Concurrency and Computation: Practice and Experience

| sPECIAL ISSUE PAPER

'.) Check for updates

WILEY

Algebraic Connectivity Maximizing Regular Graphs: Special
Case Analysis and Depth-First Search

Masashi Kurahashi! | Najd Salaani? | Tsuyoshi Migita® | Norikazu Takahashi?

!Graduate School of Environmental, Life, Natural Science and Technology, Okayama University, Okayama, Japan | 2Polytech Sorbonne, Sorbonne University,

Paris, France | *Faculty of Environmental, Life, Natural Science and Technology, Okayama University, Okayama, Japan

Correspondence: Norikazu Takahashi (takahashi@okayama-u.ac.jp)

Received: 18 May 2025 | Revised: 22 September 2025 | Accepted: 9 October 2025

Funding: This work was supported by JSPS KAKENHI, grant number JP25K03196.

Keywords: algebraic connectivity | depth-first search | optimization | pruning | regular graph

ABSTRACT

The algebraic connectivity is an indicator of how well connected a graph is. It also characterizes the convergence speed of some
dynamic processes over networks. In this paper, taking into account that homogeneous networks are modeled as regular graphs,
we tackle the following problem: given a pair (n, k) of positive integers such that k is less than » and kn is an even number, find
a k-regular graph with » vertices that have the maximum algebraic connectivity. We first consider some special cases and derive

solutions through theoretical analysis. We next present depth-first search algorithms for solving the problem, which reduce the

search space by making use of some known properties of the regular graph and the algebraic connectivity. We also show the results

of execution of the proposed algorithms for the values of n up to 12.

1 | Introduction

The algebraic connectivity (AC) [1] of a simple undirected graph,
which is defined as the second smallest eigenvalue of the Lapla-
cian matrix, is an indicator of how well connected the graph is.
It is well known that the AC of any connected graph is positive,
whereas that of any disconnected graph is zero. It is also well
known that the AC of any incomplete graph does not exceed its
vertex connectivity and edge connectivity [2]. Other properties of
the AC have been extensively studied in various areas of discrete
mathematics and combinatorial optimization [3].

In many applications, it is desirable to design a network which
is robust against failures on nodes and links, and the AC is use-
ful for measuring the robustness of the network. For example,
the AC has been used to design air transportation networks
[4, 5], the digital logistic networks [6], multilayer networks [7],

weighted networks related to cooperative vehicle localization [8],
and so on. The AC also characterizes the convergence speed
of some dynamic processes over networks [9-13]. Thus many
attempts have been made so far to find graphs with high AC val-
ues under some conditions such as order, size, degrees and diam-
eter [14-18]. For example, Ogiwara et al. [16] showed that some
well-known classes of graphs such as star graphs, cycle graphs,
complete bipartite graphs and circulant graphs are AC maximiz-
ers or AC local maximizers under certain conditions.

Among various types of graphs, regular graphs are particularly
important from the viewpoint of applications because homoge-
neous networks such as supercomputers and data center net-
works are often modeled as regular graphs [19]. Thus many
authors have studied so far the AC of regular graphs [20-25].
For example, Olfati-Saber [22] gave an explicit formula for the
AC of regular lattices, and proved the growth rate of the AC of
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Ramanujan graphs. Very recently, Exoo et al. [24] derived attain-
able upper bounds on the AC of a regular graph in terms of its
diameter and girth. Kolokolnikov [25] explicitly computed the AC
of a large random semi-regular bipartite graph and compared it
with the AC of a random regular graph with the same number
of vertices and edges. However, despite having been studied for
many decades, the properties of the AC of regular graphs are not
fully understood.

In this paper, we focus our attention on regular graphs, and con-
sider the following problem: given a pair (n, k) of positive integers
such that k is less than » and kn is an even number, find a sim-
ple undirected k-regular graph with »n vertices that has the maxi-
mum AC. Note that no other conditions than order and degree are
assumed in this problem. This is an important difference from the
problems considered in the literature [20-24]. We first show that
ifk e {2,n—-3,n—2,n—1}ork = n(p —1)/pwith p being a divi-
sor of n then the above problem can be solved analytically using
some known results in the literature. We next present Depth-First
Search (DFS) algorithms for solving the problem, which are
exhaustive search but prune unnecessary search branches based
on some properties of regular graphs and the AC, and explain how
to implement the proposed algorithms. We then show the results
of execution of the proposed algorithms for n up to 12, and char-
acterize the regular graphs found using the proposed algorithms
in terms of multipartite graphs.

Among various search algorithms for regular graphs [26, 27],
we employ the DFS algorithms for the following reasons. First,
they are simple and easy to implement using a stack. Second,
the rooted binary tree used in the DFS algorithms has a good
property that, when traversing the tree from the root to a leaf,
the number of edges in the graph increases monotonically, which
implies that the AC of the graph increases monotonically. Mak-
ing use of this property, we can develop pruning techniques
that greatly reduce the search space. Third, the DFS algorithms
can be easily parallelized by assigning sub-trees to multiple
CPU cores. It is shown through experiments that the parallel
implementation can greatly reduce the execution time of the
DFS algorithms.

Contributions of this paper and their relationship to existing
work can be summarized as follows. First, exact solutions to
the problem are obtained in some special cases through the-
oretical analysis, which contain some of the results given by
Ogiwara et al. [16], Ishii and Takahashi [17], and Shahbaz
et al. [23] as special cases. Second, new DFS algorithms that
incorporate pruning techniques tailored to the problem are pro-
posed, and the effectiveness of the proposed algorithms and
their parallel implementations is experimentally demonstrated.
Third, exact solutions to the problem are found for » up to 12
using the proposed DFS algorithms, whereas recent related stud-
ies have provided upper bound analysis [24] and probabilistic
analysis [25].

A preliminary version of the present paper appeared in Proceed-
ings of the 2024 Twelfth International Symposium on Comput-
ing and Networking [28]. However, the present paper includes
many new results. First, a theoretical analysis for the case where
k = n — 3 is provided. Second, a pruning technique based on the
graph isomorphism is introduced in the DFS algorithms and a

new parallel implementation of the proposed DFS algorithms is
developed. Third, new solutions for the case where n = 12 are
obtained using the proposed algorithms.

2 | Problem Formulation

2.1 | Notations and Definitions

Throughout this paper, by a graph we always mean a simple undi-
rected graph with a finite number of vertices. Let G = (V, E) be
a graph with the vertex set V' = {1,2, ...,n} and the edge set
E={epe, ....e, } Each edge is expressed as an unordered pair
of distinct vertices like e, = {i, j} (i # j). The number of vertices
adjacent to (or the number of edges incident to) the vertex i is
called the degree of i and denoted by k;. If all vertices have the
same degree k then G is called a k-regular graph. If G is a con-
nected 2-regular graph then G is called a cycle graph and denoted
by C,. If every pair of distinct vertices is adjacent to each other
then G is called a complete graph and denoted by K,,. If V' can be
partitioned into p disjoint subsets V;, V,, N g and there is no
edge connecting two vertices in the same subset then G is called
a p-partite graph. In particular, G is called a bipartite graph when
p =2 and a tripartite graph when p = 3. If G is a p-partite graph
and every vertex is adjacent to all vertices in different subsets then
G is called a complete p-partite graph and denoted by K,
wheren, =| V; |fori=1,2,...,p.

15 ol

Foragraph G = (V, E)with V = {1,2, ..., n}, the graph with the
vertex set V' and the edge set E such that e,=1{i,j} € E (i #j)
if and only if e, ¢ E is called the complement graph of G and
denoted by G.

The Laplacian matrix of a graph G = (V,E) is defined by
L:=D — A, where A is the adjacency matrix, of which the
(i, j)-th and (j,i)-th entries take 1 if {i,j} € E and 0 other-
wise, and D := diag (k. k,, ..., k,) is the degree matrix. Let
4(G), 4,(G), ..., 1,(G) be the eigenvalues of L of G listed in
increasing order. Since L is a positive semi-definite matrix, the
smallest eigenvalue 4,(G) is nonnegative. Moreover, since L1 =
0 = 0 - 1 where 1is the vector of all ones, the smallest eigenvalue
4,(G) is always 0. The second smallest eigenvalue 4,(G) is called
the algebraic connectivity (AC) [1] of the graph G. As its name
suggests, the AC indicates how well connected G is. In particular,
the AC is positive if and only if G is connected [1]. Also, the AC of
any incomplete graph does not exceed its vertex connectivity and
edge connectivity [2].

2.2 | Problem Statement

Let (n, k) be a pair of positive integers such that 2 <k <n-1
and kn is an even number, and let R, , be the set of all k-regular
graphs with the vertex set V' = {1,2, ..., n}. If the AC of a graph
G € R, is greater than or equal to that of any other graph
in R,,, then we call G an Algebraic Connectivity Maximizing
(ACM) regular graph in R, ;..

The problem we consider in this paper is formally stated as
follows.

20f14

Concurrency and Computation: Practice and Experience, 2025

85U8017 SUOWIWOD A0 (el (dde au Aq peuseno afe sejonie O ‘8sn Jo saini Joj AriqiT8uluo A8]iM UO (SUONIPLOD-pUe-SWe} W0 A3 1M Afeiq 1 [eul|uo//:SAny) SUONIPUOD pue w1 8y} 89S *[5202/TT/0T] uo Ariqiauliuo &M AiseAiun eweiexio Aq 2G£0.8d0o/z00T 0T/10p/u00 A8 |imAreiqpuluo//Sdiy Woiy pepeoumoq ‘8z-LZ ‘SZ0Z ‘YE90ZEST



Problem 1. Given a pair (n, k) of positive integers such that
2 <k <n-1and kn is an even number, find an ACM regular
graphinR, ;.

The AC value varies greatly even though the order » and the
degree k are fixed. To see this, we consider the three regular
graphs in R, , shown in Figure 1. The AC values of the graphs in
Figure la-care 1.859877, 2.533268 and 3, respectively. The graph
in Figure 1b is obtained from the one in Figure la by applying
a 2-switch [29]. To be more precise, removing two edges {1,4}
and {5, 9} from the graph in Figure 1a and then adding two edges
{1,5} and {4,9}, we obtain the graph in Figure 1b. Since a single
2-switch can increase the AC value from 1.859877 to 2.533268,
one may expect that it can be further increased if we apply a
2-switch to the graph in Figure 1b appropriately. However, with
the help of a computer program, we can verify that any 2-switch
applicable to the graph in Figure 1b cannot increase the AC value.
This means that a solution to Problem 1 cannot be found by local
search based on 2-switch.

3 | Special Case Analysis
Problem 1 can be solved analytically in some special cases. We
present in this section solutions for those cases.

First we consider the case where k = 2. In this case, the following
result is obtained.

Proposition 1. Let n be any integer greater than or equal to
three. A graph G is an ACM regular graph in R, if and only if G
is the cycle graph C,. The AC of the cycle graph is given by

A(C,) =2<1—cos2—”). 1)

n
Proof. Let Gbeagraphin R, ,. Then G consists of either a dis-
joint union of multiple cycles or a single cycle. In the former case,
4,(G) = 0 because G is not connected. In the latter case, 4,(G) is
given by the right-hand side of (1), as shown in Li et al. [12] for
example, which is positive. Therefore G is an ACM regular graph
in R, , if and only if G is the cycle graph. O

We next consider the case where k = n — 1. In this case, the fol-
lowing result is immediately obtained because R,, ; consists
only of the complete graph K,,.

Proposition 2. Let n be any integer greater than or equal to
two. The complete graph K, is the unique ACM regular graph in
R,n1- The AC of K, isn.
‘We then consider the case where k = n — 2. In this case, the fol-
lowing result is obtained.

Proposition 3. Let n be any even number greater than or equal
to four. Any graphin R, ,_, isan ACM regular graphin R, ,_,. The
AC of such a graph is n — 2.

Proof. The complement graph G of any G € R, 1s a
1-regular graph, which is a disjoint union of n/2 complete graphs
with two vertices. Hence the eigenvalues of the Laplacian matrix
of G are Ai(a) =0fori=1,2, ...,n/Zand/li(E) =2fori=n/2+
1,n/2+ 2, ...,n. Taking this fact and the well-known relation-
ship

4(G) = n— 4,(G) @)

(see Fiedler [2] for example), we can state that all graphsin R, _,
have the same AC, which is n — 2. O

We then consider the case where » is a proper multiple of some
integer p greater than or equal to two and k = n(p — 1)/p. In this
case, the following result is obtained.

Proposition 4. Let n be a proper multiple of some integer
p greater than or equal to two. The complete p-partite graph
8 q p 4 grap
a/p IS an ACM regular graph in R,, )/, and the AC

Of Kn/p,n/p ..... n/p is }’l(p - 1)/17

Proof. The statement is a special case of a theorem given by
Ishii and Takahashi [17]. They proved that the complete p-partite
graph K,/ nsp has the largest AC, which isn —n/p = n(p -
1)/p, among all graphs consisting of n vertices and m = n*(p —
1)/2p edges. Nevertheless, we provide a proof to make this paper
self-contained.

It is well known that if G is not a complete graph then 4,(G)
is upper bounded by the minimum degree [1]. Since the mini-
mum degree of any graph in R, 1)/, is n(p —1)/p, it suffices
for us to show that 4,(K,,/, /... a/») = n(p — 1)/p. The comple-
ment graph of K,, ./, . ./, has p connected components which
are isomorphic to K, ,,. Thus the eigenvalues of the Laplacian

FIGURE1 |

(b)

Three 4-regular graphs with 10 vertices. The AC values of the graphs in (a), (b) and (c) are 1.859877, 2.533268 and 3, respectively.

(c)

Concurrency and Computation: Practice and Experience, 2025

3of14

85U8017 SUOWIWOD A0 (el (dde au Aq peuseno afe sejonie O ‘8sn Jo saini Joj AriqiT8uluo A8]iM UO (SUONIPLOD-pUe-SWe} W0 A3 1M Afeiq 1 [eul|uo//:SAny) SUONIPUOD pue w1 8y} 89S *[5202/TT/0T] uo Ariqiauliuo &M AiseAiun eweiexio Aq 2G£0.8d0o/z00T 0T/10p/u00 A8 |imAreiqpuluo//Sdiy Woiy pepeoumoq ‘8z-LZ ‘SZ0Z ‘YE90ZEST



matrix of the complement graph K n/p AT€ given by

n/pn/p.....

— 0, i=12...,p
Ai(K"/p’n/p """ Wp) - n/p, i=p+1,p+2 n
.,v,,} be orthogonal

Let {vl =1D,v,, ...,vp} and {vp+1,vp+2, .. e
bases of the eigenspaces of the Laplacian matrix of K

v, = (nl =117)0, = L(Koppsn.ps)
0, i=1,

v, =4 nv;, i=2,3,...,p,
(n—n/pw;, i=p+1,p+2,...,n

where L(G) denotes the Laplacian matrix of G and I is the iden-
tity matrix. Therefore, the eigenvalues of the Laplacian matrix of

K /onsp.... njp Q1€ glven by

07 i = 1’
AI(K"/"’"/" """ "/1’) =qn(p—1)/p, i=2,3,...,n—p+1,

n, i=n—p+2,n—p+3,...,n
which completes the proof. a

It is seen from Proposition 4 that if » is a positive even num-
ber then the complete bipartite graph K,, , ,/, is an ACM regular
graphin R, , and A,(K,,,/,) = n/2. For example, K ; shown
in Figure 2a is an ACM regular graph in R,. It is also seen
that if n is positive and a multiple of three then the complete tri-
partite graph K, ;3,3 ,/3 is an ACM regular graph in R, ,, /3 and
/lz(Kn/3,n/3’,,/3) = 2n/3. For example, K, , , shown in Figure 2b is
an ACM regular graph in R, and 4,(K,,,) = 4. This result is
consistent with Proposition 3.

We finally consider the case where k = n — 3. In this case, the fol-
lowing result is obtained.

Proposition 5. Let n be an integer greater than or equal to
six. If nmod3 = 0 then any G € R,,,,_; such that G is a disjoint

(a) (b)

FIGURE2 | ACM regular graphs: (a) complete bipartite graph K ; €
R, 3 and (b) complete tripartite graph K, , , € R -

union of cycles with three vertices isan ACM regulargraphin R, ,_;
with A,(G) =n—3. If nmod3 # 0 and n > 8 then there exists a
G € R,,_; such that G is a disjoint union of cycles with either
three or five vertices, and it is an ACM regular graphin R, ,_; with
A (G) =n—2+2cos(drn/5).If n =7 thenany G € R, , such that
G is a cycle with seven vertices is an ACM regular graphin R ; , with
A,(G) =n—2+2cos(6x/7).

Proof. For any G€R its complement graph G is a
2-regular graph. Hence G consists of either a disjoint union
of multiple cycles or a single cycle. Let C,.C,,...,C, be
the connected components of G, where ¢ is a positive inte-
ger and E,-il"i = n. Then the spectrum of the Laplacian matrix
of G is given by U {4,(C,) =0.4,(C,). ....4,(C,)}, and
thus 4,(G) =max {4, (C,) | i=1.2,....n,}. It follows from
this fact and (2) that A,(G) is maximized when 1,!(5) =

n,n—32

max {4, (C,) | i=1.2,...,n,} is minimized. In addition, it is
known that
o [E]
 (C,) = 2<1 —cos —2—
A G, ",
4, if n, mod 2 =0,

2(1 — cos @) otherwise,

i

where [r] represents the smallest integer not less than r (see Ogi-
wara et al. [16] for example).

We first consider the case where nmod3 =0 and »n > 6. In this
case, there exists a G € R, ,_; such that G is a disjoint union
of n/3 cycles with three vertices. The AC of such a graph G is
given by

(G) =n—1,(G) = n— A(Cy) =n—2<1—cosz?ﬁ> —n-3.

For any other G € R
nents of G is a cycle C,, with n; > 4. If n; is even then the AC
of G is given by 1,(G) =n—4. If n; is odd and n;, > 5 then the
A,(G) < n—2(1 —cos(4r/5)) < n— 3. Therefore, any G € R
such that its complement graph Gisa disjoint union of cycles
with three vertices is an ACM regular graphin R, ,_s.

at least one of the connected compo-

n,n—32

n,n—3

We next consider the case where nmod3 # 0 and » > 8. In this
case, there exists a G € R, ,_; such that G is a disjoint union
of cycles with three or five vertices. To be more specific, when
nmod3 =2 and n > 8, thereisa G € R, ,_; such that G is a dis-
joint union of one cycle with five vertices and (n — 5)/3 cycles
with three vertices; when nmod3 =1 and n > 10, there isa G €
R,..—3 such that G is a disjoint union of two cycles with five ver-
tices and (n — 10)/3 cycles with three vertices. The AC of such a
graph G is given by

1(G) = n—4,(G)=n— 45(Cs) =n— 2(1 —cos 4?”) ~n—3.618.
For any other G € R, ,,_;, at least one of the connected compo-

nents of G is a cycle C, with n,&13,5}. Therefore, any graph
G € R,,_; such that its complement graph G is a disjoint union

40f14
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FIGURE3 | ACM regular graphsinR,, s with(a)n=6,(b)n=7,(c)n=8,(d)n=9,(e)n=10and (f) n = 11.

of cycles with three or five vertices is an ACM regular graph
in Rn.n—3'

We finally consider the case where n = 7. In this case, for any
graph G € R, ,_;, its complement graph Gisa disjoint union of
two cycles C; and C, or a cycle C,. The AC of G is n — 4 if G is a
disjoint union of C; and C,, and n — 2 + 2 cos(6x/7) > n — 4 oth-
erwise. Therefore, any G € R, , such that G is a cycle with seven
vertices is an ACM regular graph in R, ,. O

ACM regular graphs in R, ,_; withn =6,7, ..., 11 are shown in
Figure 3. Figure 3a shows an ACM regular graph in R 5, which
is drawn with solid black lines, and its complement graph, which
is drawn with dashed red lines. It is seen that the complement
graph is a disjoint union of two cycles with three vertices. It is also
seen that the ACM regular graph is a complete bipartite graph
K; ;. This result is consistent with Proposition 4. Figure 3b shows
an ACM regular graph in R, , and its complement graph, which
is a cycle with seven vertices. Figure 3c shows an ACM regular
graph in Rg s and its complement graph, which is a disjoint union
of one cycle with five vertices and one cycle with three vertices.
Figure 3d shows an ACM regular graph in R4 4 and its comple-
ment graph, which is a disjoint union of three cycles with three
vertices. It is also seen that the ACM regular graph is a complete
tripartite graph Kj ; ;. This result is consistent with Proposition 4.
Figure 3e shows an ACM regular graph in R, and its com-
plement graph, which is a disjoint union of two cycles with five
vertices. Figure 3f shows an ACM regular graph in R, 3 and its

e
<
i
>
<
Y

complement graph, which is a disjoint union of one cycle with
five vertices and two cycles with three vertices.

4 | Depth-First Search Algorithms

4.1 | Simple Depth-First Search

We present in this section Depth-First Search (DFS) algorithms
to find an ACM regular graph in R, for a given pair (n, k) such
that 3 < k < n—1 and nk is even. Considering the discussion in
the previous section, we hereafter focus our attention on the case
wheren > 6and3 <k <n-—4.

The basic idea behind our simple DFS algorithm is the
same as the one for generalized Moore graphs [30, 31]. The
algorithm starts with the initial graph G, = (V, E,) where V =
{1,2, ...,n}and E, = {{1,2},{1,3}, ..., {1,k + 1}}, and the set
E={¢}" =E\{Lk+2},(Lk+3}.....{Ln}} where E, is
the edge set of the complement graph G, of G, and M is the
cardinality of E. The algorithm then performs a DFS on the
rooted binary tree in Figure 4 to find a subset E, of E such
that G, = (V,E,U E,) is an ACM regular graph in R, . The
root of the binary tree in Figure 4 represents the initial graph
G,. The transition from a node! atdepth i € {0,1, ..., M — 1} to
the left (right, resp.) child of the node corresponds to adopting
(rejecting, resp.) é;,,. The symbols +¢; and —e; in Figure 4 mean
adoption and rejection, respectively, of the edge ¢; € E. There-
fore, the paths from the root to the 2™ leaves represent the 2
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ALGORITHM1 | Depth-First Search.

Input: Order nand degreek

Output: An ACM regular graph inR, ,

1: SetG" <« (V,0), 4; < 0.

2: Set G, < (V,EO) where V ={1,2, ...,n} and

E,={{1,2},{1,3}, ..., {L,k+1}}.

3: set E={&}" « E\({Lk+2).{Lk+3),....(Ln}}

where EO is the edge set of EO.

4: Push (O, Go) into an empty stackS.

If Sis empty then return G*and stop.
Otherwise pop (i,G =(V,E)) from.S.

6: If Gis not ak-regular graph then go

to Step 10.

If 4,(G) =k then returnG and stop.

If A5 < 4,(G) <k then set G" « G and 4] < 4,(G).
If 4,(G) £ 45 then go to Step 5.

10: Ifi< M and the maximum degree of
G'=(V.EU{¢,,})is not greater thank
then push(i+1,G)to S.

11: Ifi< M and the minimum degree of
(V. EU {20800 .
then push(i+1,G)to S.

12: Go to Step 5.

..&y}) is not less thank

different subsets of E. Each node in the tree is identified by the
depth of it and the graph G corresponding to the path from the
root to it.

A formal description of the simple DFS algorithm is shown
in Algorithm 1, where a stack is used to implement the DFS.
Note that as soon as the algorithm finds a regular graph G with
A,(G) = k, it returns G and stops (see Step 7). This is based on
a well-known property of the AC that 4,(G) is not greater than
the minimum degree of G [1]. Note also that Algorithm 1 does
not push a node to the stack if the graph associated with the
node has at least one vertex with degree greater than k (see
Step 10). This is because there is clearly no k-regular graph in
its descendants.

4.2 | Depth-First Search With Pruning
In order to avoid unnecessary search in Algorithm 1, we intro-
duce four pruning techniques.

The first technique is based on the number of edges of the graph
associated with each node of the binary tree (see Figure 5a). If the
edge set E of the graph G associated with a node at depth i satis-
fies| E | +M — i < nk/2,we do not have to check its descendants
because the maximum number of edges of the graphs associated
with the descendants is less than nk/2, which means that there
is no k-regular graph in the descendants.

The second one is based on the degree sequence of the graph
associated with each node of the binary tree (see Figure 5b).

Let (kil’ ik ) be the nondecreasing sequence of n degrees
of the graph G associated with a node at depth i. Then
(k- kisk =k, ....k=k ) is the nonincreasing sequence of the

missing degrees of G. If this sequence is not graphic, we do not
have to check the descendants of the node because there is clearly
no k-regular graph there.

The third one is based on the AC value of the graph associated
with the left-most descendant of each node of the binary tree
(see Figure 5¢). It is well known that if two graphs G, = (V, E; )
and G, = (V, E,) satisfy E; C E, then 4,(G,) < 4,(G,) [1]. Tak-
ing this fact into account, we can say that, for each node of the
binary tree, the AC value of the graph associated with its left-most
descendant, which is denoted by G, gives an upper bound for
the AC values of the graphs associated with its descendants. If
43 (Gpay) s less than or equal to A3, which is the maximum AC
value obtained so far, then we do not have to check the descen-
dants of the state.

The fourth one is based on the graph isomorphism (see
Figure 5d). We choose the first and second members of E as e =
{2,3}ande, = {2,4}, respectively. In this case, if we exchange the
vertex labels 3 and 4 in the edge sets E, U {&, } and E \{#, } then
we have E,U {&,} and E\{&,}, respectively. This means that
the third node from the left at depth 2 of the rooted binary tree,
which is represented by (2, (VE, U {&,})), and its descendants
have one-to-one correspondence with the second node from the
left at depth 2, which is represented by (2. (V E,U {2, })), and
its descendants. The graph associated with a node in the former

FIGURE4 | Rooted binary tree representing edge selection process for the case where (n, k) = (8, 3).
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\

}( |E|+ M —i < nk/2

\

depth ¢

—€iy1

depth ¢+ 1

depth i + 1

(M, Gmax
(c)

to the left-most leaf, and (d) the graph isomorphism.

group is isomorphic to the one associated with the corresponding
node in the latter group. Therefore, we do not have to check the
third node from the left at depth 2 of the rooted binary tree and
its descendants.

A formal description of a DFS algorithm with the above-
mentioned pruning techniques is shown in Algorithm 2. The
pruning methods based on (i) the number of edges, (ii) the
sequence of missing degrees, (iii) the AC value of the graph cor-
responding to the left-most leaf, and (iv) the graph isomorphism
are applied in Steps 10, 11, 12 and 4, respectively. The depth ratio
r determines when the algorithm uses the pruning method based
on the AC value of the graph corresponding to the left-most leaf. If
r = 0 then this pruning method is used at every node of the binary
tree. In this case, the execution time will be very long because the
pruning condition A,((V,E U {&,,.¢,.....8y})) < 4} is not
satisfied for nodes near the root. On the contrary, if r ~ 1 then
the pruning has little or no effect because the pruning method is
used at only nodes near leaves. Therefore, the value of r affects
the execution time of the algorithm, and thus should be selected
appropriately.

In the case where k > n/2, Algorithm 2 may take a long time
to find an ACM regular graph. To avoid this situation, we use
Algorithm 3 instead of Algorithm 2. Algorithm 3 searches for an
(n — k — 1)-regular graph G with the minimum 4, (G), because its

+en —én +énm —€ém +ém —énr
depth M
)

) The sequence of missing
K degrees is not graphic

depth 1

depth 2

+énr —én
depth M

(d)

FIGURES5 | Four pruning methods based on (a) the number of edges, (b) the sequence of missing degrees, (c) the AC of the graph corresponding

complement graph Gisa k-regular graph and /12(5) is given by
Equation (2).

4.3 | Example

In order to see how our pruning techniques work, we illustrate
the behavior of Algorithm 2 for the case where (n, k) = (6,3) and
r = 0.6 in Figure 6. We assume that ¢} = {2,3}, ¢, = {2,4}, ¢, =
{2, 5}764 = {2,6}, 25 = {334}366 = {3,5}, 27 = {3,6},?3\8 = {4,5},
ey, = {4,6} and &, = {5,6}.

Figure 6a shows the transition of Algorithm 2 from the root of the
binary tree to the node representing the graph (V, E, U {},&; })
at depth 5. During the transition, pruning is performed three
times. The first pruning is done at the left-most node represent-
ing the graph (V, E, U {,,&,}) at depth 2. Since the sequence
(3,3,1,1,0,0) of the missing degrees of this graph is not graphic,
there is no 3-regular graph in its descendants. The second one
is done at the node representing the graph (V, E, U {2,.2;.¢,})
at depth 4. Since the degree of vertex 2 is four, there is no
3-regular graph in its descendants. Note that this type of prun-
ing is not shown in Figure 5 but used in Line 13 of Algorithm 2.
The third one is done at the node representing the graph
(V.E,u {@,.2;,e,}) at depth 5. Since the sequence (3,2,1,0,0,0)

Concurrency and Computation: Practice and Experience, 2025
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ALGORITHM 2 | Depth-First Search With Pruning.

ALGORITHM 3 | Depth-First Search With Pruning for k > n/2.

Input: Order n, degree k, and depth ratio
relo,1)
Output: An ACM regular graph inR,
1: Set G* « (V,0), 4, < 0.
2: Set G, < (V,EO) where V ={1,2,...,n} and
E,={{1,2},{1,3}, ..., {1,k +1}}.
set E = {?,}Zl where ¢, = {2,3}, ¢, = {2,4}
and the remaining M —2edges are the members
of EN{Lk+2}, {1, k+3},....{1,n},{2,3},{2.4}}.
4: push (2,(VE,)), (2. (VE,u{é,})) and
(2, (V, E,u {81,?2})) into an empty stacksS.
5: If Sis empty then returnG*and stop.
Otherwise pop (i,G=(V,E)) fromsS.

w

6: IfGis not ak-regular graph then go
to Step 10.

7: If 4,(G)=kthen returnGand stop.

8: If A, <A(G)<kthen set G* « G and ] « 4,(G).

9: If 4,(G)< 4 then go to Step 5.

10: If|E|+M —i<nk/2then go to Step 5.

11: Check if the nonincreasing sequence
(k—ki k—ki, ..

degrees of G is graphic using the

k= k,.n) of the missing

Havel-Hakimi algorithm. If it is not
graphic, go to Step 5.

12: Ifi>rMand A, ((V.EU{¢,,.¢,. ...y })) < 4
then go to Step 5.

13: Ifi< M and the maximum degree of
G'=(V,Eu{é,,})is not greater thank
then push(i+1,G')to S.

14: Ifi< M and the minimum degree of
(VvEU {a+2’é\i+2’ .
then push(i+1,G)to S.

15: Go to Step 5.

..,8y}) is not less thank

of the missing degrees of this graph is not graphic, there is no
3-regular graph in its descendants.

Figure 6b shows how Algorithm 2 searches for 3-regular
graphs in the descendants of the node representing the graph
(V.Eyu{@é,.¢;}) at depth 5. During this search process, a
3-regular graph with the AC 2 is found at a leaf node, and prun-
ing is performed five times. The first pruning is done at the
node representing the graph (V, E,U {&,,2;,¢,}) at depth 6.
Since the sequence (3,2,1,0,0,0) of the missing degrees of this
graph is not graphic, there is no 3-regular graph in its descen-
dants. The second one is done at the node representing the graph
(V.Eyu{&,.¢,,2,,¢;2,}) atdepth 10. Since | E | +M —i =5+
10 — 7 = 8 < 9 = nk/2 holds, this graph is not a 3-regular graph.
The third, fourth, and fifth pruning are done at the node repre-
senting the graph (V, E, U {@,8;,¢,,8;}) at depth 9, the node
representing the graph (V, E, U {2,&;.¢, }) at depth 8, and the

Input: Ordern, Degreek, and depth ratio

relo,1)
Output: An ACM regular graph inR,
1: SetG" <« (V,0), 4; < 0.
2: Set G, « (V,EO) where V ={1,2, ...,n} and
E,={{1,2},{1,3}, ....{1,n—k}}.

3: SetE= {a}f\:l where ¢, = {2,3}, &, = {2,4} and the
remaining M — 2 edges are the members
of E,\{{1.2}.{1.3}, ....{L.n— k},{2,3}.{2.4}}.

4: Push (2,(VE,)), (2. (E,u{& })) and (2, E, U {&,.8,})

into an empty stacksS.

5: IfSis empty then return G*and stop.

Otherwise pop (i,G =(V,E)) fromsS.

6: IfGis not an(n—k—1)-regular graph
then go to Step 10.

7: If n—4,(G)=kthen return G and stop.
If A5 <n—-2,(G) <kthen set G* « G and
Ay« n—4,(G).

: Ifn-1,(G)< A then go to Step 5.

10: If|E|+M—-i<n(hn—k—-1)/2then go
to Step 5.

11: Check if the nonincreasing sequence
(n—k—l—k,-l,n—k—l—kiz, ...,n—k—l—kin)of
the missing degrees of G is graphic using
the Havel-Hakimi algorithm. If it is not
graphic, go to Step 5.

12: Ifi>rMandn—4,(G)< 4; then go to Step 5.

13: Ifi< M and the maximum degree of
G'=(V.Eu{¢,,})is not greater than
n—k—1then push(i+1,G')to S.

14: Ifi< M and the minimum degree
of (V.EU{8,,.8,, -
thank then push(i+1,G)to S.

15: Go to Step 5.

..y }) is not less

node representing the graph (V, E, U {2,.¢; } ) at depth 7, respec-
tively. Since these graphs satisfy | E | +M — i < nk/2, there is no
3-regular graph in their descendants.

Figure 6¢c shows how Algorithm 2 searches for 3-regular
graphs in the descendants of the node representing the graph
(V.Eyu{é,}) at depth 2. During this search process, no
3-regular graph is found, and pruning is performed five times.
The first pruning is done at the node representing the graph
(V.Eyu{@,.¢,,e}) at depth 5. Since the sequence (3,2,1,0,0,0)
of the missing degrees of this graph is not graphic, there is no
3-regular graph in its descendants. The second one is done at the
node representing the graph (V, E, U {2,.2,.,¢,.¢; }) at depth 7.
Since the degree of vertex 3 is four, there is no 3-regular graph
in its descendants. The third one is done at the node represent-
ing the graph (V, E, U {,2,.¢,}) at depth 7, which is greater
than rM = 6. Since the left-most leaf in its descendants repre-
sents the graph (V, EyU {&,.2,.2;.8.8,.¢),}) and the AC of
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depth 0

The sequence of missing

degrees is not graphic

The sequence of missing
degrees is not graphic

depth 2

The sequence of missing
degrees is not graphic

(b)

depth 5

The sequence of missing
degrees is not graphic

(d) ()

depth 8

1ce of missing
not graphic

depth 5

0)
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> depth 8
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o)
o
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£
odobo

FIGURE 6 | Behavior of Algorithm 2 for the case where (n, k) = (6,3) and r = 0.6.

this graph is 45 = 2, there is no graph with an AC higher than
2 in its descendants. The fourth one is done at the node repre-
senting the graph (¥, E, U {2}, }) at depth 6. Since the degree
of vertex 5 in the graph represented by its left-most leaf is 2,
there is no 3-regular graph in its descendants. Note that this
type of pruning is not shown in Figure 5 but used in Line 14
of Algorithm 2. The fifth one is done at the node representing
the graph (V, E,U {2, }) at depth 4. Since the degree of vertex
2 in the graph represented by its left-most leaf is 2, there is no
3-regular graph in its descendants.

Figure 6d shows the transition of Algorithm 2 from the
root of the binary tree to the node representing the graph
(V.Eyu{&;.¢,,&;}) at depth 5. During the transition, pruning
based on the graph isomorphism is performed at the node repre-
senting the graph (V, Ey U {&, }).

Figure 6e,f show how Algorithm 2 searches for 3-regular
graphs in the descendants of the node representing the graph
(V,Eyu{é;,é,,6}) at depth 5. During this search process, no
3-regular graph is found, and pruning is performed seven times.
We do not go into the details, because the same techniques
are used.

Figure 6g shows the transition of Algorithm 2 from the node
representing the graph (V,E,U {¢;.2,}) at depth 4 to the
node representing the graph (V, E, U {&;,¢,.%,8,,85,2,}) at
depth 9. Since the latter is a 3-regular graph and its AC is
3, which is an upper bound, it is an ACM regular graph
in R4;. Note that it is certainly isomorphic to the graphs
in Figures 2a and 3a. Algorithm 2 thus returns the graph
(V,EyU {@;.%,,2.,,2.%,}) and stops the search.

5 | Evaluation of Proposed Algorithms
51 | Implementation

The authors implemented Algorithms 1-3 in Python language
and executed on Computer 1 in Table 1. They also implemented
parallel versions of Algorithms 2 and 3 using Message Passing
Interface (MPI), and executed on the four computers in Table 1.
Five processes run on each of Computers 1-3, and two processes
run on Computer 4. One of the two processes on Computer 4
plays the role of a server, and the remaining 16 processes play the
role of clients, as shown in Figure 7. The server first pushes 96
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TABLE1 | Specifications of computers used in experiments.
D CPU (0N RAM Python CPU cores
1 AMD Ryzen 5 PRO 5650GE with Radeon Graphics Ubuntu 22.04.4 LTS 14Gi 3.10.12 6
2 Intel Core i7-9700 CPU @ 3.00GHz Ubuntu 22.04.4 LTS 15Gi 3.10.12 8
3 Intel Core i7-9700 CPU @ 3.00GHz Ubuntu 22.04.4 LTS 15Gi 3.10.12 8
4 Intel Core i7-7500U CPU @ 2.70GHz Ubuntu 22.04.4 LTS 7.7Gi 3.10.12 2

Server
(7,G3) E={&}M,
(77 G4)
G* = (V,E¥)

=
>
Q| eee
©
(=]
=
>
ot
Il
>
<
=2
Q
B
=

v

Client 1

A5 A
(7,Gh) (7,Ga) | |-

<_.
<+

Client 16

L B )

FIGURE 7 | Parallel implementation of the DFS with pruning.

Client 2

nodes at depth 7 of the rooted binary tree, excluding the descen-
dants of the third node from the left at depth 2, into an empty
stack .S, and set G* < (V,0) and A5 < 0. The server then pops a
node (i, G) from S as requested by a client, and sends the graph
G together with the edge list E = {é‘,-}:zg and the value of 4} to
the client. The client performs the DFS on the rooted binary tree
with the root representing (0, G) like Algorithm 2 or 3 using its
own stack. If a client finds a regular graph with a larger AC value
than A5 then it sends the AC value and the graph to the server, and
the server updates the value of 45 and the corresponding regular
graph G*.

5.2 | Effectiveness of Pruning and Parallel
Implementation

In order to evaluate the effectiveness of the proposed pruning
and the parallel implementation, the authors ran the following
three Python programs for some values of (#, k) and measured
execution time: (i) the simple DFS in Algorithm 1, (ii) the DFS
with pruning in Algorithms 2 and 3, and (iii) the parallel imple-
mentation of the DFS with pruning. All programs were config-
ured to forcibly terminate when the execution time reaches 48 h
(172,8005), even if the search process is still ongoing. In the sec-
ond and third programs, the value of the depth ratio r was set
to 0.6. The authors confirmed through preliminary experiments
that this value minimizes the execution time of the DFS with
pruning (see Table 2).

The results of the experiments are shown in Table 3. The simple
DFS algorithm found an ACM regular graph when » < 10, but
could not when n = 11 and n = 12. The DFS with pruning found
an ACM regular graph when » < 11, and the execution time is
significantly shorter than that of the simple DFS algorithm. To
be more precise, the ratio of the execution time of the DFS with
pruning to that of the simple DFS is less than 0.025 in all cases,
with the minimum value being 0.00062 when (n, k) = (10, 6). This
indicates that the pruning techniques proposed in this paper
work very effectively. However, when n = 12, even this algorithm
could not complete the search process within 48 h. The execution
time of the parallel implementation of the DFS with pruning is
longer than that of the serial implementation when (n, k) = (8, 3)
and (n, k) = (9,4) due to overhead in parallel processing, but is
significantly shorter in other cases. To be more precise, the ratio
of the execution time of the parallel implementation of the DFS
with pruning to that of the single process is less than 0.3 for
(n, k) = (10, 3), (10,4), (10, 6), (11,4) and (11, 6). In particular, the
execution time of the parallel implementation is only 4% of that
of the single process one when (n, k) = (11, 6). This indicates that
the parallel processing is very useful for speeding up the DFS
algorithm with pruning.

5.3 | Characterization of Obtained ACM
Regular Graphs

The AC values of the ACM regular graphs in R, , for some values
of (n, k) obtained using the Python programs are shown in Table 4.
The expression “(at least x)” for the cases where (n, k) = (12,4)
and (n, k) = (12, 5) means that a regular graph with the AC value
x was found but it is not known whether x is the maximum or
not because the search did not complete within 48 h. Note that
the programs were run even in the cases where the AC values
of ACM regular graphs are known from the theoretical analysis
in Propositions 1-5. It is clear from the table that the AC val-
ues obtained using the programs coincide with the theoretical
results.

The ACM regular graphs obtained using Algorithm 2 for (n, k) =
8,3), (9,4), (10,3), (10,4), (11,4) and (12,4) are shown in
Figure 8, and those obtained using Algorithm 3 for (n, k) = (10, 6),
(11, 6) and (12, 7) are shown in Figure 9. Note that the vertices of
each graph are relabeled so that the structure of the graph can
be easily seen. This is the reason why vertex 1 of the graph in
Figure 8a, for example, is not adjacent to vertices 2, 3 and 4 while
the initial graph G, in Algorithms 2 and 3 always contains the
edges {1,2}, {1,3} and {1,4}. We see from Figures 8 and 9 that
all the graphs obtained by Algorithms 2 and 3 are multipartite
graphs. These results indicate that multipartite graphs are closely
related to ACM regular graphs.
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TABLE 2 | Execution time (in seconds) of the DFS with pruning for various values of r.
(n, k)
r (8,3) 9, 4) (10,3) (10, 4) (10, 6)
0.3 0.0888 4.861 63.491 314.805 134.032
0.4 0.0790 3.213 39.330 214.044 86.374
0.5 0.0561 2.182 27.387 112.813 53.913
0.6 0.0553 1.727 11.630 99.991 53.788
0.7 0.0652 2.747 16.527 154.828 100.430
0.8 0.0798 4.205 56.849 301.471 162.172
0.9 0.0870 5.226 70.897 397.421 179.428

Note: Bold values means that it is the smallest among the values in the same column.

TABLE 3 | Execution time (in seconds) of the simple DFS, the DFS with pruning, and a parallel implementation of the DFS with pruning.

(n, k)
8,3) 9,4 (10, 3) (10,4) (10,6) (11, 4) (11,6) 12,3) 12,7)

Algorithm

Simple (T,) 2.358 374.851 8996.812 61493.487 77963.179 — — — —

Pruning (Tp) 0.058 1.800 12.168 102.982 48.679 7980.596 26271.688 — —

Multiprocess ( Tm) 2.154 2.447 3.526 12.822 6.932 834.568 1099.969 3844.446 90037.491
Ratio of execution time

TP/TS 0.02460 0.00480 0.00135 0.00167 0.00062 — — — —

Tm/Tp 37.13793 1.35944 0.28978 0.12451 0.14240 0.10457 0.04187 — —

Note: Bold value means that it is the smallest among the values of the three algorithms: simple, pruning, and multiprocess for each value of (n, k).

TABLE4 | AC values of ACM regular graphs.

n k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11
6 3 4 6 — — — — — —
7 — 3.198 — 7 — — — — —
8 24 4 4.382 6 8 — —
9 — 34 — 6 — 9 — — —
10 28 32 5 5 6.382 8 10 — —
11 — 2.602? — 52 — 7.382 — 11 —
12 1.4682 (at least 3)? (at least 4)* 6 6% 8 9 10 12

Note: The expression “(at least x)” means that a regular graph with the AC value x was found but it is not known whether x is the maximum or not because the search did

not complete within 48 h.
2indicates that the value cannot be obtained from Propositions 1-5.

Although the Python program could not complete the DFS pro-
cess in 48 h when (n, k) = (12,4) and (12, 5), it returned k-regular
graphs with the highest AC value among all the k-regular graphs
it examined, which are shown in Figure 10. As in Figures 8 and
9, the vertices of each graph are relabeled so that the structure
of the graph can be easily seen. It is clear that the two graphs in
Figure 10 are multipartite graphs. Since the AC values of these
graphs are 3 and 4, we can say that the AC values of the ACM reg-
ular graphs in R, , and R, 5 are at least 3 and 4, respectively. As

we have observed that multipartite graphs are closely related to
ACM regular graphs, the graphs in Figure 10 may be ACM regular
graphsin R, , and R, ;.

6 | Conclusions

In this paper, we considered the problem of finding a k-regular
graph with »n vertices that has the maximum AC for a given pair
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FIGURES8 | ACM regular graphs in R, obtained using Algorithm 2 for (a) (1, k) = (8, 3), (b) (n,k) = (9,4), (c) (n, k) = (10, 3), (d) (n, k) = (10,4),

(e) (n,k) = (11,4) and (f) (n, k) = (12, 3).

(a) (b)

FIGUREY9 | ACM regular graphsin R, obtained using Algorithm 3 for (a) (n, k) = (10, 6), (b) (n, k) = (11,6) and (c) (n, k) = (12.7).

(n, k). We first focused our attention on some special cases where
ke{2,n—-3,n—2,n—1} or k =n(p—1)/p with p being a divi-
sor of n, and derived solutions through theoretical analysis. We
next developed some depth-first search algorithms for solving
this problem, and obtained solutions for the cases where n <
12. The developed algorithms make use of some pruning tech-
niques to reduce the search space, and parallel implementation
to achieve reasonable speed-up. An important property of the

solutions obtained by the proposed algorithms is that all of them
can be considered as multipartite graphs.

One of the future challenges is to determine whether the graphs
shown in Figure 10 are solutions for the cases where (n,k) =
(12,4) and (12, 5). Other challenges are to understand the rela-
tionship between the multipartite graphs and the solutions of
the problem through theoretical analysis, and to develop more
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(a)

efficient pruning techniques by making use of the properties of
the AC.
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Endnotes
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