are used can the value of Cy suitable for homogeneous turbulence (about 0.2) provide
sustained resolved-scale motions (Mason and Callen, 1986). The consensus range 0.10 < C; < 0.20 therefore embraces
the empirically optimal choices for most well-studied cases. Alternative derivations yield C; = 0.11 (Yoshizawa, 1982).
High-fidelity solvers—e.g. spectral codes or energy-conserving staggered-mesh schemes—introduce minimal numerical
diffusion, so the SGS closure must supply the correct dissipation; selecting Cs within the accepted band is especially
critical. In the present work, however, the optimum value that reconciles a coarse-mesh OpenFOAM LES with the
spectral reference is Cs = 0.43, far outside the established interval. Reducing the first significant digit of 0.43 by one
order of magnitude places it at Cs ~ 0.14, mid-way between 0.10 and 0.17; in other words, the chosen coefficient is
roughly half an order of magnitude larger than normal practice. Such an anomalously large coefficient implies that the
simulated cascade deviates substantially from the Kolmogorov picture. Specifically, the coarse-grid LES in OpenFOAM
suffers from kinetic-energy conservation errors that trigger over-dissipation blocking: energy transport stalls near the grid
cut-off, creating a spectral bottleneck. The unphysically large Cs; compensates for this bottleneck by adding excessive
SGS eddy viscosity, thereby restoring agreement with the spectral solution only through a non-physical mechanism.
Although the present study focuses on LES, an analogy can be drawn with RANS practice, where model coefficients are
often retuned to mask deficiencies in the turbulence model. Our findings suggest that energy-non-conserving LES solvers
such as OpenFOAM impose a similar necessity: reliable predictions can require Cs values well beyond the conventional
0.1-0.2 band. Insisting on the standard range would leave the conservation error unmitigated and degrade the credibility
of the LES results.

This study demonstrates that in low-resolution OpenFOAM LES simulations with energy conservation errors, it
may be necessary to use a Smagorinsky constant C; significantly larger than the commonly used range of 0.1-0.2 to
ensure quantitative reliability of the turbulent kinetic energy. The conventional C; values are derived from previous LES
studies using highly accurate conservation schemes. When these conditions are not met, tuning C to match numerical or
experimental reference data can improve the apparent quantitative reliability of the turbulence statistics. Furthermore,
such adjustments of model constants are common in RANS simulations, where matching to reference values is used to
improve the fidelity of numerical results. In particular, as observed in both the present and previous studies, increasing
the grid resolution sufficiently can maintain reliable predictions of turbulent kinetic energy and lower-order statistics
even in the presence of conservation errors. For the standard k—¢ model, even subtle adjustments of the model constants
can lead to large changes in key predictions such as velocity profiles or drag coefficients. Recent uncertainty-
quantification work shows that variability in these constants can induce drag-coefficient fluctuations of up to = 53 %,
with the dissipation constant Cs, alone accounting for roughly 69 % of the total variance (Liu et al., 2024). Free-jet studies
highlight the same sensitivity. Because the standard k& formulation tends to under-predict the spread of round jets (Pope,
1978), many researchers have retuned its coefficients. Thies and Tam (1996), for example, recalibrated the constants
against an extensive database of axisymmetric and non-axisymmetric jet experiments, and the issue remains topical today
(Weaver and Miskovi¢, 2021). Similar re-optimisation is routinely applied to more recent RANS closures. In the i—w
SST model, Sakamoto et al. (2024) assimilated full-scale measurements to tune the constants for ship-hydrodynamics
applications, while Younoussi and Ettaouil (2024) fitted two SST coefficients to match stall-condition data for wind-
turbine blades. These examples underscore that careful calibration of turbulence-model parameters is often essential for
accurate engineering predictions. Such improvements in prediction accuracy can help to develop a clearer physical
understanding of the flow of interest. The present work thus underscores the critical importance of properly tuning the
model constant.

4. Conclusion

The objective of this study is to validate an OpenFOAM-based LES analysis from the perspective of energy
conservation under inviscid conditions and the decay behavior of viscous turbulence. The analysis uses the PISO
algorithm and employs a second-order Crank-Nicolson method for time integration along with a second-order central
difference scheme for spatial discretization. The Smagorinsky model is adopted as the SGS model. For the inviscid case,
two types of periodic box domains are investigated: two-dimensional and three-dimensional. In the two-dimensional
flow, the velocity field is given by Taylor's analytical solution, while in the three-dimensional flow, the Taylor-Green
vortex (TGV) is used. To verify the viscous decay behavior, the study focuses on a three-dimensional TGV flow with Re
= 1600. The OpenFOAM results are compared with those obtained by a Fourier spectral method and a fractional-step
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LES analysis. In the fractional-step LES, energy is conserved under inviscid conditions when using the explicit RK4 or
AB2 time integration schemes, while the implicit CN method introduces a non-negligible energy conservation error. In
examining this TGV flow, the grid resolution in the OpenFOAM-based analysis is set to N = 128 or 32, and the
Smagorinsky model constant Cy is varied from 0 to 0.6.

It was confirmed that the flow can be made inviscid by asymptotically reducing the Smagorinsky model constant to
zero. Although the two-dimensional results exhibit kinetic energy conservation errors, these errors decrease as the number
of grid points increases. Subsequently, the same approach was applied to a three-dimensional inviscid TGV flow, showing
that while OpenFOAM can handle an inviscid flow similarly, the kinetic energy conservation error does not decrease
with increasing grid resolution. Next, the study evaluated the OpenFOAM-based analysis for a viscous TGV turbulent
flow. The visualization results showed that despite the presence of conservation errors, the instantaneous flow field retains
its symmetric structure. When the grid resolution is sufficiently high of N =128, the OpenFOAM LES results obtained
with the commonly used Smagorinsky constant of C; = 0.1 agree well with those of the spectral method for ¢ > 30.
However, for a lower grid resolution of N = 32, the kinetic energy and dissipation rates predicted by the same model
constant are about an order of magnitude higher than those from the spectral method. Comparisons with an LES analysis
based on a fractional-step method and an evaluation from the point of view of turbulence decay confirm that setting C; ~
0.43, a value larger than the usual default, yields a decay exponent that matches that of the spectral method. In this study,
the OpenFOAM results are benchmarked against reference solutions obtained with a spectral solver and a fourth-order
central-difference scheme. Looking ahead, it would be worthwhile to investigate how the disparate formal accuracy of
these spatial discretizations—and the attendant differences in effective resolution—might affect the conclusions drawn
herein. Also, higher-order moments of the strain-rate tensor are, by themselves, critical for characterising the
Smagorinsky closure. The present paper, however, concentrates on demonstrating that a larger model coefficient is
required to compensate for kinetic-energy conservation errors. To keep that central conclusion clear, we have not included
results for the higher-order strain-rate moments. Investigating those statistics remains a promising avenue for future work
building on this study.
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