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Chapter 1

General Introduction
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1.1 BACKGROUND

This thesis aims to gain a detailed understanding of the nature of intermolecular interac-

tions in solutions.

Intermolecular interactions between solute molecules in a solvent are qualitatively

different from those in a vacuum.[1] The difference between them is due to the solvent-

induced interaction. The direct pair interaction between atoms or molecules in a vacuum

is modeled by several analytical expressions, such as the square-well, Morse, and Lennard-

Jones potentials, with a few parameters. However, it is difficult to express the solute-solute

effective potential analytically because the strength of the effective interaction depends

on several factors, for example, temperature, pressure, salt concentration, molecular size,

molecular shape, and solvent species. Numerous experimental and simulation studies have

thus been done to elucidate the nature of the solute-solute effective interaction.

When the solvent is water, and the solute molecule is hydrophobic, i.e., poorly soluble

in water, the solute-solute effective interaction is referred to as the hydrophobic inter-

action. Amphiphilic molecules (surfactants, phospholipids, · · · ) also interact with each

other via the hydrophobic interaction between their nonpolar groups. This interaction is

the driving forces for the formation of various aggregates by surfactant molecules, such

as spherical and rod micelles, vesicles, and flat lamellae, and for the formation of lipid

bilayers by phospholipids.

It had long been recognized that the hydrophobic interaction was the dominant factor

in stabilizing the folded configurations of proteins. This idea originated from an arti-

cle in 1959 by Kauzmann.[2] At that time, the hydrophobic interaction was called the

hydrophobic bond. He first concluded that ”hydrogen bonds, taken by themselves (= pro-

teins), give a marginal stability to ordered structures, which may be enhanced or disrupted

by interactions of side-chains” (W. Kauzmann, Adv. Protein Chem., 1959). Then, he

speculated that ”the hydrophobic bond is probably one of the more important factors in-

volved in stabilizing the folded configuration in many native proteins” (W. Kauzmann,

Adv. Protein Chem., 1959) since most of the hydrophobic parts of proteins are inside the

folded protein structure.
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Ben-Naim doubted the importance of hydrophobic interactions in the structural stabil-

ity of proteins. He analyzed in detail all the possible solvent-induced interactions between

hydrophobic groups, hydrophilic groups, and hydrophobic and hydrophilic groups. As a

result, he indicated that the solvent-induced interaction involving the hydrophilic groups

might be more crucial in protein folding[1] because ”1. Direct HBs (= hydrogen bonds)

between two HϕI (= hydrophilic) groups had a significant Gibbs energy change (not in-

significant as concluded by Kauzmann and many others).” and ”2. Some experimental

results indicated that SII (= solvent-induced interactions) between HϕI groups might be

very strong, perhaps even stronger than the corresponding interaction between two HϕO

(= hydrophobic) groups” (A. Ben-Naim, Springer Nature, 2023). The effective interac-

tion between polar moieties of amphiphilic molecules in water is called the hydrophilic

interaction. In any case, the solvent-induced interaction has significant effects on protein

folding.

As mentioned above, the strength of solute-solute effective interactions in a solvent

depends on various thermodynamic and microscopic factors. The present work focuses

on the effect of solute size. Here, we enumerate the previous studies. Lum, Chandler,

and Weeks found the crossover occurring in the particle size effect on the solvation of

hard-sphere particles in water on nanometer length scales (≃ 1 nm):[3] For large particles,

the solvation free energy µ∗ is proportional to the surface area of the particle. On the

other hand, for small particles, µ∗, scaled by the surface area, varies rapidly as a function

of particle radius. They also calculated the free energy for water confined by two hard

plates and showed that the drying transition between the plate surfaces derives strong

between them.[3]

Scheraga et al. measured the effective potential for hydrocarbon pairs of different sizes

in water.[4], [5] They indicated that the solvent-induced interaction in water is attractive for

small-sized solutes, while it becomes repulsive for large-sized solutes such as C60 fullerene

(its diameter is about 1 nm). Zangi also calculated the free energy profile for a pair of

graphene sheets in water as a function of the distance between two sheets.[6] They clarified

that the driving force of the association of small sheets is the entropy change. In contrast,
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that of large sheets is the enthalpy change. These studies make clear that the nature of

the inter-solute effective pair interaction is different for small and large solutes.

The objective of this study is to understand how the strength of the solvent-induced

interaction varies with solute size and clarify the thermodynamic and microscopic factors

determining its size dependence. The remainder of this chapter is organized as follows.

Section 1.2 presents several statistical mechanical equations used in the later chapters.

Section 1.3 shows the outline of the rest of the thesis, which consists of four chapters.

1.2 THEORETICAL BACKGROUND

At least there are two approaches to quantify the strength of the solute-solute effective

interaction in a solvent: One is the potential w(r) of mean force, and the other is the

osmotic second virial coefficient B. This section first demonstrates the statistical me-

chanical expression of w(r), which is defined by the radial distribution function. We

can interpret that the effective potential w(r) is the free energy change in decreasing the

solute-solute distance from infinite separation to the specific distance r. Second, we derive

the statistical mechanical formula of B based on the Kirkwood-Buff theory of solution.[7]

The derivations described below are based on the references by Ben-Naim.[1], [8]

1.2.1 Radial Distribution Function and Potential of Mean Force

Firstly, we introduce the concepts of the radial distribution function and the potential of

mean force. For simplicity, we consider a canonical ensemble consisting of N spherical

particles in a system with a fixed volume V at a constant temperature T . The coordinate

of the particle i is described by ri = (xi, yi, zi).

The probability density Pr(r1, r2, · · · , rN) of finding N particles at a particular con-

figuration r1, r2, · · · , rN is expressed as

Pr(r1, r2, · · · , rN) =
exp

[
−βUN(r1, r2, · · · , rN)

]∫ ∫
· · ·
∫

exp
[
−βUN(r1, r2, · · · , rN)

]
dr1dr2 · · · drN

, (1.1)

where β is the inverse temperature 1/kT , k is Boltzmann’s constant, UN(r1, r2, · · · , rN)
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is the total potential energy of the interactions between all the N particles, and dri is

an infinitesimal volume element for the particle i. In the following discussion, we denote

r1, r2, · · · , rN as rN and dr1dr2 · · · drN as drN .

Here, we consider the probability density P (1)(r1) of finding the specific particle ”1”

at the particular location r1. It is obtained by integrating Pr(rN) over the configurations

of the remaining N − 1 particles:

P (1)(r1) =

∫
· · ·
∫

Pr(rN)dr2 · · · drN . (1.2)

P (1)(r1)dr1 is the probability of finding the particle ”1” at r1 in the volume element dr1.

The probability P (1)(ri)dri is not depend on the notation i because all the particles

in the one-component system are identical. Therefore, the probability density ρ(1)(r′) of

finding any particle at the location r′ is P (1)(r′) times the number N of particles:

ρ(1)(r′) = NP (1)(r′) = N

∫
· · ·
∫

Pr(r′, r2, · · · , rN)dr2 · · · drN . (1.3)

Clearly, ρ(1)(r′)dr′ is the probability of finding any particle at r′ in dr′.

The normalization condition for ρ(1)(r′) is

∫
ρ(1)(r′)dr′ = N

∫
P (1)(r′)dr′ = N (1.4)

because the probability of finding the specific particle in the system is unity, i.e.,∫
P (1)(r′)dr′ =

∫
Pr(rN)drN = 1. For a homogeneous fluid, ρ(1)(r′) takes the same value

at any r′. In this case,

ρ(1)(r′) =
N∫
dr′ =

N

V
= ρ. (1.5)

Eq. (1.5) implies that ρ(1)(r′) for a homogeneous fluid is equal to the bulk density ρ.

Next, we discuss the pair distribution function. As well as the expression for P (1)(r′),

the probability density P (2)(r′, r′′) of finding the specific particle ”1” at the location r′
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and the other specific particle ”2” at r′′ is

P (2)(r′, r′′) =

∫
· · ·
∫

Pr(r′, r′′, r3, · · · , rN)dr3 · · · drN . (1.6)

P (2)(r′, r′′)dr′dr′′ is the probability of finding the particles ”1” and ”2” at the locations

r′ and r′′ in the volume elements dr′ and dr′′.

The probability P (2)(r′, r′′)dr′dr′′ is the same for any pair of particles because the

one-component system consists of all identical particles. The number of events of finding

a particle in dr′ and another particle in dr′′ is NP2 = N(N − 1). The probability of

finding any particle at r′ in dr′ and any other particle at r′′ in dr′′ is thus given by

ρ(2)(r′, r′′)dr′dr′′ = N(N − 1)P (2)(r′, r′′)dr′dr′′. (1.7)

ρ(2)(r′, r′′) = N(N − 1)

∫
· · ·
∫

Pr(r′, r′′, r3, · · · , rN)dr3 · · · drN . (1.8)

Eq. (1.8) defines the pair distribution function ρ(2)(r′, r′′). The normalization condition

for ρ(2)(r′, r′′) is

∫ ∫
ρ(2)(r′, r′′)dr′dr′′ = N(N − 1)

∫ ∫
P (2)(r′, r′′)dr′dr′′ = N(N − 1) (1.9)

because
∫ ∫

P (2)(r′, r′′)dr′dr′′ =
∫
Pr(rN)drN = 1.

Now we consider the correlation between the two events: One is the event of finding

a particle at r′ in dr′, and the other is the event of finding another particle at r′′ in dr′′.

In general, the correlation g(X, Y ) between two events X and Y is defined as

g(X, Y ) ≡ Pr(X ∩ Y )

Pr(X)Pr(Y )
, (1.10)

where Pr(X) and Pr(Y ) are the probabilities of two events X and Y , respectively, and

Pr(X ∩Y ) is the probability of the intersection of these two events. When the two events

are independent of each other, Pr(X∩Y ) = Pr(X)Pr(Y ). Therefore, g(X, Y ) = 1 means

no correlation between two events, X and Y .
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Based on Eq. (1.10), the correlation g(r′, r′′) between the event of finding a particle

in dr′ and that of finding another particle in dr′′ is

g(r′, r′′) =
ρ(2)(r′, r′′)dr′dr′′

ρ(1)(r′)dr′ρ(1)(r′′)dr′′ =
ρ(2)(r′, r′′)

ρ(1)(r′)ρ(1)(r′′)
. (1.11)

g(r′, r′′) is referred to as the pair correlation function. Two events are independent if the

distance between two particles is infinite. In this case, the probability ρ(2)(r′, r′′)dr′dr′′

is equal to ρ(1)(r′)dr′ times ρ(1)(r′′)dr′′, and so g(r′, r′′) = 1.

Finally, we show the definition of the radial distribution function. Consider the con-

ditional probability ρ(r′′|r′)dr′′ of finding a particle at the location r′′ in the volume

element dr′′ under the condition that there is a particle at r′ in dr′. This conditional

probability is defined as

ρ(r′′|r′)dr′′ ≡ ρ(2)(r′, r′′)dr′dr′′

ρ(1)(r′)dr′ = ρ(1)(r′′)g(r′, r′′)dr′′. (1.12)

When the system is homogeneous and isotropic, ρ(1)(r′′) reduces to the bulk density

ρ. This system also holds the translational invariance, which allows taking the coordinate

r′ of one particle as the origin of the other coordinates r′′, r3, · · · , rN of the remaining

N − 1 particles. Therefore, the argument of g(r′, r′′) and ρ(r′′|r′) can be changed from

r′, r′′ to the single variable r = |r′′ − r′|. Then,

g(r) =
ρ(r)

ρ
. (1.13)

ρ(r) is the density of particles apart from the particle at the origin as a function of the

inter-particle distance r. Eq. (1.13) defines the radial distribution function g(r) as the

ratio of the local density ρ(r) and the bulk density ρ.

Now, we extend the discussion from a one-component system to a two-component

system consisting of solute and solvent particles. Consider a canonical ensemble of two

solute particles and N solvent particles in a system of a fixed volume V at a constant

temperature T . The coordinate of the solvent particle i is described by ri. The two solute
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particles labeled by a and b are fixed at ra and rb, respectively.

Here, we introduce the canonical partition function Q(ra, rb) for our two-component

system:

Q(ra, rb) =
1

h3NN !

∫ ∫
exp

[
−β

[ N∑
i=1

p2
i

2m
+ U(ra, rb, r

N)

]]
dpNdrN , (1.14)

where h is the Planck constant, pi is the momentum of the solvent particle i, and m is the

mass of a solvent particle.
∑N

i=1
p2
i

2m
is the total kinetic energy of all the solvent particles,

and U(ra, rb, r
N) is the total potential energy of the interactions between all the solute

and solvent particles.

In Eq. (1.14), the integration over the momenta pN = (p1,p2, · · · ,pN) is independent

of that over the configurations rN :

∫
exp

[
−β

N∑
i=1

p2
i

2m

]
dpN

=

∫ ∫
· · ·
∫

exp
[
−p2

1 + p2
2 + · · · + p2

N

2mkT

]
dp1dp2 · · · dpN =

[∫
exp

[
− p2

1

2mkT

]
dp1

]N
=

[∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
exp

[
−
p21x + p21y + p21z

2mkT

]
dp1xdp1ydp1z

]N
=

[∫ ∞

−∞
exp

[
− p21x

2mkT

]
dp1x

]3N
=

√
2πmkT

3N
(1.15)

with pi = (pix, piy, piz). Therefore,

Q(ra, rb) =
1

λ3NN !

∫
exp
[
−βU(ra, rb, r

N)
]
drN , (1.16)

where λ = h/
√

2πmkT is the thermal de Broglie wavelength of the solvent particle.

The Helmholtz free energy A(ra, rb) of the canonical system is related to the canonical

partition function Q(ra, rb) by

A(ra, rb) = −kT lnQ(ra, rb)

= −kT ln

[∫
exp
[
−βU(ra, rb, r

N)
]
drN

]
+ kT ln (λ3NN !). (1.17)
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The remainder of this section demonstrates the expression and interpretation of the

potential of mean force. The probability density Pr(ra, rb) of finding two solute particles

a and b at the locations ra and rb is

Pr(ra, rb) =

∫
exp
[
−βU(ra, rb, r

N)
]
drN∫ ∫ ∫

exp
[
−βU(ra, rb, rN)

]
dradrbdrN

. (1.18)

The pair correlation function g(ra, rb) is now defined as

g(ra, rb) ≡
Pr(ra, rb)dradrb

Pr(rab → ∞)dradrb

, (1.19)

where Pr(rab → ∞) is the probability density of finding two solute particles when the

solute-solute separation rab = |rb − ra| is infinite. We insert Eq. (1.18) into Eq. (1.19),

then

g(ra, rb) =

∫
exp
[
−βU(ra, rb, r

N)
]
drN∫

exp
[
−βU(rab → ∞, rN)

]
drN

. (1.20)

Here, we consider the mean force ⟨Fa⟩ acting on the particle a in the two-component

solution when the locations of two solute particles a and b are fixed at ra and rb, respec-

tively. ⟨Fa⟩ is the ensemble average of the force Fa = −∇aU(ra, rb, r
N):

⟨Fa⟩ =

∫ [
−∇aU(ra, rb, r

N)
]

exp
[
−βU(ra, rb, r

N)
]
drN∫

exp
[
−βU(ra, rb, rN)

]
drN

= ∇a

{
1

β
ln

[∫
exp
[
−βU(ra, rb, r

N)
]
drN

]}
, (1.21)

where ∇a is the differentiation with respect to ra.

The potential w(ra, rb), which gives the mean force by ⟨Fa⟩ = −∇aw(ra, rb), is now

w(ra, rb) = −kT ln

[∫
exp
[
−βU(ra, rb, r

N)
]
drN

]
+ f(rb) (1.22)

with f(rb) being an arbitrary function of rb. Inserting Eq. (1.20) into Eq. (1.22) derives
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the relationship between w(ra, rb) and g(ra, rb):

w(ra, rb) = −kT ln

[
g(ra, rb)

∫
exp
[
−βU(rab → ∞, rN)

]
drN

]
+ f(rb)

= −kT ln g(ra, rb) − kT ln

[∫
exp
[
−βU(rab → ∞, rN)

]
drN

]
+ f(rb)

= −kT ln g(ra, rb) + w(rab → ∞). (1.23)

In Eq. (1.23), w(rab → ∞) is the potential represented by Eq. (1.22) when the separation

between two particles a and b is infinite. If we set w(rab → ∞) = 0, then

w(ra, rb) = −kT ln g(ra, rb). (1.24)

w(ra, rb) is the potential of mean force for pairs of solute particles a and b.

Eq. (1.24) can be rewritten by combining it with Eqs. (1.20) and (1.17) as

w(ra, rb) = −kT ln

[ ∫
exp
[
−βU(ra, rb, r

N)
]
drN∫

exp
[
−βU(rab → ∞, rN)

]
drN

]
=

{
−kT ln

[∫
exp
[
−βU(ra, rb, r

N)
]
drN

]
+ kT ln (λ3NN !)

}
−
{
−kT ln

[∫
exp
[
−βU(rab → ∞, rN)

]
drN

]
+ kT ln (λ3NN !)

}
= A(ra, rb) − A(rab → ∞), (1.25)

where A(ra, rb) is the Helmholtz free energy of the two-component system consisting

of N solvent particles and two solute particles a and b at fixed locations ra and rb,

respectively. Eq. (1.25) indicates that w(ra, rb) is the free energy change when two solute

particles approach each other from infinite separation to a fixed configuration ra, rb, and

w(rab → ∞) in Eq. (1.23) is actually zero because A(rab → ∞) − A(rab → ∞) = 0.

When the two-component system is homogeneous and isotropic, Eq. (1.24) reduces to

w(r) = −kT ln g(r) (1.26)

with r = rab = |rb−ra|. g(r) is the radial distribution function for pairs of solute particles

12



in a solvent.

1.2.2 Kirkwood-Buff Theory

The Kirkwood-Buff theory is one of the most important theories of liquids. It relates sev-

eral thermodynamic quantities to the Kirkwood-Buff (KB) integral in the grand canonical

ensemble.[7] The KB integral Gij is defined as

Gij ≡
∫ [

gij(r) − 1
]
dr, (1.27)

where gij(r) is the radial distribution function for a pair of species i and j in the grand

canonical system.

In the previous section, we considered the canonical ensemble consisting of N identical

particles. Recall that the normalization conditions for ρ(1)(r′) and ρ(2)(r′, r′′) in the

canonical system are ∫
ρ(1)(r′)dr′ = N (1.28)

and ∫ ∫
ρ(2)(r′, r′′)dr′dr′′ = N(N − 1), (1.29)

respectively.

Now, we extend the discussion from the canonical one-component system to the grand

canonical two-component system consisting of solvent and solute molecules. The latter

system is characterized by the thermodynamic variables V , T , µ1, and µ2, where µ1 and

µ2 are the chemical potentials of the solvent and the solute, respectively.

This section presents the three expressions for the thermodynamic quantities in terms

of the KB integral; the isothermal compressibility of the pure solvent, the partial molecular

volume of the solute at infinite dilution, and the osmotic second virial coefficient. We will

use these expressions in later chapters.

By analogy with Eq. (1.28), the normalization condition for ρ
(1)
i (r′) of the molecular
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species i in the grand canonical system is

∫
ρ
(1)
i (r′)dr′ = ⟨Ni⟩, (1.30)

where Ni is the number of the molecule i. ⟨· · · ⟩ means an average in the grand canonical

ensemble. The normalization condition for the pair distribution function ρ
(2)
ij (r′, r′′) for

pairs of molecular species i and j in the grand canonical system is also an analog of

Eq. (1.29):

∫ ∫
ρ
(2)
ij (r′, r′′)dr′dr′′ =


⟨NiNj⟩ if i ̸= j

⟨Ni(Ni − 1)⟩ if i = j

= ⟨NiNj⟩ − ⟨Ni⟩δij, (1.31)

where δij is the Kronecker delta function.

The pair correlation function gij(r′, r′′) for pairs of species i and j in the grand canon-

ical ensemble is defined by ρ
(1)
i (r′) and ρ

(2)
ij (r′, r′′) as

gij(r′, r′′) ≡
ρ
(2)
ij (r′, r′′)dr′dr′′

ρ
(1)
i (r′)dr′ρ

(1)
j (r′′)dr′′

. (1.32)

This equation is similar to Eq. (1.11) in the canonical ensemble. When the system is

homogeneous and isotropic, ρ
(1)
i (r′) is equal to the average number density ρi = ⟨Ni⟩/V

of the molecule i. In the same system, ρ
(2)
ij (r′, r′′) and gij(r′, r′′) are the functions of the

single parameter r = |r′′ − r′|, and Eq. (1.32) reduces to

ρ
(2)
ij (r) = ρiρjgij(r). (1.33)

gij(r) is the radial distribution function for pairs of molecular species i and j in the grand

canonical ensemble.
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Here, we take the following difference

∆ ≡
∫ ∫

ρ
(2)
ij (r′, r′′)dr′dr′′ −

∫
ρ
(1)
i (r′)dr′

∫
ρ
(1)
j (r′′)dr′′. (1.34)

Substituting Eqs. (1.30) and (1.31) into Eq. (1.34) gives

∆ = ⟨NiNj⟩ − ⟨Ni⟩⟨Nj⟩ − ⟨Ni⟩δij. (1.35)

We also combine Eq. (1.34) with ρ
(1)
i (r′) = ρi and Eq. (1.33) to obtain ∆ for the homo-

geneous and isotropic system:

∆ =

∫ ∫ [
ρiρjgij(r) − ρiρj

]
dr′dr′′ = ρiρjV

∫ [
gij(r) − 1

]
dr (1.36)

with r = r′′ − r′.

Eqs. (1.35) and (1.36) show that the fluctuation in the number of molecules, i.e.,

⟨NiNj⟩ − ⟨Ni⟩⟨Nj⟩, is related to the KB integral Gij =
∫

[gij(r) − 1]dr by

⟨NiNj⟩ − ⟨Ni⟩⟨Nj⟩
V

= ρiρjGij + ρiδij. (1.37)

Next, we relate ⟨NiNj⟩ − ⟨Ni⟩⟨Nj⟩ to the thermodynamic quantity. The thermody-

namic potential in the grand canonical ensemble is the grand potential from which all the

thermodynamic quantities can be derived. This potential is related to the grand canonical

partition function. For our system, the partition function Ξ(µ1, µ2) is given by

Ξ(µ1, µ2) =
∞∑

N1=0

∞∑
N2=0

Q(N1, N2) exp
[
β(µ1N1 + µ2N2)

]
, (1.38)

where Q(N1, N2) is the canonical partition function for the system consisting of N1 solvent

molecules and N2 solute molecules. The grand potential Ω(µ1, µ2) is then

Ω(µ1, µ2) = −kT ln Ξ(µ1, µ2). (1.39)
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Now, we consider the average number ⟨Ni⟩ of the molecule i in the two-component

system. The statistical mechanical formula for ⟨Ni⟩ is the ensemble average:

⟨Ni⟩ =
1

Ξ(µ1, µ2)

∞∑
N1=0

∞∑
N2=0

NiQ(N1, N2) exp
[
β(µ1N1 + µ2N2)

]
, (1.40)

and the thermodynamic expression is

⟨Ni⟩ = −
[
∂Ω(µ1, µ2)

∂µi

]
V,T,µj ̸=i

=
kT

Ξ(µ1, µ2)

[
∂Ξ(µ1, µ2)

∂µi

]
V,T,µj ̸=i

. (1.41)

Here, we define the following quantity Iij, including the differentiation of ⟨Ni⟩ with

respect to µj:

Iij ≡
kT

V

[
∂⟨Ni⟩
∂µj

]
V,T,µk ̸=j

= kT

[
∂ρi
∂µj

]
T,µk ̸=j

. (1.42)

This equation can be rewritten as

Iij =
kT

V Ξ

∑
N1

∑
N2

NiQ

[
∂
(
exp

[
β(µ1N1 + µ2N2)

])
∂µj

]
V,T,µk ̸=j

+
kT

V

[
∂(1/Ξ)

∂µj

]
V,T,µk ̸=j

∑
N1

∑
N2

NiQ exp
[
β(µ1N1 + µ2N2)

]
=

1

V Ξ

∑
N1

∑
N2

NiNjQ exp
[
β(µ1N1 + µ2N2)

]
− 1

V Ξ

∑
N1

∑
N2

NiQ exp
[
β(µ1N1 + µ2N2)

]
× kT

Ξ

[
∂Ξ

∂µj

]
V,T,µk ̸=j

=
⟨NiNj⟩ − ⟨Ni⟩⟨Nj⟩

V
, (1.43)

where ⟨NiNj⟩ is the ensemble average of the product NiNj.

We combine Eqs. (1.37) and (1.43) to obtain the relationship between the thermody-

namic quantity Iij and the KB integral Gij:

Iij = ρiρjGij + ρiδij. (1.44)

Now, we define the quantity I ij to transform Eq. (1.44) from the condition at constant
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chemical potential to that at constant number of molecules:

I ij ≡ V

kT

[
∂µi

∂⟨Nj⟩

]
V,T,⟨Nk ̸=j⟩

=
1

kT

[
∂µi

∂ρj

]
T,ρk ̸=j

. (1.45)

The sum of the products IikI
kj is 1 when i = j and 0 when i ̸= j:

2∑
k=1

IikI
kj =

2∑
k=1

[
∂ρi
∂µk

]
T,µl ̸=k

[
∂µk

∂ρj

]
T,ρm ̸=j

=
∂ρi
∂ρj

= δij. (1.46)

From Eq. (1.46), we can obtain the expressions for I11, I12, I21, I22 in terms of Iij:

I11 =
I22

det {Iij}
, I12 = − I12

det {Iij}
, I21 = − I21

det {Iij}
, I22 =

I11
det {Iij}

, (1.47)

where det {Iij} is the determinant of the matrix {Iij}:

det {Iij} = I11I22 − I12I21. (1.48)

I ij in Eq. (1.45) is defined at constant volume V . We change the independent variable

from V to the pressure p. If the chemical potential µi of the molecular species i is a

function of p, T , and Nj ̸=i, the total derivative of µi is given by

dµi =

[
∂µi

∂p

]
T,Nj ̸=i

dp +

[
∂µi

∂T

]
p,Nj ̸=i

dT +

[
∂µi

∂Nj

]
p,T

dNj. (1.49)

Then, the derivative of µi with respect to Nj at constant V , T , and Nk ̸=j is

[
∂µi

∂Nj

]
V,T,Nk ̸=j

=

[
∂µi

∂p

]
T,N1,N2

[
∂p

∂Nj

]
V,T,Nk ̸=j

+

[
∂µi

∂Nj

]
p,T,Nk ̸=j

. (1.50)

We also use two equations to change the independent variable. One is the following

identity, [
∂p

∂Nj

]
V,T,Nk ̸=j

[
∂Nj

∂V

]
p,T,Nk ̸=j

[
∂V

∂p

]
T,N1,N2

= −1, (1.51)
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and the other is the Maxwell relation,

[
∂µi

∂p

]
T,N1,N2

=

[
∂V

∂Ni

]
p,T,Nj ̸=i

≡ vi, (1.52)

where vi is the partial molecular volume of the molecular species i.

From Eqs. (1.45), (1.50), (1.51), and (1.52), we obtain

µij ≡
[
∂µi

∂Nj

]
p,T,Nk ̸=j

=
kT

V
I ij − vivj

V χ
, (1.53)

where χ is the isothermal compressibility of the two-component system, defined by

χ ≡ − 1

V

[
∂V

∂p

]
T,N1,N2

. (1.54)

We now have three equations to obtain the relationship between the KB integral Gij

and the thermodynamic quantities vi and χ. The first equation is Eq. (1.53). The second

is derived from the Gibbs-Duhem equation at constant pressure and temperature:

2∑
i=1

ρidµi = 0 →
2∑

i=1

ρi

[
∂µi

∂Nj

]
p,T,Nk ̸=j

=
2∑

i=1

ρiµij = 0. (1.55)

The third is the identity for the partial molecular volume vi:

2∑
i=1

ρivi = 1. (1.56)

By solving the simultaneous equation consisting of Eqs. (1.53), (1.55), and (1.56), we can

obtain the expressions of χ and vi in terms of I ij:

kTχ =

[
2∑

i=1

2∑
j=1

ρiρjI
ij

]−1

. (1.57)

vi =
2∑

k=1

ρkI
ki

[
2∑

i=1

2∑
j=1

ρiρjI
ij

]−1

. (1.58)

Eqs. (1.44) and (1.47) are used to rewrite Eqs. (1.57) and (1.58) using Gij. The
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denominator in Eq. (1.57) is

2∑
i=1

2∑
j=1

ρiρjI
ij = ρ21I

11 + ρ1ρ2I
12 + ρ2ρ1I

21 + ρ22I
22 =

ρ21I22 + ρ22I11 − ρ1ρ2(I12 + I21)

I11I22 − I12I21

=
ρ21ρ

2
2G22 + ρ21ρ2 + ρ21ρ

2
2G11 + ρ1ρ

2
2 − ρ1ρ2(ρ1ρ2G12 + ρ1ρ2G21)

ρ21ρ
2
2G11G22 + ρ21ρ2G11 + ρ1ρ22G22 + ρ1ρ2 − ρ21ρ

2
2G12G21

=
ρ1 + ρ2 + ρ1ρ2(G11 + G22 − 2G12)

1 + ρ1G11 + ρ2G22 + ρ1ρ2(G11G22 −G2
12)

. (1.59)

Note that G12 = G21 because of Eq. (1.37). In the limit of the infinite dilution of the

solute, i.e., ρ2 → 0, Eq. (1.57) reduces to

kTχ0 =
1

ρ01
+ G0

11, (1.60)

where χ0 is the isothermal compressibility of the pure solvent, ρ01 is the number density

of the pure solvent, and G0
11 is the KB integral for the pure solvent.

The partial molecular volume v2 of the solute is expressed as

v2 = kTχ
[
ρ1I

12 + ρ2I
22
]

= kTχ
ρ2I11 − ρ1I12
I11I22 − I12I21

= kTχ
ρ21ρ2G11 + ρ1ρ2 − ρ21ρ2G12

ρ21ρ
2
2G11G22 + ρ21ρ2G11 + ρ1ρ22G22 + ρ1ρ2 − ρ21ρ

2
2G12G21

= kTχ
1 + ρ1(G11 −G12)

1 + ρ1G11 + ρ2G22 + ρ1ρ2(G11G22 −G2
12)

. (1.61)

In the limit of ρ2 → 0,

v02 = kTχ01 + ρ01G
0
11 − ρ01G

0
12

1 + ρ01G
0
11

= kTχ0 −G0
12, (1.62)

where v02 and G0
12 are the partial molecular volume of the solute and the KB integral

between solvent and solute molecules, respectively, at infinite dilution.

At the end of this section, we derive the statistical mechanical expression for the

osmotic second virial coefficient B. In thermodynamics, B is defined as the coefficient of
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the density expansion of the osmotic pressure Π :

Π = kT (ρ2 + Bρ22 + Cρ32 · · · ) at constant T and µ1, (1.63)

where ρ2 is the number density of the solute, µ1 is the chemical potential of the solvent,

and C is called the osmotic third virial coefficient. Π is the difference between the two

pressures p(ρ2) and p(ρ2 = 0): The former is the pressure of the solution at concentration

ρ2, and the latter is that of the pure solvent. The osmotic virial coefficients B, C, · · ·

quantify the deviation from van’t Hoff’s law (Π = kTρ2), which holds for dilute solutions.

We start from the Gibbs-Duhem equation at constant T :

dp = ρ1dµ1 + ρ2dµ2 →
[
∂p

∂ρ2

]
T,µ1

= ρ2

[
∂µ2

∂ρ2

]
T,µ1

. (1.64)

The left-hand side of Eq. (1.64) is rewritten as

[
∂p(ρ2)

∂ρ2

]
T,µ1

=

[
∂
[
p(ρ2) − p(ρ2 = 0)

]
∂ρ2

]
T,µ1

=

[
∂Π

∂ρ2

]
T,µ1

= kT (1 + 2Bρ2 + · · · ). (1.65)

The first equality is because the pressure of the pure solvent, p(ρ2 = 0), is independent

of ρ2. On the rightmost side of Eq. (1.65), the second and higher-order terms of ρ2 are

negligible when ρ2 is small enough.

The right-hand side of Eq. (1.64) contains the inverse of the quantity I22 defined by

Eq. (1.42):

ρ2

[
∂µ2

∂ρ2

]
T,µ1

=
kTρ2
I22

. (1.66)

Eq. (1.44) indicates that I22 relates to the solute-solute KB integral G22. In the limit of

ρ2 → 0,

lim
ρ2→0

(
ρ2

[
∂µ2

∂ρ2

]
T,µ1

)
= lim

ρ2→0

(
kT
[
1 + ρ2G22

]−1
)

= kT (1 − ρ2G
0
22), (1.67)

where G0
22 is the KB integral between solute molecules at infinite dilution.

From Eqs. (1.64), (1.65), and (1.67), we can obtain the expression of the osmotic B
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in terms of the KB integral G0
22:

B = −1

2
G0

22. (1.68)

This equation is also obtained from the McMillan-Mayer theory.[9] Using the definitions

of the KB integral and the potential w(r) of mean force, Eq. (1.68) is rewritten as

B = −1

2
lim
ρ2→0

∫ [
exp

[
−w(r)

kT

]
− 1

]
dr. (1.69)

Eq. (1.69) relates the solute-solute effective potential w(r) to the osmotic B.

1.3 OUTLINE OF THESIS

The main focus of the present work is on the effect of solute size on the solute-solute

effective interaction in water, aqueous solutions, and simple liquids. Extensive results

obtained from molecular simulation and integral equation theory demonstrate that the

nature of the effective interaction differs for small and large solutes.

In Chapter 2, we quantify the strength of the effective interaction in water and a

nonpolar solvent. Based on molecular dynamics simulation, we calculate the potentials

w(r) of mean force and the osmotic second virial coefficients B for nonpolar solutes with

different diameters σ. The simulation results suggest a power-law relationship between B

and σ, partially in agreement with the theoretical prediction.[10]

Chapter 3 focuses on the size dependence of the solute-solute effective potentials w(r)

in water. w(r) has several minima and maxima as a function of the inter-solute distance

r, which correspond to the structural change of water near the solute pair depending on

r. Molecular dynamics studies show that the thermodynamic and microscopic factors

determining the magnitudes of the minima and maxima of w(r) vary as the solute size

σ increases up to C60 fullerene’s size. We also investigate the effect of the solute-water

attraction.

In Chapter 4, we verify the universality of the power-law relationship between the

osmotic B and the solute diameter σ. Based on the integral equation theory, we solve
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the Ornstein-Zernike equation with the MHNC closure[11] to calculate B for hard-sphere

particles with different diameters σ from 1 to 50 times larger than the hard-sphere diam-

eter of a solvent particle. We also use the Monte Carlo simulation, the Asakura-Oosawa

theory,[12] and the Boub́ık-Mansoori-Carnahan-Starling-Leland equation of state[13], [14] to

compare their numerical results.

Finally, Chapter 5 presents the study of the effective interaction between 1-propanol

molecules in the aqueous solution. 1-Propanol and water are miscible at any concen-

tration, but at the molecular level, 1-propanol molecules locally aggregate, especially at

low alcohol concentrations. Molecular simulation results show that the aggregation of

1-propanol molecules is due to the effective interaction between the hydrophobic groups

of these molecules, i.e., the hydrophobic interaction.
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Chapter 2

Solute-Solute Effective Interactions

Varying with Solute Size in Water and

Simple Liquid
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Abstract

We performed molecular simulations to investigate the solute size dependence of the

strength of effective interactions between nonpolar solutes in water and a nonpolar sol-

vent. The potentials w(r) of mean force and the osmotic second virial coefficients B are

evaluated for the solute particles of different diameters, from the size of methane to that

of C60 fullerene. When the solute-solvent attraction is the same as the methane-water

interaction, the first minimum of w(r) and the osmotic B are negative and decrease as

the solute diameter σ increases. The magnitude of B becomes larger with σ following

the power law B ∝ σα with α = 6 or 7. We also examine the size dependence of w(r)

varying with the strength of the solute-solvent attraction. Simulation results show that

there would be a threshold for the magnitude ϵuv of the solute-water attraction to change

the character of w(r): If ϵuv is set below or above the threshold, the solute-solute effec-

tive interaction becomes more attractive or more repulsive, respectively, as σ increases.

The effect of the solute-solvent pair interaction on the σ dependence of w(r) and B in a

nonpolar solvent is similar to that in water.

Publications

• Hidefumi Naito, Ryuichi Okamoto, Tomonari Sumi, and Kenichiro Koga, ”Osmotic

second virial coefficients for hydrophobic interactions as a function of solute size”,

The Journal of Chemical Physics, 2022, 156, 221104 (5 pages).

• Hidefumi Naito, Tomonari Sumi, and Kenichiro Koga, ”How do water-mediated

interactions and osmotic second virial coefficients vary with particle size?”, Faraday

Discussions, 2024, 249, 440-452.
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2.1 INTRODUCTION

The solute-solute effective interaction in a solution is qualitatively different from the

direct pair interaction in a vacuum. An example is the hydrophobic interaction, which

is the effective interaction between apolar molecules, or apolar moieties of amphiphilic

molecules, in water or aqueous solutions. Hydrophobic interactions are the driving force

for various aggregates of surfactants and play a role in the structural stability and the

function of proteins in vivo. Recent reviews outline the topic for the study of hydrophobic

interactions.[1], [15]–[18]

One way to quantify the strength of the inter-solute effective interaction is the mea-

surement of the potential w(r) of mean force for pairs of solutes in a solvent, which is a

function of the solute-solute separation r. The effective potential w(r) is related to the

radial distribution function g(r) as w(r) = −kT ln g(r), where k is Boltzmann’s constant

and T is the temperature. The depth of the first minimum of w(r) quantifies the stability

of a contact pair of solutes.

The osmotic second virial coefficient B also quantifies the strength of effective inter-

actions between solutes. B and w(r) are related by[9]

B = −1

2
lim
ρ→0

∫ [
exp

[
−w(r)

kT

]
− 1

]
dτ = −1

2
lim
ρ→0

∫ ∞

0

[g(r) − 1]4πr2dr = −1

2
G, (2.1)

where ρ is the number density of the solute, dτ is the infinitesimal volume element, and

G is the Kirkwood-Buff integral[7] between solute molecules at infinite dilution. If B

is negative, then the solute-solute effective pair interaction is attractive, and otherwise

(except for B = 0), that interaction is repulsive.

Due to the extremely low solubility of hydrophobic solutes in water, g(r) and B for

them have been obtained from theoretical calculation and molecular simulation instead

of experimental measurements. The osmotic B for several molecules has been calculated

based on the molecular simulation[19]–[26] and the equation of state.[27]–[31] However, the

data of B are still sparse to understand how the microscopic properties of solute molecules

affect the strength of solute-solute effective interactions.
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Here, we focus on the effective interaction between solute molecules varying with

solute size and the effect of the solute-solvent attraction on that size dependence. The

molecular size effects on the peak heights of g(r) and w(r) have been studied.[4]–[6], [32]–[34]

For example, E. Sobolewski and coworkers calculated w(r) for pairs of hydrocarbons

with different carbon numbers in water based on the molecular simulation.[4], [5] They

clarified that the water-mediated contribution to the contact minimum of w(r) changes

from negative (attractive) to positive (repulsive) with increasing the carbon number of the

solutes. The solute-size effects on w(r) in simple liquids have also been a crucial matter

in the theory of liquids.[35]–[41] The solute size dependence of hydrophobic hydration,

which is related to the stability of a nonpolar molecule in water, has also been extensively

discussed.[3], [42]–[52] In contrast, there are few investigations for the size dependence of B.

This paper demonstrates the simulation results of the effective potential w(r) and the

osmotic B for Lennard-Jones (LJ) particles with different LJ diameters σ ranging from

methane size to C60 fullerene size in water and a LJ solvent. We discuss the σ dependence

of the first minimum of w(r) and the osmotic B. The latter dependence is obtained as

a quantitative power law relationship B ∝ σα. We also investigate the σ dependence of

w(r) varying with the strength of the solute-solvent attraction.

2.2 COMPUTATIONAL DETAILS

2.2.1 Molecular Dynamics Simulation of Aqueous Solutions

The simulation system consists of water molecules represented by the TIP4P (Transferable

Intermolecular Potential 4 Point)/2005 force field[53] and spherical solute particles. Two

solute particles interact through the Lennard-Jones (LJ) potential:

ϕLJ
ij (r) = 4ϵij

[(σij

r

)12
−
(σij

r

)6]
, (2.2)

where σij is the LJ diameter for pairs of species i and j, and ϵij is the well depth of ϕLJ
ij (r).

The pair interaction between the solute particle and water molecules is represented by
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the LJ potential ϕLJ
uv(r) or the repulsive Weeks-Anderson-Chandler (WCA) potential:[54]

ϕWCA
ij (r) =


ϕLJ
ij (r) + ϵij (r < 2

1
6σij)

0 (r ≥ 2
1
6σij).

(2.3)

The reference LJ parameters to examine the size effect are the TraPPE-UA (Transferable

Potentials for Phase Equilibria - United-Atom) force field[55] of methane, which are

σm = 0.373 nm and ϵm = 1.23 kJ mol−1. The solute LJ diameters σ are set to σ/σm =

1, 1.2, 1.3, 1.5, 1.6, 2, 2.5, and 3. The energy parameter ϵ for a pair of LJ solutes is

fixed to ϵm. For the pair interactions between the solute particle and water molecules,

the size parameter σuv is set to (σ + σw)/2, where σw = 0.31589 nm is the LJ diameter of

the oxygen atom of the TIP4P/2005 water. The energy parameter ϵuv for the reference

solute is given by ϵ0 =
√
ϵmϵw using ϵw = 0.775 kJ mol−1 of the TIP4P/2005 model. We

set ϵuv/ϵ0 = 1, 2, and 3 to investigate the effect of the solute-water attraction. We also

consider the ”repellent” solutes with diameters σ/σm = 1, 2, and 3: They interact with

the oxygen atom of water molecules through the repulsive WCA potential ϕWCA
uv (r) in

Eq. (2.3) with ϵuv/ϵ0 = 1.

We performed isobaric-isothermal molecular dynamics (MD) simulations using GRO-

MACS (GROningen MAchine for Chemical Simulations) 2018.[56] The three-dimensional

periodic boundary condition was applied to the cubic or rectangular solid simulation box.

The number Nw of water molecules and the number N of solute particles in the solu-

tions depend on the values of σ and ϵuv as shown in Table 2.1. The pressure is set to

1 bar by the Parrinello-Rahman method. The temperature is maintained at 300 K by

the Nosé-Hoover method. The duration time t of the production run is t = 100 ns for

the simulations of the model systems with N ≥ 20. For the systems of the LJ particles

with σ/σm = 1.5 and 1.6, t = 200 ns. For those with N = 2, we performed the umbrella

sampling simulation.[57], [58] t for each umbrella window is 20 ns except for the system of

a pair of WCA solutes with σ/σm = 1, in which case t = 10 ns. The time step interval of

each simulation is 0.001 ps. We recorded the configurations of water and solute molecules

every 0.05 ps to calculate the solute-solute radial distribution function g(r).
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Table 2.1: The number Nw of water molecules and the number N of solute particles

depending on the solute LJ diameter σ and solute-water LJ energy parameter ϵuv in the

model solutions. The ”LJ” solutes interact with the oxygen atom of water molecules via

the LJ potential ϕLJ
uv(r), and the ”WCA” solutes interact with that via the repulsive WCA

potential ϕWCA
uv (r).

Solute σ/σm ϵuv/ϵ0 Nw N

LJ 1, 1.2, 1.3 1 4000 40

LJ 1.5, 1.6 1 4000 20

LJ 2, 2.5, 3 1 8000 2

LJ 1 2, 3 4000 20

LJ 2 2, 3 8000 40

LJ 3 2, 3 16000 80

WCA 1 1 4000 2

WCA 2, 3 1 8000 2

In the umbrella sampling simulations, the harmonic potential was applied to con-

strain the distance between two solute particles. The spring constant of that potential

is 1000 kJ mol−1 nm−2. The constraint distance between the LJ solutes ranges from 0.6

to 2.9 nm for σ/σm = 2, from 0.7 to 2.8 nm for σ/σm = 2.5, and from 0.8 to 3.1 nm

for σ/σm = 3, in 0.1 nm increments. For the WCA solutes, the inter-solute distance is

constrained, ranging from 0.2 to 2.5 nm for σ/σm = 1, from 0.6 to 2.9 nm for σ/σm = 2,

and from 0.8 to 3.1 nm for σ/σm = 3. The potential w(r) of mean force was obtained

from the umbrella sampling data using the weighted histogram analysis method.[59], [60]

The radial distribution functions g(r) obtained from the MD simulations with N ≥ 20

are in the model solutions with finite concentrations of the solute, but those in an infinitely

dilute solutions are necessary to compute the osmotic second virial coefficients B. We

employed the following method[19] to calculate g(r) for hydrophobic solutes in water at

infinite dilution. For the systems of LJ particles with σ/σm = 1, 1.2, 1.3, 1.5, 1.6,

and ϵuv/ϵ0 = 1, the solute-solute pair potential ϕLJ
uu(r) was replaced by some repulsive

potential ϕrep
uu (r). We calculated the required g(r) using the radial distribution function
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grep(r) obtained from the simulation with ϕrep
uu (r) by

g(r) = grep(r) exp

[
−ϕatt

uu (r)

kT

]
, (2.4)

where ϕatt
uu (r) = ϕLJ

uu(r) − ϕrep
uu (r).

Here, we derive Eq. (2.4). The effective potential w(r) for the LJ particles is the sum

of the direct part ϕLJ
uu(r) and the solvent-mediated part w∗(r) = w(r)−ϕLJ

uu(r). When the

repulsive potential ϕrep
uu (r) is applied during the simulation, the direct part of the resulting

effective potential wrep(r) is different from that of w(r), but the solvent-mediated part

w∗(r) should be identical. Therefore, g(r) can be expressed as

g(r) = exp

[
−w(r)

kT

]
= exp

[
−w∗(r) + ϕLJ

uu(r)

kT

]
= exp

[
−wrep(r) − ϕrep

uu (r) + ϕLJ
uu(r)

kT

]
= grep(r) exp

[
−ϕatt

uu (r)

kT

]
(2.5)

with grep(r) = exp[−wrep(r)/kT ].

We assume that grep(r) is close to that at infinite dilution because the solutes repelling

each other do not tend to aggregate. For the LJ particles with σ/σm = 1, 1.2, and 1.3,

ϕrep
uu (r) is the repulsive WCA potential ϕWCA

uu (r) in Eq. (2.3), while for the solutes with

σ/σm = 1.5 and 1.6, ϕrep
uu (r) = 4ϵ(σ/r)12.

All the LJ and WCA pair potentials were truncated at the cutoff distance rcut varying

with the solute size: rcut = 1.3 nm for the aqueous solutions of solute particles with

σ/σm = 1, 1.2, 1.3, 1.5, and 1.6, rcut = 2 nm for those with σ/σm = 2 and 2.5, and

rcut = 2.4 nm for those with σ/σm = 3. The Coulomb potentials were treated using the

particle mesh Ewald method. The cutoff distances of those potentials in the real space

are equal to the rcut of the LJ pair potentials.

29



2.2.2 Molecular Dynamics Simulation of Lennard-Jones Mix-

tures

We also studied the nonpolar solutions to compare the size effects on the effective potential

w(r) and the osmotic B in a simple liquid with those in water. A simple liquid mixture

consists of solute and solvent particles interacting through the LJ potentials. All the

quantities of this system are given in reduced units using the LJ parameters σv and ϵv

of the solvent particle. The solute LJ diameters are σ∗ ≡ σ/σv = 1, 2, and 3, with the

solute-solute energy parameter ϵ∗ ≡ ϵ/ϵv = 1. The LJ parameters between solute and

solvent particles are set to σ∗
uv = (σ∗ +1)/2 and ϵ∗uv ≡ ϵuv/ϵv = 0.5, 1, 2. The temperature

and the number density of the solvent for the model mixtures are T ∗ ≡ kT/ϵv = 1.5 and

ρ∗v ≡ ρvσ
3
v = 0.8, respectively. ρ∗v = 0.8 is close to the density of the LJ fluid at the triple

point, and T ∗ = 1.5 is higher than the critical point.[61] At this state point, Kimura and

Yoshimura obtained the solute-solute radial distribution functions g(r) for σ∗ = 0.5, 1,

1.5, ϵ∗ = 1, and ϵ∗uv = 1, 2 based on the integral equation theory.[62]

MD simulations of the LJ mixtures at constant volume and temperature were per-

formed using GROMACS 2018.[56] The numbers of solvent and solute particles are given

in Table 2.2. The duration time t∗ ≡ t
√
ϵv/(mσ2

v) of the production run and the cutoff

distance r∗cut ≡ rcut/σv of the LJ potentials vary with solute size, where m is the weight of

a solvent particle. For the systems of LJ solutes with σ∗ = 1, t∗ = 84659 and r∗cut = 3.077,

and for σ∗ = 2 and 3, t∗ = 169318 and r∗cut = 6.154. For the solutes with σ∗ = 3, the LJ

potential ϕLJ
uu(r) was replaced by the repulsive WCA potential ϕWCA

uu (r) in Eq. (2.3), and

Table 2.2: The number Nv of solvent particles with the LJ parameters σv and ϵv and the

N of solute particles with different LJ parameters σ∗ = σ/σv and ϵ∗uv = ϵuv/ϵv in the LJ

mixtures.

Solute σ∗ ϵ∗uv Nv N

LJ 1 0.5, 1, 2 5000 20

LJ 2 0.5, 1, 2 10000 20

LJ 3 0.5, 1, 2 20000 40
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we converted the resulting radial distribution function grep(r) to g(r) based on Eq. (2.4).

2.2.3 Osmotic Second Virial Coefficient

Eq. (2.1) implies that the osmotic second virial coefficient B can be obtained from the

volume integral of the difference between the radial distribution function g(r) and unity.

If we calculate B based on Eq. (2.1) using the numerical integration with respect to r,

however, the solute-solute Kirkwood-Buff (KB) integral G might diverge. There are at

least three reasons for this behavior:

1. g(r) does not converge to 1 in a closed system.

2. Statistical errors in g(r) at large distances r become enlarged by the factor of r2.

3. The finite-size effect are there in any simulation.

We employed the following method to overcome these problems. The long-range behavior

of g(r) was corrected so that the average of g(r) over a given range at large distances

becomes 1.[19] Then, we used a sophisticated method proposed by Krüger et al.[63], [64] to

evaluate G at the thermodynamic limit from the KB integral G(L) for a finite volume:

G(L) =

∫ L

0

[g(r) − 1]4πr2
[
1 − 3

2

( r
L

)
+

1

2

( r
L

)3]
dr, (2.6)

G(L)L = GL + D, (2.7)

where L is the upper limit of the integral in Eq. (2.6) and D is a constant. From Eq. (2.6)

coupled with the corrected g(r), we obtain G(L) as a function of L. Then G(L)L is plotted

against L, and we find a certain range of L where the linear relationship of Eq. (2.7) holds.

The linear fit in this L range gives the required KB integral G to obtain the osmotic B.

2.3 RESULTS AND DISCUSSION

The first investigation is the solute-size effect on the strength of the effective interaction

between nonpolar solutes in water. Figure 2.1(a) shows the radial distribution functions
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Figure 2.1: (a) The solute-solute radial distribution functions g(r) for Lennard-Jones (LJ)

particles of different sizes in water at 1 bar and 300 K. The solute LJ diameters are σ/σm =

1, 1.5, 2, 2.5, and 3, where σm = 0.373 nm is the LJ diameter of the TraPPE-UA model for

methane.[55] (b) The corresponding solute-solute effective potentials w(r) = −kT ln g(r).

Reproduced from Ref. [65] with permission from the Royal Society of Chemistry.
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g(r) for pairs of Lennard-Jones (LJ) particles with different LJ diameters σ in water. The

solute size ranges from methane size (σ/σm = 1) to C60 fullerene size (σ/σm = 3). For all

solutes, the depth ϵ of the solute-solute pair potential is set to ϵm = 1.23 kJ mol−1, and

that of the solute-water one ϵuv is fixed at ϵ0 = 0.977 kJ mol−1. It is clear that the first

peak height of g(r) increases with increasing σ: Its magnitude is 2.99, 5.25, 12.24, 35.01,

and 108.01 for the LJ particles with σ/σm = 1, 1.5, 2, 2.5, and 3, respectively.

The corresponding effective potentials w(r) varying with solute size are shown in

Figure 2.1(b). The first minimum of w(r) monotonically decreases as the solute size

increases: w(r)/kT = -1.10, -1.66, -2.50, -3.56, and -4.69 at σ/σm = 1, 1.5, 2, 2.5, and 3,

respectively.

The decrease of the minimum is due to the water-mediated contribution w∗(r) =

w(r)− ϕLJ
uu(r) to the effective potential because the direct pair potentials ϕLJ

uu(r) have the

same well depth ϵ = ϵm for all-size solutes. The observed solvent-mediated attractions

would be due to the excluded volume effect:[12] Each solute has an excluded volume

from which the centers of solvent molecules are excluded (green circle in Figure 2.2(a)).

When two solutes are close to each other, the two excluded volumes overlap (dark green

in Figure 2.2(b)). The larger the overlapping volume with decreasing the solute-solute

separation, the greater the configurational entropy of the solvent molecules. Therefore,

the solvation free energy of the pair of solutes is lower with decreasing the distance.[66], [67]

When we apply the Asakura-Oosawa (AO) theory to a hard-sphere mixture consisting

of solvent particles and a pair of solutes, the effective potential wAO(r) at the contact

distance r = σ (σ is the hard-sphere diameter of the solute particle) is:[12]

wAO(σ)

ηkT
= −3

2

(
σ

σv

)
− 1, (2.8)

where σv is the hard-sphere diameter of the solvent particle and η is the packing fraction

of the solvent. The AO potential wAO(σ) shows similar size dependence to the contact

minimum of the effective potential w(r) in water (Figure 2.1(b)): They decrease with

increasing solute size. However, the σ dependence of the first minimum of w(r) in water

is stronger than linear dependence, so the magnitude of the solvent-mediated contribution
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(a) (b)

Figure 2.2: A simple illustration of the excluded volume effect.[12] Two yellow circles

represent a pair of solute particles, and blue circles represent solvent molecules. Green

circles are the excluded volume spheres of the solute particles, from which the centers of

solvent molecules are excluded. Two solutes are (a) far apart and (b) close together. In

the latter case, the two excluded volumes overlap (shown in dark green).

to the effective interaction is much stronger than the AO potential.

Figure 2.1(b) also shows that the first maximum of w(r) is positive and ascends with

increasing σ. In addition, the second minimum increases as the solute size increases,

and it disappears at σ/σm = 2. These trends would be characteristic of the hydrophobic

interaction. We analyze the thermodynamic and microscopic factors determining the σ

dependence of the first minimum, the first maximum, and the second minimum of w(r)

in Chapter 3.

Now, we study the σ dependence of the osmotic second virial coefficients B in water.

Figure 2.3(a) is the plot of B vs. σ in a log-log scale. The osmotic B is negative for all-sized

solutes, indicating that the inter-solute effective interactions are attractive regardless of

solute size. The magnitude of B increases with increasing σ. Figure 2.3(a) suggests that

B and σ have a linear relationship on a log-log scale, i.e., they exhibit the power law

behavior

B ∝ σα (1 ≤ σ/σm ≤ 3). (2.9)

The dashed and solid blue lines are straight lines with slopes of 6 and 7, respectively.

These results indicate that the best estimate of the exponent α in Eq. (2.9) is 7.

The second virial coefficient Bgas for the LJ gas, the measurement of the strength of

the intermolecular interaction in a vacuum, is strictly proportional to σ3 with ϵ fixed, as
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Figure 2.3: (a) The plot of the osmotic second virial coefficients B as a function of σ in a

log-log scale. The dashed line represents the best fit of the 6th power law, and the solid

blue line is that of the 7th power law. The gas virial coefficient Bgas for the LJ fluid is

also plotted. It is known that Bgas is proportional to the cubic of σ. (b) The log-log plots

of B vs. σ and B1 = −2π
∫ r1
0

[
exp [−w(r)/kT ] − 1

]
r2dr vs. σ, where r1 is the inter-solute

distance r of the first maximum of w(r). Reproduced from Ref. [65] with permission from

the Royal Society of Chemistry.
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shown in Figure 2.3(a). Therefore, the characteristic behavior B ∝ σα with the large

exponent α ≥ 6 is due to the water-mediated interaction.

The inter-solute effective potential w(r) exhibits oscillation depending on r, in contrast

to the pair potential ϕLJ
uu(r) or exp [−ϕLJ

uu(r)/kT ]−1, the latter function decays monotoni-

cally. Now, we examine which range of r determines the size dependence of B. We define

B1 as the contribution from w(r) to B in the short-range r ≤ r1, where r1 is r of the first

maximum of w(r):

B1 = −1

2

∫
r≤r1

[
exp

[
− w(r)

kT

]
− 1

]
dτ. (2.10)

Figure 2.3(b) compares B and B1 for the solutes of different sizes. One can see that the

σ dependence of the osmotic B is dominantly determined by that of B1, i.e., the effective

interaction in the short range.

It is remarkable that the thermodynamic identity for B predicts the 6th power law

between B and σ:[10], [27]

B = B′′ − (v − kTχ)2

2kTχ
. (2.11)

In thermodynamics, the osmotic B is defined as the second-order coefficient in the ex-

pansion of the osmotic pressure Π with respect to the number density ρ of the solute at

fixed temperature T and fixed chemical potential µv of the solvent. The first term B′′

in Eq. (2.11) is an analog of B but the coefficient of ρ2 in the ρ expansion of Π at fixed

density ρv of the solvent instead of µv. In the second term, v is the partial molecular

volume of the solute at infinite dilution, and χ is the isothermal compressibility of the

pure solvent.

The second term −(v − kTχ)2/2kTχ in Eq. (2.11) has the σ6 dependence because v

should be proportional to the solute volume. Therefore, Eq. (2.11) predicts the 6th power

law between B and σ, and the other σ dependence of B, such as B ∝ σ7, would be due

to the σ dependence of B′′.

The partial molecular volume v of the solute and the isothermal compressibility χ are
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obtained based on the Kirkwood-Buff (KB) theory:[7]

v = −
∫

[guv(r) − 1]dτ + kTχ, (2.12)

where guv(r) is the radial distribution function for pairs of solute and solvent molecules,

and

kTχ =

∫
[gvv(r) − 1]dτ +

1

ρv
, (2.13)

where gvv(r) is the solvent-solvent radial distribution function.

To obtain guv(r) for pairs of the LJ solute and water molecules, we performed ad-

ditional isobaric-isothermal MD simulations. The model system consists of 4000 water

molecules and 1 LJ particle with different diameters σ. The pressure and temperature

are set to 1 bar and 300 K, respectively. The duration time of the production run is

100 ns, and the partial molecular volumes v are calculated based on Eq. (2.12) by nu-

merical integration with respect to r. The isobaric-isothermal MD simulation of 4000

water molecules was also performed to calculate gvv(r) and thus χ of pure water at 1 bar

and 300 K. The value of B′′ in Eq. (2.11) was obtained as the difference between B and

−(v − kTχ)2/2kTχ.

Figure 2.4(a) shows the σ dependence of B and those of the two terms on the right-

hand side of Eq. (2.11). The first term B′′ is positive and increases with increasing solute

diameter σ, while the second term −(v − kTχ)2/2kTχ is negative and decreases with

σ. It is clear that the magnitudes of B′′ and −(v − kTχ)2/2kTχ are much larger than

the magnitude of B. Therefore, the sign and magnitude of B are determined by a slight

difference between B′′ and (v− kTχ)2/2kTχ. This result is qualitatively the same as the

numerical result obtained from the equation of state.[28] In our case, the magnitudes of

the second term are slightly larger than those of B′′ for all-size solutes.

Figures 2.4(b) and (c) are the log-log plots of B′′ and −(v − kTχ)2/2kTχ against σ,

respectively. We also show the best fits of the 6th power law to both data by dotted lines.

−(v − kTχ)2/2kTχ has the 6th power dependence of σ since v is proportional to the

cubic of σ. The first term B′′ in Eq. (2.11) also has the same size dependence. Although
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Figure 2.4: (a) B, B′′, and −(v − kTχ)2/2kTχ for LJ particles in water as a function of

σ. The solute LJ diameters are σ/σm = 1, 1.2, 1.3, 1.5, 1.6, 2, 2.5, and 3. (b) The log-log

plot of B′′ against σ. The best fit to the data as B′′ ∝ σα with α = 6 is also plotted by

the dotted red line. (c) The plots of B vs. σ and −(v − kTχ)2/2kTχ vs. σ. The best fits

of B ∝ σα with α = 7 and −(v − kTχ)2/2kTχ ∝ σα with α = 6 are also plotted by the

solid blue line and the dotted green line, respectively.
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both B′′ and −(v−kTχ)2/2kTχ have the σ6 dependence, the osmotic B shows the power

law behavior B ∝ σα with α = 7, as shown in Figures 2.3(a) and 2.4(c). We cannot

explain why the σ dependence of B is different from that of the first and second terms in

Eq. (2.11). In Chapter 4, we will present a detailed analysis of the size dependence of B,

B′′, and −(v − kTχ)2/2kTχ based on the integral equation theory.

Next, we investigate the solute-solvent attraction that might affect the solute size

dependence of the effective pair interaction. Three types of solutes are considered: The

solute particles with the solute-water energy parameters ϵuv/ϵ0 = 1, 2, and 3. In addition,

we take into account the repellent solutes interacting with water molecule via the repulsive

Weeks-Chandler-Andersen (WCA) potential[54] ϕWCA
uv (r) in Eq. (2.3) with ϵuv/ϵ0 = 1.

Figures 2.5(a), (b), and (c) show w(r) for the solutes with σ/σm = 1, 2, and 3, re-

spectively. For all-size solutes, the first minimum and maximum of the effective potential

w(r) shift upward with increasing ϵuv from ϵ0 to 3ϵ0. In contrast, when the solute particle

is repellent with surrounding water molecules, w(r) in the short r range is well below

compared to w(r) for the reference LJ solute with ϵuv/ϵ0 = 1. These results are con-

sistent with the observation that the solvent-mediated interaction is weakened due to

the enhancement of the solute-solvent attraction.[4], [5], [16]–[18], [24], [68]–[73] Earlier studies

showed that, in some cases, the effective interactions between nonpolar molecules become

attractive or repulsive depending on the environments.[73]–[75]

It is clear that the effect of the solute-water attraction on the size dependence of w(r) is

greater for larger solutes. Now, we investigate the σ dependence of the contact minimum

w(rc), where rc is the inter-solute distance r of the first minimum of w(r). Figure 2.6

shows w(rc) as a function of σ. The set of the LJ solutes with ϵuv/ϵ0 = 1 is the reference to

examine the size dependence. When the solute particle is repellent with water molecules,

w(rc) is more negative than that for the reference set. The σ dependence of w(rc) for the

WCA solutes is much greater than that for the reference LJ solutes.

When ϵuv is three times larger than the reference value, however, w(rc) is positive and

ascends as σ increases. The effective pair interaction could thus become more attractive

or repulsive with increasing solute size depending on the magnitude of the solute-water
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Figure 2.5: The effects of the strength of the solute-water attraction on the inter-solute

effective potential w(r) in water. The solute LJ diameters are set to (a) σ/σm = 1, (b)

σ/σm = 2, and (c) σ/σm = 3. The LJ energy parameters ϵuv between the solute particle

and the oxygen atom of water molecules varies from ϵ0 to 3ϵ0, where ϵ0 = 0.977 kJ mol−1

is the well depth of the methane-water pair potential. The solid green, dotted blue, and

long-dashed red curves are w(r) for the LJ solutes with ϵuv/ϵ0 = 1, 2, and 3, respectively.

The dashed violet curves labeled ”WCA” are the results of the solute particles interacting

with the oxygen atom of water molecules through the repulsive Weeks-Chandler-Andersen

(WCA) potential[54] with ϵuv/ϵ0 = 1. Reproduced from Ref. [65] with permission from the

Royal Society of Chemistry.
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Figure 2.6: The first minimum w(rc) of the effective potential w(r) for pairs of solutes

with four different solute-water pair interactions as a function of σ. Green diamonds,

blue circles, and red squares are the results for the LJ particles with ϵuv/ϵ0 = 1, 2, and

3, respectively. Violet triangles labeled ”WCA” are the results for the WCA solutes

with ϵuv/ϵ0 = 1. Reproduced from Ref. [65] with permission from the Royal Society of

Chemistry.

attraction. There would be a threshold for ϵuv that changes the σ dependence of w(rc)

more positively or negatively. For our case of the aqueous solutions, the threshold seems

to be around 2ϵ0.

Finally, we examine the solute-size effect on the effective interaction in a LJ solvent

and compare them with the result of the aqueous solutions. Figures 2.7(a), (b), and (c)

show g(r), w(r), and B, respectively, for the LJ solutes with the solute-solvent LJ energy

parameters ϵ∗uv = 0.5, 1, and 2. For the solutes with ϵ∗uv = 0.5, the first peak height of

g(r) increases as σ∗ increases from 1 to 3, and the first minimum of w(r) and the osmotic

B decrease with σ∗. These results are qualitatively the same as those for the LJ solutes

with ϵuv/ϵ0 = 1 in water. Note that the first maximum of w(r) for ϵ∗uv = 0.5 in the LJ

solvent does not ascend with increasing σ∗, and the second minimum does not disappear.

These changes against solute size are a notable difference from w(r) in water.
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Figure 2.7: The effects of the solute size and the solute-solvent attraction on the effective

interactions between the LJ solutes in the LJ solvent. The reduced density and temper-

ature of the solvent are ρ∗v = 0.8 and T ∗ = 1.5, respectively. (a) The radial distribution

functions g(r) for the LJ particles with σ∗ = 1, 2, 3, ϵ∗ = 1, and ϵ∗uv = 0.5, 1, 2. The

horizontal axis is r∗ ≡ r/σv, the solute-solute distance in the reduced unit. Blue, green,

and red lines are the results for σ∗ = 1, 2, and 3, respectively. The solid, dotted, and

dashed curves are the results for ϵ∗uv = 0.5, 1, and 2, respectively. (b) The correspond-

ing inter-solute effective potentials w(r)/kT . (c) The osmotic second virial coefficients

B∗ ≡ B/σ3
v in the reduced unit as a function of σ∗. Green diamonds, blue circles, and

red squares represent B∗ for ϵ∗uv = 0.5, 1, and 2, respectively. Reproduced from Ref. [65]

with permission from the Royal Society of Chemistry.
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The σ dependence of g(r), w(r), and B for ϵ∗uv = 1 and 2 is completely different from

those for ϵ∗uv = 0.5: The peak height of g(r) decreases, and the contact minimum of w(r)

and the osmotic B increase with increasing σ∗ from 1 to 3, indicating that the effective

interaction becomes more repulsive as the solute size increases. The effect of increasing

ϵ∗uv on the σ dependence of the contact minimum is similar to that of the enhancement

of the solute-water attraction on w(r). The threshold for ϵ∗uv in our LJ mixture would be

between 0.5 and 1.

2.4 CONCLUSIONS

We investigated the effective pair potential for pairs of nonpolar solutes in water and

a nonpolar solvent to understand how the solute size and the solute-solvent attraction

affect the strength of the solute-solute effective interaction. We performed the molecular

dynamics simulations and the umbrella sampling simulations[57], [58] of the model solutions.

Based on these simulations, we compute the radial distribution functions g(r) and the

potentials w(r) of mean force for the solutes of different sizes ranging from methane size

to C60 fullerene size as accurately as possible. We also evaluated the osmotic second

virial coefficients B using a sophisticated method to correct for the finite-size effect on

the Kirkwood-Buff integral.[63], [64]

First, we considered the aqueous solutions of the Lennard-Jones (LJ) particles with

different LJ diameters σ. When the solute-water direct pair potential is weak, the effec-

tive pair interaction at short distances becomes more attractive with increasing σ. The

potential barrier between the first and second minima of w(r) becomes also greater as

the particle size increases. The osmotic B is negative, and its magnitude increases with

increasing σ. The log-log plot of B vs. σ suggests the power law behavior B ∝ σα with

α = 6 or 7.

The magnitude ϵuv of the pair interaction between solute and water molecules has

a pronounced effect on the σ dependence of the effective potential w(r). When the

pair potential between the solute particle and the oxygen atom of water molecules is

the repulsive Weeks-Chandler-Andersen (WCA) potential,[54] the σ dependence of the
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contact minimum of w(r) is greater than that for the reference LJ solutes: The minimum

decreases more rapidly with increasing σ. In contrast, when the solute-water attraction

is three times stronger than the reference solute with ϵuv = ϵ0, the effective interaction

becomes increasingly repulsive with σ. There is a threshold for ϵuv, below which the first

minimum of w(r) decreases with increasing σ, and above which this minimum increases

with σ. The threshold in the model aqueous solution is close to ϵuv/ϵ0 = 2.

The effect of the solute-solvent attraction on the solute size dependence of w(r) in the

LJ solvent is similar to that in water. For the solutes with ϵ∗uv =1 and 2, the effective pair

interaction becomes more repulsive as σ∗ increases, consistent with the numerical results

obtained from the integral equation theory for the LJ mixtures at the same state point.[62]

However, for a set of solutes with ϵ∗uv = 0.5, the solute-solute effective interaction becomes

more attractive with increasing σ∗. The threshold for ϵ∗uv in the LJ mixtures would be

between 0.5 and 1.

The driving force of the enhancement of the attractive pair interaction with increasing

solute size would be the increment of the configurational entropy of the solvent molecules

due to the overlap of two excluded volumes of the solutes. The AO theory,[12] the simplest

approximation for the excluded-volume effect, qualitatively reproduces the decrease of

the contact minimum w(σ) as σ increases. The opposite trend, that the solvent-mediated

contribution to w(r) becomes more repulsive with increasing solute size, is due to the

attractive potential between solute and solvent molecules. The sum of the solute-solvent

pair interaction energy is more negative when two solute particles are far apart than when

they are in contact (Figure 2.8). We guess that at the threshold for ϵuv, the two opposing

driving forces would be in balance.

Two open questions remain: First, why do the first maximum and the second minimum

of the effective pair potentials w(r) for LJ particles in water increase with increasing solute

LJ diameter σ? Second, why the exponent α of the power law B ∝ σα is 7, not 6, as

predicted from the thermodynamic identity? In Chapter 3, we will show the simulation

results to answer the first question. We study the microscopic structure of water around a

pair of solutes when their separation is r of the first minimum, first maximum, and second
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(a) (b)

Figure 2.8: Schematic representation of two solutes being (a) far apart and (b) in contact

with each other in a solvent. Two yellow circles represent a pair of solute particles, and

blue circles represent solvent molecules. Green circles are the excluded volume sphere

of the solute particle. As the two solutes approach each other, the number of solvent

molecules surrounding the solute pair (highlighted by the circles with thick circumfer-

ences) decreases due to the overlap of the two excluded volume spheres. Therefore, the

sum of the solute-solvent attractive interaction energy is more negative when two particles

are far apart.

minimum of w(r). Thermodynamic and microscopic factors determining the σ dependence

of these extreme values are clarified. In addition, we apply the integral equation theory to

the hard-sphere mixtures and obtain the σ dependence of each term in the thermodynamic

identity Eq. (2.11) for the osmotic B. Chapter 4 demonstrates these numerical results.
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Chapter 3

Thermodynamic and Microscopic

Factors Determining the Solute-Size

Effect on the Water-Mediated

Interaction
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Abstract

The nature of the solute-solute effective interaction in water depends on various micro-

scopic properties of the solute molecules, such as size, shape, and solute-water attraction.

There are numerous studies about the solute size effect on the water-mediated interaction,

but how and why the strength of these interactions changes as the solute size increases

remains unclear. Here, we compute the potentials w(r) of mean force for pairs of solute

particles with different diameters to quantify the strength of the water-mediated inter-

actions varying with solute size. The oscillation of w(r) depending on the inter-solute

distance r reflects the structural change of water around the solute pair: There are char-

acteristic hydrogen bond networks of water in the gap between two solutes when the

inter-solute distances r are the monolayer- and bilayer-separated ones. We evaluate the

enthalpic and entropic contributions to the effective pair potential w(r) and clarify the

thermodynamic factors determining the solute size dependence of w(r) at specific separa-

tions r. The enthalpy change in decreasing the distance between two solutes from infinite

separation to r is related to the distributions of the number of hydrogen bonds between

water molecules near the solute pair. We also investigate the size effect when the solute

is repellent with water molecules.

Publication

• Hidefumi Naito, Tomonari Sumi, and Kenichiro Koga, ”The nature of the hydropho-

bic interaction varies as the solute size increases from methane’s to C60’s”, The

Journal of Chemical Physics, 2024, 161, 214501 (14 pages).
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3.1 INTRODUCTION

Water-mediated interactions are the solute-solute effective interactions in water or aque-

ous solution, which are qualitatively different from the intermolecular interaction in a

vacuum. When the solutes are hydrophobic (hard to dissolve in water) or have hydropho-

bic moieties, the inter-solute effective interaction in water is referred to as the hydrophobic

interaction.

The effective interaction between solute molecules in a solution is described by the

potential w(r) of mean force as a function of the distance r between two solutes. The

excess part of w(r) from the direct part ϕ(r) is the solvent-mediated potential w∗(r) =

w(r) − ϕ(r). Figure 3.1 shows w(r), ϕ(r), and w∗(r) for methane in water. The first

minimum of w(r) quantifies the strength of effective interactions because, at this distance

r, two solutes are in contact. The first maximum and the second minimum usually appear

in w(r) at larger r than the first minimum, and they are referred to as the desolvation

barrier and the solvent-separated minimum, respectively.

The temperature effect on the water-mediated interaction is an important subject in

physical chemistry. Based on the molecular simulation and theoretical calculation, the

effective potentials w(r) at different temperatures T have been calculated for various

nonpolar solutes in water.[19], [21], [22], [24], [25], [33], [67], [77]–[92] These studies showed that the

contact minimum of w(r) decreases with increasing T , so the association of two nonpolar

solutes in water would be the entropy-driven process. The enthalpy change in which two

nonpolar solutes approach each other into the contact distance is positive at ambient

temperature and pressure.[25], [67], [78]–[86], [88], [89], [91], [93]–[95]

The size effect on the nature of the solute-solute effective interaction in water are

another central matter.[3]–[6], [16], [17], [33], [65]–[67], [73], [76], [77], [87], [96]–[100] Recent studies based

on the molecular dynamics simulation showed that the contact minimum for pairs of

Lennard-Jones (LJ) particles in water decreases with increasing LJ diameter σ, i.e., the

water-mediated interaction becomes stronger as the particle size increases.[65], [76] On the

other hand, the first maximum and the second minimum increase with increasing σ. It is

characteristic that the latter, the solvent-separated minimum, disappears when σ is two
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Figure 3.1: The simulation result of the effective potential w(r) for pairs of methane-

sized particles in water.[76] The horizontal axis is the methane-methane distance r. ϕ(r)

is the Lennard-Jones (LJ) potential between methane-sized LJ particles, and w∗(r) =

w(r) − ϕ(r) is the water-mediated part of w(r). The first minimum, the first maximum,

and the second minimum are called the contact minimum, the desolvation barrier, and

the solvent-separated minimum, respectively.

times larger than the methane size.[65]

The present paper aims to clarify the thermodynamic and microscopic factors deter-

mining the solute size dependence of the water-mediated interaction, i.e., the σ depen-

dence of the minima and maxima of the effective potential w(r). We compute w(r) as

accurately as possible for nonpolar solutes of various sizes in water at different T . The

enthalpic and entropic contributions to the effective potential are obtained from the tem-

perature derivative of w∗(r) = w(r) − ϕ(r). Then, we analyze the solvation structures

of the solute pair when the inter-solute separations are r of the minima and maxima of

w(r). These analyses make clear an anomalous behavior of water structures confined by

two large solutes.
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3.2 COMPUTATIONAL DETAILS

3.2.1 Molecular Dynamics Simulation

We performed the isobaric-isothermal molecular dynamics (MD) simulations for the sys-

tem consisting of TIP4P/2005 water molecules[53] and spherical solute particles. The pair

potential between two solute particles is represented by the Lennard-Jones (LJ) potential:

ϕ(r) = 4ϵ

[(σ
r

)12
−
(σ
r

)6]
, (3.1)

where ϵ and σ are the energy and size parameters, respectively. The reference values for

σ and ϵ are σm = 0.373 nm and ϵm = 1.23 kJ mol−1, which are the TraPPE-UA force

field for methane.[55] The solute LJ diameters are σ∗ ≡ σ/σm = 1, 1.5, 2, 2.5, and 3. The

energy parameter ϵ is fixed to ϵm for all-size solutes. The LJ cross parameters between the

solute particle and the oxygen atom of water molecules are given by the Lorentz-Berthelot

combining rules.

We used GROMACS 2018 software[56] to perform MD simulations for the aqueous

solutions. Periodic boundary condition was applied to the simulation box containing the

solute and water molecules. The pressure is set to 1 bar using the Parrinello-Rahman

method. The temperature T is controlled at T = 270, 300, 330, and 360 K by the Nosé-

Hoover method. The number N of solute particles is N = 40 for σ∗ = 1, N = 20 for

σ∗ = 1.5, and N = 2 for σ∗ = 2, 2.5, and 3. The Nw of water molecules is Nw = 4000

for σ∗ = 1 and 1.5, and Nw = 8000 for σ∗ = 2, 2.5, and 3. The duration time t of

the production run to compute the radial distribution function g(r) is t = 100 ns for

σ∗ = 1 and t = 200 ns for σ∗ = 1.5. The solute-solute effective potential w(r) is then

obtained from w(r) = −kT ln g(r), where k is Boltzmann’s constant. For the systems with

N = 2, we performed the umbrella sampling simulations[57], [58] to evaluate w(r). In these

simulations, t is 20 ns for each window. The time step interval is 1 fs for each simulation.

The configurations of solute particles and water molecules were recorded every 0.05 ps.

When we performed molecular simulations for the solutions of the solutes with σ∗ = 1

and 1.5, the pair potential ϕ(r) between two solutes was a repulsive potential ϕrep(r)
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instead of ϕ(r) to calculate g(r) at solute-infinite dilution. The relation between grep(r)

and g(r), the former is obtained from the simulation using ϕrep(r), is

g(r) = grep(r) exp

[
−ϕatt(r)

kT

]
(3.2)

with ϕatt(r) = ϕ(r) − ϕrep(r). For σ∗ = 1, ϕrep(r) is the repulsive part of the Weeks-

Chandler-Andersen (WCA) potential.[54] For σ∗ = 1.5, ϕrep(r) is taken to be 4ϵ(σ/r)12.

The cutoff distance rcut for truncating the solute-solute, solute-water, and water-water

LJ potentials depends on the diameter of the solute particle: rcut = 1.3 nm for σ∗ = 1

and 1.5, rcut = 2 nm for σ∗ = 2 and 2.5, and rcut = 2.4 nm for σ∗ = 3. The particle mesh

Ewald method is used to calculate the long-range part of the Coulomb potential between

water molecules. The real-space cutoff distance is the same as rcut for the LJ potential.

The inter-solute distances were constrained via the harmonic potential during the

umbrella sampling simulations. The spring constant is 1000 kJ mol−1 nm−2. For the

solute with σ∗ = 2, the constraint distance ranges from 0.6 to 2.9 nm in 0.1 nm increments.

Similarly, that is from 0.7 to 2.8 nm for σ∗ = 2.5 and from 0.8 to 3.1 nm for σ∗ = 3.

The inter-solute effective potentials w(r) were then obtained from the 22 or 24 umbrella

windows using the weighted histogram analysis method.[59], [60]

We also investigate the effect of the solute-water attraction on the water-mediated

interaction. A previous study showed that the contact minimum of w(r) rapidly decreases

with increasing σ∗ when the solute is repellent with water molecules.[65] Here, we denote

the WCA solute as the solute particle interacting with the oxygen atom of water molecules

via the repulsive WCA potential. The umbrella sampling simulations were performed to

compute w(r) for the WCA solutes with σ∗ = 1, 2, and 3 in water. The pressure is fixed

at 1 bar, but the temperature is controlled at T = 270, 300, and 330 K. The number

of water molecules is 8000. The inter-solute distance was constrained in the simulations,

ranging from 0.2 to 2.5 nm for σ∗ = 1, from 0.6 to 2.9 nm for σ∗ = 2, and from 0.8 to

3.1 nm for σ∗ = 3.
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3.2.2 Energetic Analysis

The effective potential w(r) for pairs of solutes in a solvent consists of the direct part

ϕ(r) and the indirect part w∗(r) = w(r) − ϕ(r). The latter corresponds to the difference

between the solvation free energy of a pair of solutes with their separation being r and

two times the solvation free energy of a single solute.[1] Therefore, the solvent-mediated

potential w∗(r) is the free energy change and can be expressed as the sum of the enthalpic

and entropic terms, i.e., w∗(r) = ∆h∗(r)−T∆s∗(r). The temperature derivative of w∗(r)

at fixed pressure gives the enthalpy and entropy changes at each distance r:

∆h∗(r) =

[
∂(w∗(r)/T )

∂(1/T )

]
p

, (3.3)

∆s∗(r) = −
[
∂w∗(r)

∂T

]
p

. (3.4)

In the present study, three temperatures (270, 300, and 330 K) are taken into account

for a linear fit to w∗(r) against T :

w∗
fit(r) = Ta1(r) + a0(r). (3.5)

In the case of the LJ solutes, i.e., solute particles interacting with water molecules via

the LJ potentials, we also obtain a quadratic fit of w∗(r) using the simulation data at

T = 270, 300, 330, and 360 K:

w∗
fit(r) = T 2b2(r) + Tb1(r) + b0(r). (3.6)

Then, we calculate the enthalpic and entropic contributions to w∗(r) at T = 300 K via

∆h∗(r) =


a0(r) (linear fit)

−T 2b2(r) + b0(r) (quadratic fit),

(3.7)
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and

−T∆s∗(r) =


Ta1(r) (linear fit)

2T 2b2(r) + Tb1(r) (quadratic fit).

(3.8)

Note that ∆h∗(r) obtained from a linear fit to w∗(r) has no T dependence.

The enthalpy change ∆h∗(r) is now the difference between h∗(r) and h∗(r → ∞),

where h∗(r) is the solvation enthalpy of a pair of solute particles with fixed separation r.

h∗(r) consists of the configuration energy U(r) of the aqueous solution of the solute pair

and the product of the pressure and the volume change. We ignore the volume change

of the system associated with decreasing the solute-solute separation from infinity to r,

then h∗(r) is expressed as

h∗(r) = Usw(r) + Uww(r), (3.9)

where Usw(r) is the sum of the pair interaction energy between the solute pair and water

molecules, and Uww(r) is that between water molecules. Therefore,

∆h∗(r) = ∆Usw(r) + ∆Uww(r), (3.10)

where ∆ means the change in the process of decreasing the distance between two solute

particles from infinite separation to r.

To obtain ∆Usw(r) in Eq. (3.10), additional isobaric-isothermal MD simulations were

performed. The target system is the aqueous solutions of a pair of solute particles with

LJ diameters σ∗ = 1, 1.5, 2, 2.5, and 3. The number Nw of water molecules is 8000.

The inter-solute separation R was fixed to r of the first minimum, the first maximum,

the second minimum, the second maximum, and the third minimum of w(r). Table 3.1

shows R for σ∗ = 1, 1.5, 2, 2.5 and 3. The pressure and temperature are maintained

at 1 bar and 300 K, respectively. The duration time of the production run is 20 ns for

each simulation. The configurations of solute particles and water molecules were sampled

every 1 ps to calculate the sum Usw(r) of the solute-water pair interaction energy. We also

performed MD simulations for the model solutions consisting of a single solute particle
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Table 3.1: The fixed inter-solute separations R of the first minimum, the first maximum,

the second minimum, the second maximum, and the third minimum of w(r) for pairs of

LJ solutes with σ∗ = 1, 1.5, 2, 2.5, and 3 at T = 300 K.

R / nm

σ∗ 1st minimum 1st maximum 2nd minimum 2nd maximum 3rd minimum

1 0.388 0.562 0.706 0.874 1.026

1.5 0.562 0.786 0.904 1.046 1.204

2 0.724 0.992 1.114 1.230 1.414

2.5 0.886 1.206 1.328 1.460 1.650

3 1.032 1.400 1.506 1.570 1.764

and 4000 water molecules to obtain Usw(r → ∞) = 2Us1w, where Us1w is the sum of

the pair interaction energy between one solute and water molecules. Then, we obtain

∆Usw(r) = Usw(r) − 2Us1w, and consider the change ∆Uww(r) of the sum of the water-

water pair interaction energy as the difference between ∆h∗(r) and ∆Usw(r).

3.2.3 Structural Analysis

Previous studies calculated the cylindrical distributions of water molecules around the

solute pair and investigated the microscopic structure of water.[4], [5], [85], [89], [99], [100] Fig-

ure 3.2 is a schematic representation of the cylindrical coordinate system defined by the

variables h, d, and θ. Based on this system, we calculate the distribution gcyl(h, d) of

the oxygen atoms of water molecules and the number NHB(h, d) of hydrogen bonds be-

tween water molecules per one molecule. Both quantities are averaged over the azimuth θ

and are depicted on the h-d plane. The two-dimensional distributions gcyl(h, d) of water

molecules are normalized to 1 in the bulk region. Two water molecules form one hydro-

gen bond if the distance rOO between their oxygen atoms is less than 0.35 nm and the

H-O· · ·O angle is less than or equal to 30 degrees.[101]–[103] We focus on how gcyl(h, d) and

NHB(h, d) vary with the solute size. We also performed the molecular simulation of the

solute pair with R = 3 nm to calculate gcyl(h, d) and NHB(h, d) when two solute particles

are far enough apart.
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d

hθ
R

0

Figure 3.2: Schematic representation of water molecules around a pair of solute particles

in the cylindrical coordinate system defined by the independent variables h, d, and θ. The

horizontal axis h passes through two centers of the solutes (yellow circles). The vertical

axis d is perpendicular to h, and θ is the azimuth. The axes h and d intersect at the

midpoint of two centers of the solutes. The red circles represent the oxygen atoms of

water molecules. Reproduced from ”H. Naito, T. Sumi, and K. Koga, J. Chem. Phys.,

Vol. 161, doi: 10.1063/5.0233808 (2024)”, with the permission of AIP Publishing.
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3.3 RESULTS AND DISCUSSION

3.3.1 Lennard-Jones Solute

Potentials of Mean Force

First, we examine the temperature effects on the solute-solute effective interaction in

water. Figures 3.3(a)-(c) show the potentials w(r) of mean force for pairs of LJ particles

in water at the temperatures T = 270, 300, 330, and 360 K. The particle diameters σ∗

are 1 (methane size), 2, and 3 (C60 fullerene size). The first minimum of w(r) descends

with increasing T for each-sized particle. This result suggests that the decrement of the

distance between two solutes in water from an infinite separation to the contact distance is

entropy-driven, consistent with previous studies.[25], [67], [78]–[85], [88], [89], [91], [93]–[95] For the

solutes with σ∗ = 2 and 3, the first maximum of w(r) also decreases with increasing T ,

indicating that the rise in temperature affects the solute-solute effective interaction over

a longer range of r than the contact distance.

Distributions of Water Molecules Around Solute Pairs

The microscopic structure of water around a solute pair changes depending on the solute-

solute distance r. Figure 3.4 shows the normalized two-dimensional distributions gcyl(h, d)

of water molecules around a pair of LJ particles. The inter-particle separation R is fixed

at particular six values for each particle. These distributions are normalized to 1 in the

bulk region. The particle diameters σ∗ are 1, 2, and 3.

When two particles are 3 nm apart [Figure 3.4(a)], each particle is surrounded by

the first solvation shell of water (bright-colored ring). The local density of water in the

solvation shell is higher than the bulk density: gcyl(h, d) in the shell is approximately 2.0

for σ∗ = 1, 1.7 for σ∗ = 2, and 1.6 for σ∗ = 3.

As the solute-solute separation decreases from 3 nm to r of the third minimum of w(r),

we find two peaks in the region between two solute particles [Figure 3.4(b)]. Since the

solute pair is separated by the bilayer structure of water, we call the third minimum the

bilayer-separated minimum. This bilayer structure disappears at r of the second maximum
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Figure 3.3: The effective potentials w(r) for pairs of Lennard-Jones (LJ) particles of

different diameters in water at four temperatures T . The particle diameters σ∗ are (a)

1 (methane size), (b) 2, and (c) 3 (C60 fullerene size). Each curve shows the result at

T = 270 K (green), 300 K (blue), 330 K (red), and 360 K (violet), respectively.

57



(a) R = 3 nm

(b) 3rd minimum ( bilayer-separated minimum )

(c) 2nd maximum

(e) 1st maximum ( desolvation barrier )

(f) 1st minimum ( contact minimum )

(d) 2nd minimum ( monolayer-separated minimum )

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

Figure 3.4: The normalized two-dimensional distributions gcyl(h, d) of water molecules

around a pair of LJ particles. gcyl(h, d) is normalized to 1 in the bulk region. Two solute

particles with σ∗ = 1 (left), 2 (middle), and 3 (right) are displayed in black. The solute-

solute separation R is fixed to (a) 3 nm, or to r of (b) the third minimum (bilayer-separated

minimum), (c) the second maximum, (d) the second minimum (monolayer-separated min-

imum), (e) the first maximum (desolvation barrier), and (f) the first minimum (contact

minimum), of w(r) for each-sized particle (see Table 3.1). Reproduced from ”H. Naito,

T. Sumi, and K. Koga, J. Chem. Phys., Vol. 161, doi: 10.1063/5.0233808 (2024)”, with

the permission of AIP Publishing.
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of w(r) due to the partial overlap of the two solvation shells [Figure 3.4(c)]. The water

density inside the gap between the two particles is low compared to the density of water

molecules in the solvation shell outside the gap.

When the distance between solute particles is r of the second minimum of w(r), the

solute pair is separated by the monolayer structure of water [Figure 3.4(d)]. Previous

studies found a similar structural change from bilayer to monolayer structure in the hy-

drogen bonding network of water confined by two hydrophobic sheets[92], [104]–[106] or two

C60 fullerenes.[86] The second minimum of w(r) is usually called the solvent-separated

minimum, but here, we refer to this minimum as the monolayer-separated minimum to

distinguish it from the bilayer-separated minimum. The local density inside the mono-

layer structure is higher than outside: The distribution g(0, 0) at the midpoint of the

solute pair is approximately 2.4 for σ∗ = 1, 2.1 for σ∗ = 2, and 1.7 for σ∗ = 3.

With decreasing the inter-particle distance to r of the first maximum of w(r), gcyl(h, d)

at the midpoint diminishes [Figure 3.4(e)]: g(0, 0) is approximately 0, 0.4, and 0.6 for

σ∗ = 1, 2, and 3, respectively, indicating that water molecules are scarce in between two

particles at r of the desolvation barrier. Finally, two solutes are in contact at the first

minimum of w(r) [Figure 3.4(f)], so this minimum is called the contact minimum.

Enthalpic and Entropic Contributions to the Water-Mediated Potentials

Next, we study the size effect on the water-mediated interaction between two solutes.

Figure 3.5 displays the water-mediated potentials w∗(r) for LJ particles with σ∗ = 1,

1.5, 2, 2.5, and 3 at T = 300 K. w∗(r) is defined as the difference between the effective

potential w(r) and the direct pair potential ϕ(r), the latter is also plotted in Figure 3.5.

Subtracting ϕ(r) from w(r) obscures the first minimum of w(r), but other minima and

maxima remain in w∗(r).

Figure 3.6 shows w∗(r) at r of the contact minimum, the desolvation barrier, the

monolayer-separated minimum, and the bilayer-separated minimum of w(r) as a function

of the particle diameter σ∗. One can see three different σ∗ dependencies: With increasing

particle size, the contact minimum decreases, the desolvation barrier and the monolayer-
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Figure 3.5: The water-mediated potentials w∗(r) for pairs of LJ particles at T = 300 K.

The solute diameter σ∗ varies from 1 to 3 in 0.5 increments. w∗(r) (solid curve) is defined

as the excess part of the effective potential w(r) by subtracting the solute-solute pair

potential ϕ(r) (dashed curve) from w(r). Reproduced from ”H. Naito, T. Sumi, and

K. Koga, J. Chem. Phys., Vol. 161, doi: 10.1063/5.0233808 (2024)”, with the permission

of AIP Publishing.

separated minimum increase, and the bilayer-separated minimum barely changes from

zero. The present paper aims to elucidate the thermodynamic and microscopic factors

determining these size dependence.

Firstly, we investigate the thermodynamic factor. The enthalpic and entropic con-

tributions, ∆h∗(r) and −T∆s∗(r), to w∗(r), are obtained from a temperature derivative

of w∗(r). Figures 3.7(a) and (b) display ∆h∗(r) and −T∆s∗(r) for σ∗ = 1, 1.5, 2, 2.5,

and 3 at T = 300 K. Both curves show the fluctuating behavior as a function of the

distance r between two solute particles. Here, we focus on w∗(r), ∆h∗(r), and −T∆s∗(r)

at particular values of r.
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Figure 3.6: The particle size dependence of the water-mediated interactions between LJ

particles at T = 300 K. Blue circles, red diamonds, violet triangles, and green squares

represent w∗(r) at the inter-particle distances r of the bilayer-separated minimum, the

monolayer-separated minimum, the desolvation barrier, and the contact minimum of w(r),

respectively.

Solute Size Dependence of w∗(r) = ∆h∗(r) − T∆s∗(r)

Figure 3.8(a) shows the σ∗ dependence of w∗(r), ∆h∗(r), and −T∆s∗(r) at r of the

bilayer-separated minimum of w(r). The temperature derivative of a quadratic fit to w∗(r)

against T gives the enthalpy and entropy changes. Although w∗(r) at the bilayer-separated

minimum does not vary with the particle size, ∆h∗(r) and −T∆s∗(r) largely depend on

σ∗ and have opposite trends against σ∗: ∆h∗(r) is negative and decreases with increasing

σ∗, while −T∆s∗(r) is positive and increases with σ∗. Both contributions largely cancel

out, so the resulting w∗(r) is nearly zero for all size solutes. For example, in the case of

the largest solute with σ∗ = 3, ∆h∗(r) = −6.42 kJ mol−1 and −T∆s∗(r) = 7.14 kJ mol−1,

so w∗(r) = ∆h∗(r) − T∆s∗(r) = 0.72 kJ mol−1. The signs of ∆h∗(r) and −T∆s∗(r) are

consistent with the result for the effective interactions between two graphene plates[106]

and two C60 fullerenes[86] in water, but in both cases, the magnitude of ∆h∗(r) is greater

than that of −T∆s∗(r), so the resulting free energy change is negative.

Figure 3.8(b) displays w∗(r), ∆h∗(r), and −T∆s∗(r) obtained from a linear fit to w∗(r)

61



ï24

ï16

ï8

0

8

16

0.0 0.5 1.0 1.5 2.0

ïT
6
s*

(r 
) /

 k
J 

m
ol
ï1

r / nm

ï16

ï8

0

8

16

24

0.0 0.5 1.0 1.5 2.0

6
h*

(r 
) /

 k
J 

m
ol
ï1

r / nm

(a)

(b)

σ* = 1 1.5
2

2.5
3

σ* = 1
1.5

2 2.5
3

Figure 3.7: The enthalpic and entropic contributions, ∆h∗(r) and −T∆s∗(r), to the water-

mediated potentials w∗(r) for LJ particles with σ∗ = 1, 1.5, 2, 2.5, and 3 at T = 300 K.

(a) ∆h∗(r) and (b) −T∆s∗(r) are obtained from a quadratic fit of w∗(r) as a function

of T . Reproduced from ”H. Naito, T. Sumi, and K. Koga, J. Chem. Phys., Vol. 161,

doi: 10.1063/5.0233808 (2024)”, with the permission of AIP Publishing.
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Figure 3.8: The particle size dependence of w∗(r), ∆h∗(r), and −T∆s∗(r) at r of the

bilayer-separated minimum of w(r) for LJ particles at T = 300 K. The particle diameter

σ∗ ranges from 1 to 3. (a) The results of a quadratic fit to w∗(r) against T using the data

at T = 270, 300, 330, and 360 K. Blue circles, red diamonds, and green squares represent

w∗(r), ∆h∗(r), and −T∆s∗(r), respectively. (b) w∗(r), ∆h∗(r), and −T∆s∗(r) obtained

from a linear fit to w∗(r) against T using the data at T = 270, 300, and 330 K. (c) The σ∗

dependence of ∆h∗(r) = ∆Usw(r)+∆Uww(r). Here, ∆Usw(r) and ∆Uww(r) are the changes

in the sums of the solute-water and water-water pair interaction energies, respectively,

as the solute-solute distance decreases from infinite separation to r. Red, light-green,

and light-blue bars represent ∆h∗(r), ∆Usw(r), and ∆Uww(r), respectively. Reproduced

from ”H. Naito, T. Sumi, and K. Koga, J. Chem. Phys., Vol. 161, doi: 10.1063/5.0233808

(2024)”, with the permission of AIP Publishing.
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against T . A comparison of Figures 3.8(a) and (b) indicates that there is little difference

between the two results: ∆h∗(r) from a quadratic fit is −0.60, −1.28, −2.17, −2.01, and

−6.44 kJ mol−1 for σ∗ = 1, 1.5, 2, 2.5, and 3, respectively, while ∆h∗(r) from a linear fit

is −0.61, −1.33, −2.69, −2.05, and −6.57 kJ mol−1 for each-size particle. These results

suggest that the enthalpy change in which two solute particles approach each other has

little temperature dependence.

Now we consider the size effect on the enthalpic contribution ∆h∗(r) to w∗(r) by di-

viding it into two parts, ∆Usw(r) and ∆Uww(r): Usw(r) is the sum of the pair interaction

energy between the solute pair and water molecules, Uww(r) is the sum of the pair inter-

action energy between the water molecules, and ∆ denotes the change in the process of

decreasing the inter-particle distance from infinity to r. Figure 3.8(c) is a bar graph of

∆h∗(r) = ∆Usw(r) + ∆Uww(r) for LJ particles with σ∗ = 1, 1.5, 2, 2.5, and 3. ∆Usw(r) at

the bilayer-separated minimum is almost zero for σ∗ = 1, but it becomes slightly larger

with increasing σ∗. On the other hand, ∆Uww(r) is negative and decreases as the particle

size increases. The decrease of ∆h∗(r) with σ∗ is thus due to that of ∆Uww(r), indicat-

ing that the bilayer structure of water becomes more energetically stable with increasing

particle size.

The negative ∆Uww(r) means that the stability of the water structure is greater when

two solutes are bilayer-separated than they are far apart. This result is consistent with the

normalized distributions gcyl(h, d) of water molecules around the solute pair. Fig. 3.4(b)

indicates that the local density of water in the bilayer structure is higher than that in

the first solvation shell of the solute: The former is gcyl(h, d) ≃ 2.3, 2.1, and 1.8 for the

particle with σ∗ = 1, 2, and 3, respectively, while the latter is gcyl(h, d) ≃ 2.0, 1.7, and 1.6

for each particle.

The entropic contribution −T∆s∗(r) to the bilayer-separated minimum is positive and

increases with σ∗, and it cancels out the enthalpic stabilization of the bilayer-separated

pair. One of the microscopic factors of the positive −T∆s∗(r) would be the decrease of the

translational entropy of water molecules inside the bilayer structure. Here, we calculate

the following quantity Dw to measure the diffusion of water molecules around a pair of
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far apart bilayer-separated

Figure 3.9: The distribution Dw(h, d) of the mean square displacement of water molecules

around the solute pair per 1 ps in the cylindrical coordinate system. Two solute particles

with the diameter σ∗ = 3 are displayed in white. The inter-particle distance is 3 nm (left)

and 1.764 nm (right), the latter corresponding to the bilayer-separated distance of the

effective pair potential w(r) for the LJ solute with σ∗ = 3.

the LJ solutes with σ∗ = 3:

Dw =
〈
|ri(t + dt) − ri(t)|2

〉
with dt = 1 ps, (3.11)

where ri(t) = (xi(t), yi(t), zi(t)) is the three-dimensional coordinate of a water molecule

i at the time t, and ⟨· · · ⟩ denotes the statistical average of all water molecules and the

time average. Dw is the mean square displacement of the water molecule per 1 ps.

Fig. 3.9 shows the spatial distribution of Dw in the cylindrical coordinate system.

One can see that Dw(h, d) of the bilayer-separated pair has slightly black-colored lines,

indicating that the mean square displacement of the water molecule inside the bilayer

structure is smaller than that in the solvation shell. Therefore, the entropic destabilization

of the bilayer-separated pair would be due to the slow diffusion of the water molecule

confined by two solute particles.

Next, we see the particle size effect on the monolayer-separated minimum of w(r).

Figures 3.10(a) and (b) show the σ∗ dependence of w∗(r), ∆h∗(r), and −T∆s∗(r) at r

of the monolayer-separated minimum. For the solutes with σ∗ ≥ 1.5, ∆h∗(r) is positive

while −T∆s∗(r) is negative, consistent with the simulation result of two graphene plates
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Figure 3.10: The particle size dependence of w∗(r), ∆h∗(r), and −T∆s∗(r) at r of the

monolayer-separated minimum of w(r) for LJ particles at T = 300 K. The particle diam-

eter σ∗ ranges from 1 to 3. (a) The results of a quadratic fit to w∗(r) against T . Blue

circles, red diamonds, and green squares represent w∗(r), ∆h∗(r), and −T∆s∗(r), respec-

tively. (b) w∗(r), ∆h∗(r), and −T∆s∗(r) obtained from a linear fit to w∗(r) against T .

(c) The σ∗ dependence of ∆h∗(r) = ∆Usw(r) + ∆Uww(r). Red, light-green, and light-blue

bars represent ∆h∗(r), ∆Usw(r), and ∆Uww(r), respectively. Reproduced from ”H. Naito,

T. Sumi, and K. Koga, J. Chem. Phys., Vol. 161, doi: 10.1063/5.0233808 (2024)”, with

the permission of AIP Publishing.
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in water.[106] The increase of w∗(r) at the monolayer-separated distance with σ∗ is due

to the enthalpic contribution ∆h∗(r) regardless of the fitting forms of w∗(r): ∆h∗(r)

positively ascends as σ∗ increases.

Figure 3.10(c) displays the σ∗ dependence of ∆h∗(r) = ∆Usw(r)+∆Uww(r). The energy

change ∆Usw(r) of the solute-water pair interaction increases with increasing particle size,

indicating that ”the desolvation cost” of water molecules increases with σ∗. Here, ”the

desolvation cost” is an energetic loss of the solute-water pair interaction energy when two

solutes are close to each other, and parts of water molecules are removed from the solvation

shells of the solutes (compare Figures 3.4(a) and (d)). The energy change ∆Uww(r) of the

water-water pair interaction is negative for σ∗ = 1, so the monolayer structure of water

in the gap between methane-sized particles is energetically stable. In contrast, ∆Uww(r)

is positive for σ∗ = 1.5, 2, 2.5 and 3. We will analyze the structural stability/instability

of the monolayer structure of water based on the spatial distributions of the number of

hydrogen bonds between water molecules.

The thermodynamic factor determining the size dependence of the desolvation barrier

is similar to that of the monolayer-separated minimum. Figures 3.11(a) and (b) indicate

that in the σ∗ range from 2 to 3, ∆h∗(r) is positive and increases with σ∗, while −T∆s∗(r)

is negative and decreases with σ∗. The magnitude of the enthalpic contribution is greater

than that of the entropic contribution, so the resulting w∗(r) at the desolvation barrier

is positive and increases as the particle size increases. Figure 3.11(c) shows that both

energy changes, ∆Usw(r) and ∆Uww(r), become larger as σ∗ increases. The former size

dependence implies an increase in the desolvation cost, and the latter would be related to

the structural change of water around the solute pair.

Finally, we study the effect of particle size on the contact minimum. As shown in

Figure 3.6, w∗(r) at r of the contact minimum of w(r) is negative and descends with

increasing σ∗. Figures 3.12(a) and (b) displays that the decrement of w∗(r) against σ∗

is mainly due to the entropic contribution: −T∆s∗(r) is negative and decreases as the

particle size increases up to σ∗ = 2.5. The entropic stabilization of the solute pair is due

to the overlap of two excluded volumes of the solutes. See the detailed discussion for the
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Figure 3.11: The particle size dependence of w∗(r), ∆h∗(r), and −T∆s∗(r) at r of the

desolvation barrier of w(r) for LJ particles at T = 300 K. The particle diameter σ∗

ranges from 1 to 3. (a) The results of a quadratic fit to w∗(r) against T . Blue circles,

red diamonds, and green squares represent w∗(r), ∆h∗(r), and −T∆s∗(r), respectively.

(b) w∗(r), ∆h∗(r), and −T∆s∗(r) obtained from a linear fit to w∗(r) against T . (c)

The σ∗ dependence of ∆h∗(r) = ∆Usw(r) + ∆Uww(r). Red, light-green, and light-blue

bars represent ∆h∗(r), ∆Usw(r), and ∆Uww(r), respectively. Reproduced from ”H. Naito,

T. Sumi, and K. Koga, J. Chem. Phys., Vol. 161, doi: 10.1063/5.0233808 (2024)”, with

the permission of AIP Publishing.
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Figure 3.12: The particle size dependence of w∗(r), ∆h∗(r), and −T∆s∗(r) at r of the

contact minimum of w(r) for LJ particles at T = 300 K. The particle diameter σ∗ ranges

from 1 to 3. (a) The results of a quadratic fit to w∗(r) against T . Blue circles, red

diamonds, and green squares represent w∗(r), ∆h∗(r), and −T∆s∗(r), respectively. (b)

w∗(r), ∆h∗(r), and −T∆s∗(r) obtained from a linear fit to w∗(r) against T . (c) The

σ∗ dependence of ∆h∗(r) = ∆Usw(r) + ∆Uww(r). Red, light-green, and light-blue bars

represent ∆h∗(r), ∆Usw(r), and ∆Uww(r), respectively. Reproduced from ”H. Naito,

T. Sumi, and K. Koga, J. Chem. Phys., Vol. 161, doi: 10.1063/5.0233808 (2024)”, with

the permission of AIP Publishing.
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excluded volume effect[12] in Chapters 2 and 4.

The enthalpic contribution ∆h∗(r) is positive for any size particles but has a non-

monotonic dependence on σ∗: For the result obtained from a quadratic fit of w∗(r),

∆h∗(r) increases with increasing σ∗ from 1 to 2, while it decreases with σ∗ from 2 to 3.

In the case of the largest solute with σ∗ = 3, ∆h∗(r) is close to zero.

Figure 3.12(c) shows ∆h∗(r), ∆Usw(r), and ∆Uww(r) at the contact minimum. Inter-

estingly, ∆Usw(r) and ∆Uww(r) have opposite trends against the particle size: The change

∆Usw(r) of the solute-water pair interaction energy is positive and monotonically increases

with increasing σ∗, indicating the increase of the desolvation cost with σ∗. In contrast,

the change ∆Uww(r) of the water-water pair interaction energy is positive for σ∗ = 1, 1.5,

and 2, but its magnitude decreases with σ∗. ∆Uww(r) is significantly negative for σ∗ = 3

and cancels out the largely positive ∆Usw(r), so the resulting ∆h∗(r) = ∆Usw(r)+∆Uww(r)

is close to zero. Therefore, the non-monotonic σ∗ dependence of ∆h∗(r) at the contact

distance is due to the opposite trends of ∆Usw(r) and ∆Uww(r) against σ∗.

We summarize in Table 3.2 the σ∗ dependence of w∗(r), ∆h∗(r), −T∆s∗(r), ∆Usw(r),

and ∆Uww(r) at r of the bilayer-separated minimum, the monolayer-separated minimum,

the desolvation barrier, and the contact minimum. Here, we focus on the particle size ef-

fects on ∆Uww(r): At the bilayer-separated minimum and the contact minimum, ∆Uww(r)

decreases with increasing σ∗, but at the monolayer-separated minimum and the desolva-

tion barrier, ∆Uww(r) increases with σ∗. To clarify the microscopic factors determining

the σ∗ dependence of ∆Uww(r) at particular distances r, we calculate the number of

hydrogen bonds between water molecules around the solute pair.

Distributions of the Number of Hydrogen Bonds between Water Molecules

Around Solute Pairs

Figure 3.13 displays the spatial distributions NHB(h, d) of the number of hydrogen bonds

between water molecules around the solute pair with σ∗ = 1 (left), 2 (middle), and 3 (right)

at T = 300 K. These two-dimensional distributions are obtained based on the cylindrical

coordinate system (see Figure 3.2). When two solutes are 3 nm apart [Figure 3.13(a)], the
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(b) 3rd minimum ( bilayer-separated minimum )

(c) 2nd maximum

(e) 1st maximum ( desolvation barrier )

(f) 1st minimum ( contact minimum )
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Figure 3.13: The spatial distributions NHB(h, d) of the number of hydrogen bonds between

water molecules per one molecule at T = 300 K. Two LJ particles with σ∗ = 1 (left),

2 (middle), and 3 (right) are displayed in white. The solute-solute separation R is fixed

to (a) 3 nm, or to r of (b) the third minimum (bilayer-separated minimum), (c) the

second maximum, (d) the second minimum (monolayer-separated minimum), (e) the first

maximum (desolvation barrier), and (f) the first minimum (contact minimum), of w(r)

for each-sized particle (see Table 3.1). NHB of the bulk water is about 3.66. Reproduced

from ”H. Naito, T. Sumi, and K. Koga, J. Chem. Phys., Vol. 161, doi: 10.1063/5.0233808

(2024)”, with the permission of AIP Publishing.
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Table 3.2: The particle size dependence of w∗(r), ∆h∗(r), −T∆s∗(r), ∆Usw(r), ∆Uww(r)

for LJ particles in water at T = 300 K. The inter-particle distance is r of the bilayer-

separated minimum, the monolayer-separated minimum, the desolvation barrier, and the

contact minimum, of the solute-solute effective potential w(r). The symbols ↗ and ↘
denote the increment and decrement against σ∗, respectively, and −→ represents little size

dependence. The symbol ↗↘ for ∆h∗(r) at the contact minimum denotes the convex

upward size dependence on σ∗ (see Figure 3.12).

w∗(r) ∆h∗(r) −T∆s∗(r) ∆Usw(r) ∆Uww(r)

bilayer-separated minimum −→ ↘ ↗ ↗ ↘

monolayer-separated minimum ↗ ↗ ↘ ↗ ↗

desolvation barrier ↗ ↗ ↘ ↗ ↗

contact minimum ↘ ↗↘ ↘ ↗ ↘

number NHB(h, d) in the first solvation shell of the methane-sized particle is almost the

same as NHB ≃ 3.66 in the bulk water. The number of hydrogen bonds in the solvation

shell decreases as the particle size increases: NHB(h, d) in the shell is approximately 3.4

and 3.0 for σ∗ = 2 and 3, respectively.

Even though the inter-particle separation decreases from 3 nm to r of the bilayer-

separated minimum of w(r), the NHB(h, d) in the gap between two particles is almost the

same as in the bulk [Figure 3.13(b)]. The bilayer structure of water disappears at r of

the second maximum of w(r), and the NHB(h, d) in the gap is smaller than that in the

bulk due to the confinement of water molecules [Figure 3.13(c)]. The confinement effect

is absent for the LJ particle with σ∗ = 1 but notable for σ∗ = 3.

When the particle-particle distance is r of the monolayer-separated minimum of w(r),

the effect of confinement on water becomes more obvious [Figure 3.13(d)]: NHB(0, 0) at

the midpoint of the solute pair is approximately 3.4 for σ∗ = 1, 3.1 for σ∗ = 2, and 3.0 for

σ∗ = 3. Therefore, water molecules in the monolayer structure are less hydrogen-bonded

and thus less energetically stable than the bulk water. These unstable water molecules

are the microscopic factor for the positive ∆Uww(r) at the monolayer-separated minimum

for σ∗ = 2 and 3 (see Figure 3.10(c)). Since the number NHB(h, d) of hydrogen bonds

in the gap between the large-size particles is close to 3, the monolayer structure of water
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would be the planar hydrogen bond network.

As the inter-particle distance decreases to that of the desolvation barrier, NHB(0, 0)

becomes smaller [Figure 3.13(e)]. At the contact minimum, NHB(0, 0) is zero because two

solutes are in contact with each other [Figure 3.13(f)].

Now, we discuss the microscopic factor of the negative ∆Uww(r) at r of the contact

minimum for the C60-sized particle (see Figure 3.12(c)). The number NHB(h, d) of hydro-

gen bonds in the first solvation shell of the LJ particle with σ∗ = 3 is about 3, smaller

than in the bulk (NHB ≃ 3.66). With decreasing the inter-particle distance r towards the

contact distance, parts of the water molecules in the two shells are released into the bulk

region. Then, the number of hydrogen bonds of these released water molecules increases

to the bulk value. Therefore, the sum Uww(r) of the pair interaction energy between wa-

ter molecules decreases as r decreases from an infinite separation to the contact distance.

Previous studies similarly suggested that the negative enthalpic contribution to the con-

tact pair of actual C60 fullerenes[107] or hydrophobic plates[90] is due to the increment in

the number of hydrogen bonds.

3.3.2 Weeks-Chandler-Andersen Solute

Now we consider the other type of the solute; the WCA solute. This solute interacts

with water molecules via the repulsive part of the Weeks-Chandler-Andersen (WCA)

potential.[54] The difference between two types of the solutes is that the pair potential

between solute and water molecules includes the attractive part (LJ solute) or not (WCA

solute).

Potentials of Mean Force

Figure 3.14 shows the potentials w(r) of mean force for pairs of the LJ solutes (solid curves)

and the WCA solutes (dashed curves) in water at T = 300 K. The contact minimum of

w(r) for the WCA solutes becomes deeper than that for the LJ solutes, consistent with

the simulation result for the water-mediated interaction between C60 fullerenes.[72] This

minimum also decreases as σ∗ increases from 1 (methane size) to 3 (C60 size). The
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Figure 3.14: The effective potentials w(r) for the LJ solutes and the Weeks-Chandler-

Andersen (WCA) solutes in water at T = 300 K. The LJ and WCA solutes interact with

water molecules through the LJ and repulsive WCA potentials,[54] respectively. The solute

diameters σ∗ are 1 (blue), 2 (green), and 3 (red). The solid and dashed curves represent

w(r) for the LJ and WCA solutes, respectively.

decrease of the contact minimum with σ∗ is more drastic for the WCA solutes than for

the LJ solutes: w(r) = −2.73, −6.22, and −11.69 kJ mol−1 for the LJ solutes with σ∗ = 1,

2, and 3, respectively, while w(r) = −6.43, −18.73, and −43.88 kJ mol−1 for the WCA

solutes with σ∗ = 1, 2, and 3, respectively. One can see that w(r) for the WCA solutes

does not have the desolvation barrier and the monolayer-separated minimum.[72]

The rise in temperature affects the strength of the solute-solute effective interaction

when the solute particles are repellent with water molecules. Figures 3.15(a)-(c) display

w(r) for the WCA solutes with σ∗ = 1, 2, and 3 in water at three temperatures T = 270,

300, and 330 K. For each-size solute, the contact minimum decreases with increasing T .

The effective potentials between the WCA solutes with σ∗ = 2 and 3 do not have the

monolayer-separated minimum, but at r of the monolayer-separated minimum for the LJ

solutes, w(r) decreases with T .
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Figure 3.15: The effective potentials w(r) for pairs of the WCA solutes of different sizes

in water at three T . The solute diameters σ∗ are (a) 1 (methane size), (b) 2, and (c) 3

(C60 fullerene size). Each curve shows the result at T = 270 K (green), 300 K (blue), and

330 K (red), respectively. Dotted, short-dashed, and long-dashed black lines indicate the

inter-solute distances r of the contact minimum, the monolayer-separated minimum, and

the bilayer-separated minimum of w(r) for the LJ solutes (see Table 3.1).
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(a) R = 3 nm

(b) bilayer-separated distance

(c) monolayer-separated distance

(d) contact distance

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

Figure 3.16: The normalized two-dimensional distributions gcyl(h, d) of water molecules

around a pair of the WCA solutes at T = 300 K. Two solutes with σ∗ = 1 (left), 2 (middle),

and 3 (right) are displayed in black. The solute-solute separation R is fixed to (a) 3 nm,

or to r of (b) the bilayer-separated minimum, (c) the monolayer-separated minimum, and

(d) the contact minimum, of w(r) for the LJ solutes in water (see Table 3.1).

Distributions of Water Molecules Around Solute Pairs

Here, we study the water structure near a pair of the WCA solutes and compare the

results with those for the LJ solutes. Figure 3.16 shows the normalized two-dimensional

distributions gcyl(h, d) of water molecules near the WCA solute pair with σ∗ = 1 (left),

2 (middle), and 3 (right). When two solutes are 3 nm apart [Figure 3.16(a)], the local

density of water in the first solvation shell of each solute is higher than the bulk density

but slightly lower than that for the LJ solutes [Figure 3.4(a)]: For the WCA solutes,

gcyl(h, d) in the solvation shell is approximately 1.8, 1.6, and 1.4 for σ∗ = 1, 2, and 3,

respectively, while for the LJ solutes, it is nearly 2.0, 1.7, and 1.6 at σ∗ = 1, 2, and 3.

76



As the solute-solute separation decreases from 3 nm to r of the bilayer-separated

minimum of w(r) for the LJ solutes (see Table 3.1), the bilayer structure of water appears

in between the two WCA solutes [Figure 3.16(b)]. The height of these peaks is higher

than gcyl(h, d) in the other part of the solvation shells: gcyl(h, d) is approximately 2.1, 1.9,

and 1.5 for the WCA solutes with σ∗ = 1, 2, and 3, respectively. These values are smaller

than those for the LJ solute: The peak height of gcyl(h, d) in the gap between the LJ

solutes is approximately 2.3, 2.1, and 1.8 for σ∗ = 1, 2, and 3, respectively [Figure 3.4(b)].

When the particle-particle distance is r of the monolayer-separated minimum of w(r)

for the LJ solutes, the bilayer structure disappears [Figure 3.16(c)]. For the WCA solutes

with σ∗ = 1 and 2, the water density inside the monolayer structure is higher than

outside. However, that density for σ∗ = 3 is lower than the bulk density: gcyl(0, 0) is

approximately 2.0 for σ∗ = 1 and 1.7 for σ∗ = 2, but 0.7 for σ∗ = 3. In the case of the LJ

solute with σ∗ = 3, gcyl(h, d) inside the gap between two solute particles is slightly greater

than outside the gap [Figure 3.4(d)]. With decreasing the inter-solute distance to r of the

contact minimum of w(r) for the LJ solutes, two WCA solutes are in contact with each

other [Figure 3.16(d)].

Enthalpic and Entropic Contributions to the Water-Mediated Potentials

Now, the solute size effects on the water-mediated interaction between the WCA solutes

are examined. Figure 3.17 shows w∗(r) = w(r) − ϕ(r) for pairs of the WCA solutes

with σ∗ = 1, 2, and 3 together with the direct part ϕ(r). The water-mediated potential

w∗(r) for the LJ solutes has a positive potential peak corresponding to the desolvation

barrier (see Figure 3.5), whereas w∗(r) for the WCA solutes does not have such a peak.[72]

The following analysis investigates why the potential barrier disappears when the solute

particle is repellent with water molecules.

The enthalpy and entropy changes are obtained from a temperature derivative of a

linear fit to w∗(r) against T . Figures 3.18(a) and (b) display ∆h∗(r) and −T∆s∗(r),

respectively, for pairs of the WCA solutes. In contrast to the water-mediated potential,

∆h∗(r) and −T∆s∗(r) oscillate depending on the solute-solute distance r. Here, we
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Figure 3.17: The water-mediated potentials w∗(r) for the WCA solutes with σ∗ = 1, 2,

and 3 at T = 300 K. The excess parts w∗(r) of the effective potentials w(r) and the direct

parts ϕ(r) are represented by the solid and dashed curves, respectively.

focus on w∗(r), ∆h∗(r), and −T∆s∗(r) at the bilayer-separated, monolayer-separated,

and contact distances of w(r) for the LJ solutes. The values of these distances are listed

in Table 3.1 and highlighted in Figure 3.15.

Solute Size Dependence of w∗(r) = ∆h∗(r) − T∆s∗(r)

Figure 3.19(a) shows the σ∗ dependence of w∗(r) = ∆h∗(r)−T∆s∗(r) for the WCA solutes

at the bilayer-separated distance. The water-mediated potential w∗(r) is close to zero for

any size solutes. In contrast to the result for the LJ solutes, ∆h∗(r) and −T∆s∗(r) for the

WCA solutes hardly depend on σ∗. The enthalpy change ∆h∗(r) is slightly negative for

σ∗ = 1 and 3, while it takes a small positive value when σ∗ = 2. Figure 3.19(b) indicates

that the magnitudes of ∆h∗(r) are determined by the change ∆Uww(r) of the water-water

pair interaction energy because the change ∆Usw(r) of the solute-water pair interaction

energy is almost zero for all solutes.

Next, Figure 3.20(a) shows the σ∗ dependence of w∗(r), ∆h∗(r), and −T∆s∗(r) at the

monolayer-separated distance. For σ∗ = 1, ∆h∗(r) is slightly negative (−0.80 kJ mol−1)
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Figure 3.18: The enthalpic and entropic contributions, ∆h∗(r) and −T∆s∗(r), to the

water-mediated potentials w∗(r) for the WCA solutes at T = 300 K. The solute diameter

σ∗ is 1, 2, and 3. (a) ∆h∗(r) and (b) −T∆s∗(r) are obtained from a linear fit to w∗(r) as

a function of T .
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Figure 3.19: (a) The solute size dependence of w∗(r) = ∆h∗(r) − T∆s∗(r) for pairs of

the WCA solutes in water at T = 300 K. The inter-solute distances are r of the bilayer-

separated minimum of w(r) for the LJ solutes (see Table 3.1). The particle diameter

σ∗ varies from 1 to 3. The linear fit to w∗(r) (blue circle) against T gives ∆h∗(r) (red

diamond) and −T∆s∗(r) (green square). (b) The σ∗ dependence of ∆h∗(r) = ∆Usw(r) +

∆Uww(r), where ∆Usw(r) and ∆Uww(r) are the changes in the sums of the solute-water and

water-water pair interaction energies, respectively, as the solute-solute distance decreases

from infinity to r. Red, light-green, and light-blue bars represent ∆h∗(r), ∆Usw(r), and

∆Uww(r), respectively.

while −T∆s∗(r) is slightly positive (+0.44 kJ mol−1) so that w∗(r) = ∆h∗(r) − T∆s∗(r)

is nearly zero (−0.36 kJ mol−1). w∗(r) for σ∗ = 2 and 3 is also close to zero, so the

water-mediated interaction hardly depends on the solute size. However, the magnitudes

of ∆h∗(r) and −T∆s∗(r) for σ∗ = 2 and 3 are large, and they show the opposite trends

against σ∗: The enthalpic contribution to w∗(r) is positive and increases with increasing

σ∗, while the entropic contribution is negative and decreases with σ∗. The magnitudes of

both contributions are nearly equal, so the positive ∆h∗(r) and the negative −T∆s∗(r)

mostly cancel each other out.

We divide ∆h∗(r) into two parts, ∆Usw(r) and ∆Uww(r). Figure 3.20(b) is a plot

of ∆h∗(r), ∆Usw(r), and ∆Uww(r) as a function of σ∗. ∆Usw(r) is close to zero for the

WCA solutes with σ∗ = 1 and 2, and it is negative for σ∗ = 3. The sign of ∆Usw(r)
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Figure 3.20: (a) The solute size dependence of w∗(r) = ∆h∗(r) − T∆s∗(r) for pairs

of the WCA solutes in water at T = 300 K. The inter-solute distances are r of the

monolayer-separated minimum of w(r) for the LJ solutes (see Table 3.1). The particle

diameter σ∗ varies from 1 to 3. The linear fit to w∗(r) (blue circle) against T gives

∆h∗(r) (red diamond) and −T∆s∗(r) (green square). (b) The σ∗ dependence of ∆h∗(r) =

∆Usw(r)+∆Uww(r). Red, light-green, and light-blue bars represent ∆h∗(r), ∆Usw(r), and

∆Uww(r), respectively.

and its σ∗ dependence are completely different from those for the LJ solutes: ∆Usw(r) at

the monolayer-separated minimum increases with increasing the size of the LJ solute (see

Figure 3.10(c)), indicating that the desolvation cost of water molecules increases with σ∗.

In the case of the WCA solute with σ∗ = 3, removing parts of water molecules from the

solvation shell is not an energetic loss but rather an energetic gain.

The energy change ∆Uww(r) of the water-water pair interaction is slightly negative

for σ∗ = 1. On the other hand, ∆Uww(r) is positive for σ∗ = 2, and its magnitude

ascends with increasing σ∗. The positive ∆Uww(r) for large WCA solutes suggests that

the monolayer structure of water in between two solutes is energetically unstable, similar

to the LJ solutes with σ∗ = 2 and 3 (see Figure 3.10(c)).

Finally, we see the size effect on the contact minimum for the WCA solutes. Fig-

ure 3.21(a) displays that the water-mediated potential w∗(r) at the contact distance is
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Figure 3.21: (a) The solute size dependence of w∗(r) = ∆h∗(r) − T∆s∗(r) for pairs of

the WCA solutes in water at T = 300 K. The inter-solute distances are r of the contact

minimum of w(r) for the LJ solutes (see Table 3.1). The particle diameter σ∗ varies from

1 to 3. The linear fit to w∗(r) (blue circle) against T gives ∆h∗(r) (red diamond) and

−T∆s∗(r) (green square). (b) The σ∗ dependence of ∆h∗(r) = ∆Usw(r) + ∆Uww(r). Red,

light-green, and light-blue bars represent ∆h∗(r), ∆Usw(r), and ∆Uww(r), respectively.

negative and descends with increasing σ∗. It is clear that both the enthalpic and entropic

contributions to w∗(r) decrease as the solute size increases: The enthalpic contribution

∆h∗(r) is positive for σ∗ = 1, close to zero for σ∗ = 2, and negative for σ∗ = 3. The en-

tropic contribution −T∆s∗(r) is negative for all-size solutes, and its magnitude increases

with σ∗ due to the increment of the excluded volume effect.[12]

Figure 3.21(b) shows ∆h∗(r), ∆Usw(r), and ∆Uww(r) at the contact distance as a

function of σ∗. The change ∆Usw(r) of the solute-water pair potential energy in decreasing

the distance between two WCA solutes from an infinite separation to the contact distance

is negative and monotonically decreases with increasing σ∗. In contrast to the LJ solutes,

the desolvation of water molecules is energetically favorable because the WCA solutes

repel water molecules.

The change ∆Uww(r) of the water-water pair potential energy is positive for σ∗ = 1 and

2, but it takes a negative value when σ∗ = 3. In the case of the largest size solute, both
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∆Usw(r) and ∆Uww(r) are negative, and so the resulting ∆h∗(r) = ∆Usw(r) + ∆Uww(r)

becomes significantly negative. Therefore, a deep minimum in w(r) for the WCA solute

with σ∗ = 3, compared to w(r) for the LJ solute (see Fig. 3.14), is due to the largely

negative contributions from both the enthalpic and entropic terms.

Distributions of the Number of Hydrogen Bonds between Water Molecules

Around Solute Pairs

The positive/negative ∆Uww(r) suggests the instability/stability of the microscopic struc-

ture of water. Here, we calculate the number of hydrogen bonds between water molecules

around a pair of the WCA solutes. Figure 3.22 displays the spatial distributions NHB(h, d)

of the number of hydrogen bonds between water molecules near the WCA solute pair.

When two solutes are 3 nm apart [Figure 3.22(a)], the number NHB(h, d) in the first sol-

vation shell of the WCA solute with σ∗ = 1 is almost the same as NHB ≃ 3.66 for the bulk

water. The number of hydrogen bonds in the solvation shell decreases as σ∗ increases:

NHB(h, d) is approximately 3.5 for σ∗ = 2 and 3.4 for σ∗ = 3. These values are slightly

larger than NHB(h, d) for the LJ solutes: NHB(h, d) in the shell is approximately 3.4 and

3.0 for the LJ solutes of σ∗ = 2 and 3, respectively.

At the bilayer-separated distance, the NHB(h, d) in the gap between two WCA solutes is

slightly smaller than the bulk value [Figure 3.22(b)], so the confinement of water molecules

has a bit of influence on the stability of the bilayer structure of water. The confinement

effect becomes obvious when the inter-solute separation is the monolayer-separated dis-

tance [Figure 3.22(c)]: NHB(0, 0) at the midpoint of the solute pair is approximately 3.3,

3.0, and 2.7 for σ∗ = 1, 2, and 3, respectively. Similar to the result for the LJ solutes

[Figure 3.13(d)], water molecules in the monolayer structure are energetically less stable

than the bulk water. These molecules are the microscopic factor for the positive ∆Uww(r)

at the monolayer-separated distance (see Figure 3.20(b)).

As the inter-solute separation decreases to the contact distance, two WCA solutes are

in contact [Figure 3.22(d)]. The negative ∆Uww(r) for σ∗ = 3 at the contact distance (see

Figure 3.21(b)) is due to releasing parts of water molecules from the solvation shells of
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(a) R = 3 nm

(b) bilayer-separated distance

(c) monolayer-separated distance

(d) contact distance

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

σ* = 1 σ* = 2 σ* = 3

Figure 3.22: The spatial distributions NHB(h, d) of the number of hydrogen bonds between

water molecules per one molecule around a pair of the WCA solutes of different sizes at

T = 300 K. Two solutes with σ∗ = 1 (left), 2 (middle), and 3 (right) are displayed in white.

The solute-solute separation R is fixed to (a) 3 nm, or to r of (b) the bilayer-separated

minimum, (c) the monolayer-separated minimum, and (d) the contact minimum, of w(r)

for the LJ solutes in water (see Table 3.1).

the solutes into the bulk region when two solutes approach each other: The number of

hydrogen bonds of these released water molecules increases from about 3.4 in the solvation

shell to the bulk value NHB ≃ 3.66.

3.4 CONCLUSIONS

Energetic and structural analyses elucidated the thermodynamic and microscopic factors

determining the particle size dependence of the water-mediated interactions. The nature

of the inter-solute effective interaction in water varies as the particle size increases from
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methane’s to C60 fullerene’s size. The presence or absence of the solute-water attraction

also changes the strength of the effective interaction and its driving force.

Based on the molecular dynamics simulation, we computed the potentials w(r) of mean

force for pairs of solute particles with different diameters σ∗. w(r) oscillates depending on

the solute-solute distance r and has minima and maxima at particular values of r. Three

minima and one maximum of w(r) were characterized by the structural analysis of calcu-

lating the spatial distributions of water molecules around the solute pair: We refer to the

first minimum as the contact minimum, the second minimum as the monolayer-separated

minimum, the third minimum as the bilayer-separated minimum, and the first maximum

as the desolvation barrier. We quantified the enthalpic and entropic contributions to w(r)

at specific distances r to investigate the thermodynamic factors that determine the σ∗

dependencies of the bilayer-separated minimum, the monolayer-separated minimum, the

desolvation barrier, and the contact minimum.

When the inter-solute separation is r of the bilayer-separated minimum, two solutes

are separated by the bilayer structure of water. The magnitude of the bilayer-separated

minimum does not vary as the solute size increases due to the large canceling between

the enthalpic and entropic contributions, ∆h∗(r) and −T∆s∗(r): ∆h∗(r) is negative and

decreases with increasing σ∗, while −T∆s∗(r) is positive and increases with σ∗. The

negative ∆h∗(r) is due to the negative change ∆Uww(r) of the water-water pair potential

energy, suggesting that the bilayer structure of water is energetically stable. This result

is in agreement with the previous simulation study of the effective potential between

graphene plates[104]–[106] and C60 fullerenes[86] in water.

The monolayer structure of water is in the gap between two solutes at the monolayer-

separated distance. In the case of the LJ solutes, the monolayer-separated minimum

ascends with increasing σ∗ due to the increment of the enthalpic contribution: ∆h∗(r)

is negative for the methane-sized solute (σ∗ = 1), but it becomes positive as the solute

size increases to that of C60 (σ∗ = 3). Two energy changes, ∆Uww(r) and ∆Usw(r),

determine whether the monolayer-separated pair is enthalpically stable or unstable. The

∆Uww(r) is negative for σ∗ = 1, so the monolayer-separated pair of the methane-sized
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particle is stable. The structural analysis based on the spatial distribution of the number

of hydrogen bonds between water molecules clarifies that methane-sized particles hardly

disturb the solvation structure. In contrast, ∆Uww(r) is positive for the C60-size solute,

indicating that the monolayer-separated pair of large particles destabilizes the monolayer

structure of water. The number of hydrogen bonds in the gap between two solute particles

is actually smaller than the bulk value.

Another contribution determining the σ∗ dependence of ∆h∗(r) is the change of the

solute-water interaction energy: ∆Usw(r) is close to zero for σ∗ = 1 but positively increases

as the solute size increases. For the LJ solutes, ∆Usw(r) is positive because the number

of water molecules in the first solvation shells is smaller when two solutes are monolayer-

separated than when they are far apart. The increase of ∆Usw(r) with σ∗ is due to the

larger decrease in the number of water molecules in the solvation shells, i.e., the increment

of the desolvation cost. The driving factors for the increase of the desolvation barrier with

increasing σ∗ are the same as those of the monolayer-separated minimum.

In the case of the WCA solutes, the repellent solute with water molecules, the trend

of ∆Usw(r) vs. σ∗ is completely different from that for the LJ solutes: At the monolayer-

separated distance, ∆Usw(r) is negative and decreases with increasing σ∗. The negative

∆Usw(r) means that the decrement in the number of water molecules in the solvation

shells of the WCA solutes is energetically favorable. ∆Uww(r) positively increases with

σ∗, but the effective potential w(r) at the monolayer-separated distance hardly depends

on the solute size because the enthalpic term ∆h∗(r) > 0 is canceled out by the entropic

term −T∆s∗(r) < 0 for each solute.

Finally, the contact minimum of w(r) is negative and decreases with increasing σ∗.

Decreasing the inter-solute separation into the contact distance is mainly entropy-driven

due to the excluded volume effect.[12] The enthalpy changes ∆h∗(r) = ∆Usw(r)+∆Uww(r)

in the contact configurations have different size dependence for the LJ and WCA solutes.

The ∆Usw(r) for the LJ solutes is positive, and its magnitude increases with increasing σ∗.

This size dependence is due to the increment of the desolvation cost, similar to ∆Usw(r)

at the monolayer-separated minimum. In contrast, ∆Uww(r) decreases as the solute size
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increases. The increase of ∆Usw(r) and the decrease of ∆Uww(r) give the non-monotonic

σ∗ dependence of the resulting ∆h∗(r) for the LJ solutes. The ∆Uww(r) for the largest

solute is negative because the number of hydrogen bonds between water molecules in the

first solvation shell of the single solute is small compared to the bulk water and because

parts of the water molecules in the shells of two solutes are released into the bulk as the

inter-solute separation decreases from infinity to the contact distance.

In the case of the WCA solutes, the change ∆Usw(r) of the solute-water pair interaction

energy is negative, indicating that the desolvation of water molecules is an energetic gain.

The magnitude of ∆Usw(r) increases with increasing σ∗ because the number of water

molecules released from the first solvation shells of the WCA solutes increases as the

solute size increases. ∆Usw(r) and ∆Uww(r) are both negative for σ∗ = 3, so the resulting

enthalpy change becomes largely negative. The contact minimum is thus significantly

negative due to the negative contributions from the enthalpic and entropic terms. The

main difference between the LJ and WCA solutes is that the desolvation of water molecules

is an energetic loss for the LJ solute but an energetic gain for the WCA solute.

Note that in the case of the LJ solutes, the magnitudes of the solute-solute and solute-

water pair interactions, ϵ and ϵsw, are the same as those of the methane-methane and

methane-water pair ones, respectively. The purpose of fixing ϵ and ϵsw is to focus only

on the size effect on the water-mediated interaction. In reality, however, the attractive

(or dispersion) force between solute and water molecules becomes stronger for larger-

size solutes. The strong solute-water attraction changes the nature of the inter-solute

effective interaction and its size dependence qualitatively. For example, the effective

potential w(r) for pairs of the realistic C60 fullerenes in water has a negative value at

the monolayer-separated distance,[5], [72], [86] in contrast to the result for the C60-sized LJ

particle. Moreover, the contact minimum positively increases with σ∗ when the depth

of the solute-water pair potential is significantly deeper than that of the methane-water

LJ potential.[65] For a more detailed understanding of the water-mediated interaction,

we should elucidate the driving factors for the size effect on the effective interaction that

varies with the strength of the solute-water attraction.
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Chapter 4

Integral Equation Study of the Particle

Size Dependence of the Osmotic

Second Virial Coefficient
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Abstract

The present work investigates the quantitative relationship between the strength of the

solute-solute effecive interaction and the solute size. Based on the integral equation theory,

we calculate the potentials w(r) of mean force and the osmotic second virial coefficients B

for hard-sphere particles of different diameters σ in a hard-sphere solvent with its particle

diameter σv. The numerical result shows that the contact minimum w(σ) is negative

and decreases with increasing σ. The descent of the contact minimum indicates that

the contact pair of solute particles becomes more stable as the particle size increases,

consistent with the Asakura-Oosawa theory. In contrast, the osmotic B is positive for the

solute particles with σ ≤ 5σv, suggesting that the effective interactions are repulsive. B

decreases with increasing σ from 5σv to 6σv and turns nearly zero at σ = 6σv. In the σ

range from 7σv to 50σv, B is negative and decreases as σ increases, so the inter-particle

effective interaction is more attractive with increasing particle size. We analyze the σ

dependence of B in detail based on the thermodynamic identity for the osmotic virial

coefficients [K. Koga, V. Holten, and B. Widom, J. Phys. Chem. B, 2015, 119, 13391].
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4.1 INTRODUCTION

Any macromolecule in a solution has an excluded volume from which solvent molecules are

excluded (Figure 4.1(a)). If two macromolecules are close to each other, their excluded

volumes overlap (Figure 4.1(b)), and the configuration entropy of surrounding solvent

molecules becomes greater. An attractive interaction between two macromolecules is

thus entropically induced. Asakura and Oosawa proposed this ”excluded volume effect”

about 70 years ago.[12] The Asakura-Oosawa (AO) theory is simple but has been applied

to various research subjects, such as colloidal aggregation, protein stability, and so on (see

the recent review[108] for the AO theory and reference therein).

The inter-solute effective interaction in a solution can be represented by the potential

w(r) of mean force for pairs of solutes, and the magnitude of that interaction can be

measured by its first minimum. If we apply the AO theory to the system consisting of

a pair of hard-sphere solute particles with a diameter σ immersed in hard-sphere solvent

particles with σv, the contact minimum w(σ) is[12]

w(σ)

ηkT
= −3

2
σ∗ − 1, (4.1)

where η is the packing fraction of solvent particles, k is Boltzmann’s constant, T is the

temperature, and σ∗ is the solute diameter σ divided by σv. Eq. (4.1) indicates that

w(σ) linearly decreases with increasing σ, i.e., the strength of the inter-particle effective

interaction is enhanced as the particle size increases.

The osmotic second virial coefficient B also quantifies the strength of the solute-

solute effective interaction. B is defined as the coefficient in the expansion of the osmotic

pressure Π with respect to the number density ρ of the solute at fixed T and solvent

chemical potential µv. B is related to the effective potential w(r), or equivalently, the

radial distribution function g(r) = exp [−w(r)/kT ] in an infinitely dilute solution:[9]

B = −1

2
lim
ρ→0

∫ [
exp

[
−w(r)

kT

]
− 1

]
dr = −1

2
G (4.2)
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(a) (b)

Figure 4.1: Schematic representation of the excluded volume effect.[12] Yellow and grey

circles represent macromolecules and solvent particles, respectively. Green circles are the

excluded volume of the macromolecule, from which the centers of solvent particles are

excluded. Two macromolecules are (a) far apart and (b) close together, in the latter case,

two excluded volumes overlap (shown in dark green).

where dr is an infinitesimal volume element, and G = limρ→0

∫
[g(r) − 1]dr is the solute-

solute Kirkwood-Buff integral[7] at infinite dilution.

The solute-size effect on the effective interaction between solute particles has been

crucial in the theory of liquids.[35]–[41], [62], [109]–[112] In addition, the size dependence of

the effective interaction between nonpolar solutes in water or aqueous solutions has been

extensively studied using the theoretical approach[29], [32], [66], [67], [87], [97], [98] and molecular

simulation.[4]–[6], [16], [17], [33], [34], [65], [76], [79], [99], [113] They calculated the effective potentials

w(r) or the corresponding g(r) for various molecules of different sizes and shapes. How-

ever, the data of B are still limited to small-size solutes, such as methane,[19], [21], [25], [114]

argon-size hard-sphere particle,[22] noble gases,[18], [23], [24] and other molecules[20], [26] in

water.

Recent molecular dynamics (MD) simulation studies showed w(r) and B for Lennard-

Jones (LJ) particles of different LJ diameters σ ranging from methane’s size to C60

fullerene’s size in water.[65], [76], [113] The MD results indicate that the contact minimum of

w(r) and the osmotic B are both negative and decrease with increasing σ. This size de-

pendence is qualitatively the same as the AO expression Eq. (4.1) of the contact minimum

w(σ) for pairs of hard-sphere particles.

We also obtained the quantitative relationship between B and σ as the power law
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B ∝ σα with α = 6 or 7.[65], [76], [113] The following thermodynamic identity partially

supports the 6th power law between B and σ:[10], [27]

B = B′′ − (v − kTχ)2

2kTχ
, (4.3)

where B′′ is the coefficient in Π = ρkT (1 +B′′ρ+ · · · ) at fixed solvent number density ρv.

v is the partial molecular volume of the solute at infinite dilution and χ is the isothermal

compressibility of the pure solvent. The partial molecular volume v is proportional to the

solute volume because it corresponds to the increase of the system volume with inserting

a solute into the system. Therefore, the second term in Eq. (4.3) is proportional to the

6th power of σ, and the other σ dependence of B, such as B ∝ σ7, might be due to the

σ dependence of B′′.

The first term B′′ in Eq. (4.3) is defined as the coefficient in the ρ expansion of Π ,

or equivalently, an infinitesimal change of the solute excess chemical potential µ∗ with

respect to ρ at fixed T and ρv:[31]

B′′ =
1

2kT
lim
ρ→0

(
∂µ∗

∂ρ

)
T,ρv

. (4.4)

Eq. (4.4) indicates that if B′′ > 0, µ∗ increases with increasing solute density. In fact, B′′

is usually positive.[28] B′′ is also related to the volume integral of the solute-solute direct

correlation function cuu(r) at solute-infinite dilution:[30], [31]

B′′ = −1

2
lim
ρ→0

∫
cuu(r)dr. (4.5)

Further calculation for much larger-size solutes is crucial to clarify the quantitative

relationship between the strength of the solute-solute effective interaction and the solute

size. However, enormous computational time and resources are necessary to obtain B

based on the molecular simulation. To save these costs, we apply the integral equation

theory to the two-component hard-sphere mixtures, the most fundamental system in the

theory of liquids. We calculate B, B′′, and v for hard-sphere particles with different
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diameters σ and discuss the σ dependence of each term in the thermodynamics identity

Eq. (4.3).

4.2 COMPUTATIONAL DETAILS

4.2.1 Thermodynamic Identity for Osmotic Second Virial Coef-

ficient

The thermodynamic identity Eq. (4.3) was originally derived based on the thermodynam-

ical argument.[10] Here, we start from the Ornstein-Zernike (OZ) equation to derive this

identity.[115] The OZ equation for the two-component system consisting of solute and

solvent particles in the limit of solute-infinite dilution ρ → 0 is[116]

hij(r) = cij(r) + ρv

∫
civ(|r − r′|)hvj(r

′)dr′, (4.6)

where hij(r) and cij(r) are the total and direct correlation functions, respectively, for pairs

of particles i and j.

Taking the Fourier transform of both sides in Eq. (4.6) gives

∫
hij(r) exp [−ik · r]dr =

∫
cij(r) exp [−ik · r]dr

+ ρv

∫ ∫
civ(|r − r′|)hvj(r

′) exp [−ik · r]dr′dr, (4.7)

where k = |k| is the wave number. The second term in the right-hand side of Eq. (4.7)

includes the convolution integral, so this term can be rewritten with r′′ ≡ r − r′ as

ρv

∫ ∫
civ(|r′′|)hvj(r

′) exp [−ik · r′] exp [−ik · r′′]dr′dr′′

= ρv

∫
hvj(r

′) exp [−ik · r′]dr′
∫

civ(r′′) exp [−ik · r′′]dr′′. (4.8)
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In the limit of k → 0, Eq. (4.7) reduces to

Gij =

∫
cij(r)dr + ρvGvj

∫
civ(r′′)dr′′, (4.9)

where Gij =
∫
hij(r)dr is the Kirkwood-Buff (KB) integral[7] for pairs of i and j.

Eq. (4.9) gives the expressions for the solute-solvent and solute-solute KB integrals,

Guv and Guu:

Guv =

∫
cuv(r)dr + ρvGvv

∫
cuv(r′′)dr′′ (4.10)

and

Guu =

∫
cuu(r)dr + ρvGuv

∫
cuv(r′′)dr′′, (4.11)

where Gvv is the solvent-solvent KB integral. Note that Gvu = Guv (see Section 1.2).

From Eqs. (4.10) and (4.11),

−1

2
Guu = −1

2

∫
cuu(r)dr − ρvG

2
uv

2(1 + ρvGvv)
. (4.12)

The left-hand side in Eq. (4.12) is equal to the osmotic second virial coefficient B since

huu(r) = g(r) − 1. Also,[8]

Guv = −v + kTχ (4.13)

and

Gvv = kTχ− 1

ρv
, (4.14)

where v is the partial molecular volume of the solute at infinite dilution and χ is the

isothermal compressibility of the pure solvent. On substitution of Eqs. (4.13) and (4.14)

into Eq. (4.12),

B = −1

2

∫
cuu(r)dr − (v − kTχ)2

2kTχ
. (4.15)

Comparison of Eqs. (4.3) and (4.15) yields the equality Eq. (4.5).
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4.2.2 Integral Equation Theory for Simple Liquids

The integral equation theory is a theoretical approach to calculate the correlation func-

tions hij(r) and cij(r) by solving the OZ equation iteratively or numerically. Now we

define the difference between these functions as γij(r) ≡ hij(r)− cij(r). The OZ equation

Eq. (4.6) gives the expressions for the solvent-solvent, solute-solvent, and solute-solute

correlation functions:

γvv(r) = ρv

∫
cvv(|r − r′|)

[
γvv(r′) + cvv(r′)

]
dr′, (4.16)

γuv(r) = ρv

∫
cvv(|r − r′|)

[
γuv(r′) + cuv(r′)

]
dr′, (4.17)

γuu(r) = ρv

∫
cuv(|r − r′|)

[
γuv(r′) + cuv(r′)

]
dr′. (4.18)

The other relation between γij(r) and cij(r), which is called the closure relation,[116]

is necessary to solve Eqs. (4.16)-(4.18). The closure relation is generally represented by

cij(r) = exp
[
−ϕij(r)/kT + γij(r) + bij(r)

]
− γij(r) − 1, (4.19)

where ϕij(r) and bij(r) are the direct pair potential and the bridge function, respectively,

for pairs of i and j. In the case of hard-sphere mixtures, ϕij(r) = ∞ for r < σij =

(σi +σj)/2 and ϕij(r) = 0 for r > σij with σi being the hard-sphere diameter of a particle

i. Then,

cij(r) =


−γij(r) − 1 (r < σij)

exp
[
γij(r) + bij(r)

]
− γij(r) − 1 (r > σij).

(4.20)

The functional form of bij(r) has significant effects on the numerical result derived

from the integral equation theory. The Percus-Yevick (PY) and hypernetted-chain (HNC)

approximations are well-known, in the latter case, bij(r) = 0. Analytical solutions of

the pair correlation functions for multi-component hard-sphere mixtures were obtained

using the PY approximation,[117] but the PY results of the radial distribution function
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gij(r) could have regions with negative values.[109], [118], [119] In contrast, Nakamura et al.

applied the MHNC closure relation[11] to solve the OZ equation and clarified that the

numerical results of guv(r) = huv(r) + 1 are good agreement with the canonical Monte

Carlo (MC) simulation results for hard-sphere particles of various diameters σ up to

σ∗ = σ/σv = 50.[120] The MHNC bridge function is

bij(r) = −0.5
γ2
ij(r)

1 + 0.8|γij(r)|
. (4.21)

Eq. (4.21) is similar to the formula proposed by Verlet,[121] the difference is in the de-

nominator (|γij(r)| instead of γij(r)). Matsuo et al. also applied this MHNC closure to

calculate the spatial distribution function guv(x, y, z) of solvent particles around a solute

pair based on the three-dimensional OZ equation.[122] They validated the MHNC closure

relation compared with the grand canonical MC result.

We apply the HNC and MHNC closure relations to solve the OZ equations Eqs. (4.16)-

(4.18). The computation procedure is as follows: First, Eq. (4.16) was solved iteratively

to obtain the solvent-solvent correlation functions cvv(r) and hvv(r) = γvv(r)+cvv(r). The

latter function was used to calculate χ based on Eq. (4.14). cvv(r) was the input data to

solve Eq. (4.17) iteratively. The resulting solute-solvent correlation function huv(r) was

the source to obtain v from Eq. (4.13). huv(r) and cuv(r) were the input to solve Eq. (4.18)

numerically. Then the resulting solute-solute correlation functions huu(r) and cuu(r) were

used to compute B from Eq. (4.2) and B′′ from Eq. (4.5), respectively.

Our target solution is the two-component hard-sphere mixture of a pair of solute parti-

cles with diameter σ immersed in solvent particles with diameter σv. The solvent number

density ρv was determined based on the molecular dynamics (MD) simulation of pure wa-

ter at the pressure p = 1 bar and temperature T = 300 K using GROMACS 2018.[56] The

three-dimensional periodic boundary condition was applied to the cubic system contain-

ing 4000 water molecules. The TIP4P/2005 potential function[53] represented the direct

pair interaction between water molecules. The LJ potential between oxygen atoms of

water molecules was truncated at 1.1 nm. The cutoff distance of the Coulomb potential

was 1.1 nm in real space, and the long-range part of that potential was computed by the
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particle mesh Ewald method. The pressure and temperature were controlled using the

Parinello-Rahman method and the Nosé-Hoover method, respectively. From 10 ns MD

simulation, we obtained the average number density ρv = 33.45 nm−3 and the radial dis-

tribution function gvv(r) between water molecules. The oxygen-oxygen distance r of the

first maximum of gvv(r) is about 0.28 nm, consistent with the scattering experiment.[123]

We set the diameter of a solvent particle as σv = 0.28 nm. The reduced number den-

sity and the packing fraction are thus ρ∗ = ρvσ
3
v = 0.7343 and η = πρ∗/6 ≃ 0.3845,

respectively.

The remaining parameters to solve the OZ equations are as follows: The hard-sphere

diameters σ∗ = σ/σv of solute particles are 1, 2, 3, 4, 5, 6, 7, 8, 10, 12, 14, 16, 20, 25,

30, 35, 40, 45, and 50. The maximum value rmax and the grid width dr for the numerical

integration with respect to r are rmax/σv = 500 and dr/σv = 1/140, respectively. We

set rmax/σv = 1000 and dr/σv = 1/280 only to calculate χ. For the inverse Fourier

transform from k to r, the maximum value and the grid width are set to 2π/dr and

2π/rmax, respectively.

4.2.3 Monte Carlo Simulation

To check whether the HNC or MHNC approximation is better as the closure relation of

the OZ equation, we performed the MC simulation to obtain the effective potentials w(r)

for pairs of solute particles with σ∗ = 1, 2, 3, and 4 at ρ∗ = 0.7343. Table 4.1 displays the

number N of solute particles, the Nv of solvent particles, the cell length L∗ = L/σv of the

cubic simulation box, and the total number of MC steps. To get the initial configuration,

27 solute particles were arranged in the 3×3×3 lattice configuration in the simulation box

with L3, and solvent particles were inserted randomly into the box without overlapping

with solute and other solvent particles.

97



Table 4.1: Computational details of the MC simulations for hard-sphere particles with

σ∗ = 1, 2, 3, and 4 in a hard-sphere solvent. N and Nv are the numbers of solute and

solvent particles, respectively, and L∗ is the cell length L of the cubic simulation box

divided by σv.

σ∗ N Nv L∗ MC steps

1 27 4000 17.72 1010

2 27 16000 28.09 1.6 × 1011

3 27 16000 28.31 1.6 × 1011

4 27 16000 28.67 1.6 × 1011

4.2.4 Asakura-Oosawa Theory and Boub́ık-Mansoori-Carnahan

-Starling-Leland Equation of State

In the present work, we compare the numerical results derived from the integral equation

theory with the analytical expressions from the Asakura-Oosawa (AO) theory[12] and the

Boub́ık-Mansoori-Carnahan-Starling-Leland (BMCSL) equation of state.[13], [14] The AO

theory gives the inter-particle effective potential w(r) as a function of r∗ = r/σv:

w(r)

ηkT
=


∞ (r∗ < σ∗),

−(σ∗ + 1)3 + 3
2
(σ∗ + 1)2r∗ − 1

2
(r∗)3 (σ∗ ≤ r∗ < σ∗ + 1),

0 (r∗ ≥ σ∗ + 1).

(4.22)

Eq. (4.22) reduces to Eq. (4.1) when r∗ = σ∗.

The BMCSL equation of state is a well-known equation for the multi-component mix-

ture of hard-sphere particles:

p

kT
=

6

π

[
ξ0

(1 − ξ3)
+

3ξ1ξ2
(1 − ξ3)2

+
(3 − ξ3)ξ

3
2

(1 − ξ3)3

]
, (4.23)

where ξm = π
∑

i ρiσ
m
i /6. Eq. (4.23) was firstly derived from the expression for the contact
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value of gij(r):[13]

gij(σij) =
1

1 − ξ3
+

3ξ2σiσj

(1 − ξ3)2(σi + σj)
+

2ξ22σ
2
i σ

2
j

(1 − ξ3)3(σi + σj)2
(4.24)

because gij(σij) is directly related to p/kT in the case of hard-sphere fluids:[8], [116]

p

kT
=
∑
i

ρi +
2π

3

∑
i

∑
j

ρiρjσ
3
ijgij(σij). (4.25)

Now we consider the two-component hard-sphere mixture at solute-infinite dilution.

The first minimum of the solute-solute effective potential w(σ)/kT = − ln g(σ) is now

w(σ)

kT
= − ln

[
1

1 − η
+

3η

2(1 − η)2
σ∗ +

η2

2(1 − η)3
(σ∗)2

]
(4.26)

since ξ3 = πρvσ
3
v/6 = η in the limit of ρ → 0.

We can also yield the analytical expressions for B, B′′, v, and χ from Eq. (4.23)

because the Helmholtz free energy density f is related to the equation of state by[116]

f = ρ̄kT

∫ ρ̄

0

1

ρ′

[
p

ρ′kT
− 1

]
dρ′ (4.27)

with ρ̄ =
∑

i ρi. On substitution of Eq. (4.23) into Eq. (4.27),

f = ρ̄kT

[( ξ32
ξ0ξ23

− 1
)

ln (1 − ξ3) +
3ξ1ξ2

ξ0(1 − ξ3)
+

ξ32
ξ0ξ3(1 − ξ3)2

]
. (4.28)

The derivation was explained elsewhere,[29]–[31] so we only show the final results of the

analytical expressions for 1/kTχ, v − kTχ, and B′′:

1

kTχ
= ρv

[
1 +

6η2 + 8η

(1 − η)3
+

6η3

(1 − η)4

]
. (4.29)

99



v − kTχ = kTχ

[
η

1 − η
+

3η

(1 − η)2
σ∗ +

[
3η2 + 3η

(1 − η)2
+

6η2

(1 − η)3

]
(σ∗)2

+

[
2η

1 − η
+

6η2 − η

(1 − η)2
+

6η3 + 2η2

(1 − η)3
+

6η3

(1 − η)4

]
(σ∗)3

]
. (4.30)

B′′ =
η

2ρv

[
8

1 − η
(σ∗)3 +

[
6

η
ln (1 − η) +

6η + 6

(1 − η)2

]
(σ∗)4

+

[
−12

η
ln (1 − η) − 12

1 − η
+

12η

(1 − η)3

]
(σ∗)5

+

[
6

η
ln (1 − η) +

4

1 − η
+

2

(1 − η)2
+

6η2 − 4η

(1 − η)3
+

6η2

(1 − η)4

]
(σ∗)6

]
. (4.31)

Eqs. (4.30) and (4.31) suggest that when σ is sufficiently large, v − kTχ and B′′ should

be proportional to σ3 and σ6, respectively. B is obtained from Eqs. (4.29)-(4.31) coupled

with Eq (4.3).

4.3 RESULTS AND DISCUSSION

First, we compare the solute-solute effective potentials w(r) derived from the integral

equation theory with those obtained from the MC simulation. Figure 4.2(a) shows the

MC and HNC results of w(r) for pairs of solute particles with hard-sphere diameters

σ∗ = σ/σv = 1, 2, 3, and 4. The contact minimum decreases with increasing σ, which

is consistent with Eq. (4.1) obtained from the AO theory.[12] Figure 4.2(a) indicates

that w(r) by the HNC approximation is in good agreement with the simulation result.

However, the HNC result underestimates the contact minimum w(σ)/kT compared with

the MC result: The former is w(σ)/kT = -1.45, -2.16, -2.83, and -3.46 for σ∗ = 1, 2, 3,

and 4, respectively, while the latter is w(σ)/kT = -1.24, -1.87, -2.19, and -2.92 at σ∗ = 1,

2, 3, and 4.

Figure 4.2(b) displays w(r) by the MHNC approximation.[11] The MHNC result is in

excellent agreement with the MC result, especially at the contact distance: w(σ)/kT =

-1.22, -1.78, -2.28, and -2.75 for σ∗ = 1, 2, 3, and 4, respectively. Figures 4.2(a) and
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Figure 4.2: The potentials w(r) of mean force between two hard-sphere particles of dif-

ferent diameters σ∗ at the reduced solvent number density ρ∗ = 0.7343. The hard-sphere

diameters σ∗ of solute particles are 1, 2, 3, and 4. The circles in (a) and (b) are the results

obtained from the MC simulation. The dashed curves in (a) and the solid curves in (b)

are the numerical results derived from the integral equation theory using the HNC and

MHNC approximations, respectively.
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(b) suggest that the MHNC approximation is better than the HNC approximation as the

closure relation to solve the OZ equations.

Now we examine w(r) for larger-size particles. Figure 4.3(a) shows the MHNC result

for hard-sphere particles with σ∗ ranging from 1 to 7 together with the AO potential

Eq. (4.22). Remarkably, the MHNC result of the first minimum w(σ)/kT agrees well

with the AO result. Figure 4.3(b) is a plot of w(σ)/kT against σ∗, which clearly shows

the consistency of the MHNC and AO results.

This figure also includes the HNC result and the analysical expression Eq. (4.26)

derived from the BMCSL equation of state.[13], [14] One can see that w(σ)/kT by the

HNC approximation is lower than that by the MHNC approximation. The BMCSL result

is almost the same as the MHNC result for hard-sphere particles with σ∗ = 1, 2, and 3,

but for σ∗ ≥ 4, the former overestimates w(σ)/kT compared with the latter.

The AO potential in Eq. (4.22) does not have peaks except at the contact distance,

such as the first maximum and the second minimum, against the solute-solute distance

r. The former maximum corresponds to the desolvation barrier, and the latter minimum

is referred to the solvent-separated minimum. At the solvent-separated distance, the

monolayer structure of the solvent separates two solute particles. The desolvation barrier

is thus the potential energy to overcome to make the transition from the monolayer-

separated state to the contact state. Mao et al. obtained these maximum and minimum

from the analytical calculation for the depletion force between large spheres by considering

up to the third order in the volume fraction of the solvent.[124]

Figure 4.3(a) displays that as the particle size increases, the desolvation barrier in-

creases while the solvent-separated minimum decreases. The increment of the desolvation

barrier with σ is consistent with the results for hydrophobic polyatomic sheets,[32] hydro-

carbons,[4] and LJ particles[65], [113] in water. However, the σ dependence of the second

minimum is different from the result for the aqueous solution: The solvent-separated

minimum for the LJ particles in water increases with increasing particle size.[65], [113] The

increase of the solvent-separated minimum would be characteristic of the hydrophobic

interaction: Water molecules confined by two large hydrophobic solutes form a monolayer
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Figure 4.3: (a) The effective potentials w(r) for pairs of hard-sphere particles with σ∗ =

1, 2, 3, 4, 5, 6, and 7. The solid curves are the numerical results derived from the integral

equation theory using the MHNC approximation. The dashed curves are Eq. (4.22)

obtained from the AO theory. (b) The plot of the contact minimum w(σ) against σ∗. The

dashed and solid lines represent the AO result Eq. (4.1) and the BMCSL result Eq. (4.26),

respectively. The circles and squares are the numerical results by the MHNC and HNC

approximations, respectively.
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hydrogen-bond network, but it is energetically unstable (see Chapter 3).

Next, we examine the σ dependence of the osmotic second virial coefficient B. Fig-

ure 4.4(a) is a plot of B against σ∗. The AO theory shows that B is negative and that

magnitude increases with σ. The AO result suggests that the inter-particle effective in-

teraction is attractive, and its strength is enhanced as the particle size increases.

The BMCSL result obtained from Eqs. (4.29)-(4.31) coupled with Eq. (4.3) shows

the opposite trend to the AO result: B is positive and increases with σ. Earlier studies

pointed out that the BMCSL result is not accurate when the ratio of solute and solvent

diameters is large.[111], [125]

Unlike the AO and BMCSL results, the osmotic B by the MHNC approximation has

a non-monotonic σ dependence: In the σ∗ range from 1 to 5, B is positive and becomes

greater with σ, i.e., the effective interaction is repulsive and stronger as the particle size

increases. On the other hand, B ≃ 0 for σ∗ = 6 and B < 0 for σ∗ = 7, so B decreases

with increasing σ∗ from 5 to 7. The HNC result of B shows a similar trend as the MHNC

result: B is positive for the particles with σ∗ ≤ 4 but negative for σ∗ ≥ 5.

Why does the osmotic B change non-monotonically against σ? Here, we quantify the

short r range contribution to B:

Bi = −2π

∫ ri

0

[
exp

[
−w(r)

kT

]
− 1

]
r2dr, i = 0 and 1. (4.32)

In Eq. (4.32), r0 and r1 are the inter-solute separations r of the first minimum and

maximum of w(r), respectively.

Figure 4.4(b) shows the MHNC results of B, B0, and B1 as a function of σ∗. Since

the direct pair potential ϕ(r) is infinite in the range of r shorter than r0, B0 is the same

as the second virial coefficient Bgas = (2/3)πσ3 for hard-sphere gas with particle diameter

σ. B0 is positive and that magnitude increases with being proportional to the cubic of

σ. It is remarkable that B1 is almost the same value as the osmotic B for all-size parti-

cles. Similar results were obtained for the LJ particles in water based on the molecular

simulation.[65], [76] Figure 4.4(b) indicates that the magnitude of B and its σ dependence

could be largely determined by two contributions: One is the positive (repulsive) contri-
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Figure 4.4: (a) The osmotic second virial coefficients B varying with σ∗. The dashed and

solid lines are the AO and BMCSL results, respectively. The circles and squares represent

the MHNC and HNC results, respectively. (b) The MHNC results of B, B0, and B1

vs. σ∗. B0 and B1 are defined by Eq. (4.32). The circles, squares, and diamonds represent

the numerical results of B, B0, and B1, respectively. The solid line is the second virial

coefficient Bgas = (2/3)πσ3 for hard-sphere gas as a function of its diameter σ.
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bution B0 from the direct pair potential ϕ(r), and the other is the negative (attractive)

contribution B1 −B0 from w(r) in the short-range r0 < r < r1.

From now on, we show the numerical results using the MHNC approximation and

compare them with the analytical solutions derived from the BMCSL equation of state.

Figure 4.5(a) displays the MHNC result of the solute-solute direct correlation functions

cuu(r) for pairs of solute particles with σ∗ ranging from 4 to 16. cuu(r) is negative in the

range r∗ < σ∗, but one can find a peak at r∗ = σ∗. The inset in Figure 4.5(a) shows that

the peak value cuu(σ) is positive and increases as the particle diameter σ∗ increases.

cuu(r) is related to the coefficient B′′ in the virial expansion of the osmotic pressure at

fixed T and the solvent number density. Figure 4.5(b) is a log-log plot of B′′ against σ∗.

B′′ is positive for all-size particles, which is consistent with the previous study.[28] The

positive B′′ means that the solute excess chemical potential increases with increasing the

number of solutes at a fixed volume of the system (see Eq. (4.4)). The magnitude of B′′

increases with σ∗, suggesting that the insertion of a solute particle into a fixed-volume

system becomes harder as the particle size increases.

Figure 4.5(b) also includes the analytical expression Eq. (4.31) for B′′ obtained from

the BMCSL equation of state. Surprisingly, the BMCSL result is in excellent agreement

with the MHNC numerical result: The latter is slightly larger than the former, but the

relative error between them is up to 2.3 %. The highest-order term in the BMCSL

expression for B′′ as a function of σ is the 6th-power term. Therefore, the analytical and

numerical results suggest the power-law behavior B′′ ∝ σ6 for large-size particles.

Next, Figure 4.6(a) displays the solute-solvent total correlation functions huv(r) for

solute particles with different diameters σ∗. The first peak height of huv(r) becomes higher

with increasing σ, but that change is small for σ∗ ≥ 10. Nakamura et al. obtained similar

results up to σ∗ = 50 at almost the same solvent number density.[120] Figure 4.6(b)

is a plot of v − kTχ = −
∫
huv(r)dr against σ∗, together with the BMCSL analytical

expression Eq. (4.30). As well as the consistency of the analytical and numerical results

of B′′, the BMCSL result is in excellent agreement with the MHNC result. The latter is

slightly larger, but the relative error between these results is up to 1.6 %. Both results
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Figure 4.5: (a) The direct correlation functions cuu(r) for pairs of hard-sphere particles

of different sizes. The solute diameters are σ∗ = 4, 6, 8, 10, 12, 14, and 16. Note that the

vertical axis is cuu(r) divided by 10000. The inset shows the peak value of cuu(r) against

σ∗ in a semi-log scale. (b) The log-log plot of B′′ = −(1/2)
∫
cuu(r)dr against σ∗ ranging

from 1 to 16. Squares represent the numerical result by the MHNC approximation. The

solid line is Eq. (4.31) derived from the BMCSL equation of state. The dashed line is a

straight line with a slope of 6.
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indicate v ∝ σ3 for large-size solute particles, which is consistent with a physical point

of view for the partial molecular volume v of the solute. Note that v ≫ kTχ since the

isothermal compressibility term kTχ is about 0.07σ3
v at ρ∗ = 0.7343.

The osmotic B can be calculated by two routes: One is the volume integral of

exp [−w(r)/kT ] −1, and the other is the difference between B′′ and (v − kTχ)2/2kTχ.

Figure 4.7(a) shows the absolute values of B depending on σ∗. The MHNC numerical

results of B are that obtained from Eq. (4.2), but Eq. (4.3) coupled with the values of B′′

(shown in Figure 4.5(b)), v−kTχ (in Figure 4.6(b)), and kTχ ≃ 0.07σ3
v also gives almost

the same results.

In the σ∗ range from 1 to 5, the inter-particle effective interaction becomes more

repulsive with increasing σ. On the other hand, B for σ∗ ≥ 7 is negative, and that

magnitude ascends with particle size. The BMCSL analytical results, obtained from

Eqs. (4.29)-(4.31) coupled with Eq. (4.3), differ from the MHNC numerical results: B is

positive for all-size particles and increases with increasing σ. The MHNC and BMCSL

results of |B| might appear to be close to each other for large particles, but they are

completely different because their signs are opposite for the particles with σ∗ ≥ 7.

Figures 4.5(b) and 4.6(b) display that the BMCSL results of B′′ and v − kTχ are in

excellent agreement with the MHNC results of them. The relative errors among the two

results are about 2 % for B′′ and 3 % for (v − kTχ)2/2kTχ. Nevertheless, why is the

analytical expression for B not in agreement with the MHNC numerical result?

Cerdeirina et al. clarified that the first and second terms in Eq. (4.3) are largely

canceled to give the osmotic B.[28] Figure 4.7(b) is a log-log plot of the absolute values of

each term in Eq. (4.3) against σ∗. B′′ and (v−kTχ)2/2kTχ are both positive and almost

the same values. In the σ∗ range from 1 to 6, B is positive because the magnitude of

B′′ is larger than that of (v − kTχ)2/2kTχ. In contract, B is negative for 7 ≤ σ∗ ≤ 16,

so the magnitude of B′′ is smaller than that of (v − kTχ)2/2kTχ. Interestingly, their

magnitudes are 102 or 103 times larger than the magnitude of B. This result suggests

that the relative errors with a few percent would have a considerable effect on the resulting

B = B′′ − (v − kTχ)2/2kTχ.

109



 100

 102

 104

 106

1 5 10 15 20

BMCSL
( B > 0 )

MHNC
( B > 0 )

MHNC
( B < 0 )

| B
 | 

/ m
v3

m *

(a)

 100

 102

 104

 106

 108

 1  5  10  15  20

| m6

| m7

B > 0
B < 0

B 
/ c

m
3  m

ol
ï1

m *

(b)

Ab
so

lu
te

 V
al

ue
 o

f E
ac

h 
Te

rm
in

 E
q.

 (4
.3

) /
 σ

v3

Figure 4.7: (a) The log-log plot of the absolute values of the osmotic B as a function of

σ∗. The circles are the numerical results by the MHNC approximation. Note that the

MHNC result of B is positive for σ∗ ≤ 6 while negative for σ∗ ≥ 7. The solid line is the

analytical expression derived from the BMCSL equation of state. The BMCSL result of

B is positive for all-size particles. (b) The log-log plot of the absolute values of each term

in Eq. (4.3) against σ∗. Numerical data are obtained using the MHNC approximation.

The circles, squares, and diamonds represent |B|, B′′ > 0, and (v − kTχ)2/2kTχ > 0,

respectively. The dashed line is the linear fit of B′′ vs. σ∗ with a slope of 6 in the σ∗ range

from 7 to 16. The solid line is the linear fit of |B| vs. σ∗ with a slope of 7 in the same σ∗

range.
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Now we discuss the particle size dependence of each term in Eq. (4.3). Figure 4.7(b)

clearly shows that B′′ and (v − kTχ)2/2kTχ increase with increasing σ, and they are

proportional to the 6th power of σ. The log-log plot of |B| vs. σ∗ in the σ∗ range from 7

to 16 shows a nearly linear relationship. B is thus related to σ∗ through the power-law

relationship B ∝ σα, but the best estimate of exponent α is 7, not 6. Similar power law

behavior was obtaind for the LJ particles in water based on the MD simulation.[65], [113]

As shown in Figure 4.4(b), the relationship between the gas virial coefficient Bgas and the

diameter σ is Bgas ∝ σα with α = 3, so B ∝ σα with α = 7 is characteristic in a solution,

not in a vacuum. However, the power law behavior of B against σ does not match the σ

dependence of B′′ and (v − kTχ)2/2kTχ.

Does the power law behavior B ∝ σα with α = 7 hold for much larger-size particles?

Figure 4.8(a) is the MHNC result of B for hard-sphere particles with σ∗ ranging from 1

to 50. This figure clearly shows that the power law behavior does not hold for σ∗ > 20.

The exponent α in B ∝ σα should be greater than 7 for much larger particles.

The deviation from the power law behavior B ∝ σ7 is due to the σ dependence of B′′.

Figure 4.8(b) is a log-log plot of the ”absolute values” of B′′ against σ∗. For σ∗ ≤ 30,

B′′ is positive and increases with being proportional to the 6th power of σ. On the other

hand, B′′ decreases with increasing σ∗ from 35 to 50, and for the particles with σ∗ =

45 and 50, it becomes negative. Since the second term in Eq. (4.3) is always negative,

B could be a significantly negative value when B′′ is negative, and so B deviates from

B ∝ σα with α = 7.

However, B′′ < 0 is physically strange because of Eq. (4.4): The negative B′′ means

that the solute excess chemical potential µ∗ decreases with increasing the number of

solutes at a fixed-volume system. Figure 4.8(b) also suggests that in the σ∗ range from 35

to 50, the insertion of a solute particle into a fixed-volume system becomes easier as the

particle size increases. The solvation free energy µ∗ for hard-sphere particles is determined

by a cavity creation of a particle with its diameter σ in a pure solvent, so the magnitude

of B′′ should increase with increasing σ. Therefore, the numerical results of B′′ for σ∗ =

40, 45, and 50 might be incorrect.
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Figure 4.8(a) indicates that the MHNC result of B at 25 ≤ σ∗ ≤ 35 also deviates

from the power law behavior B ∝ σα with α = 7. To examine this deviation, we take

the ratio of the MHNC numerical result and the BMCSL analytical result. Figure 4.9

shows that the ratio of the MHNC and BMCSL results for (v − kTχ)2/2kTχ is nearly

1.03 at 10 ≤ σ∗ ≤ 40, so the MHNC result is about 3 % greater than the BMCSL result.

In the σ∗ range from 10 to 20, the MHNC result of B′′ is about 2 % greater than the

BMCSL result. However, the ratio deviates from 1.02 at σ∗ = 25 and it rapidly decreases

with increasing σ∗ from 25 to 35. As shown in Figure 4.8(a), the deviation of B from the

power law B ∝ σ7 begins at σ∗ = 25. To check the reliability of the MHNC results for the

hard-sphere particles with σ∗ ≥ 25, we need to compute B and B′′ using other reliable

approaches.

113



4.4 CONCLUSIONS

We studied the two-component hard-sphere system of a solute pair immersed in solvent

particles to quantify the relationship between the inter-solute effecive pair interaction and

the solute size. The strength of the effective interaction is quantified by the potential

w(r) of mean force and the osmotic second virial coefficient B. We evaluate w(r) and B

for hard-sphere particles of different diameters σ based on the integral equation theory,

the Monte Carlo (MC) simulation, the Asakura-Oosawa (AO) theory,[12] and the Boub́ık-

Mansoori-Carnahan-Starling-Leland (BMCSL) equation of state.[13], [14] The comparison

with the MC results of w(r) shows that the MHNC closure relation[11] is more suitable

than the HNC closure to obtain the correct result derived from the integral equation

theory.

Numerical and analytical results show that the first minimum w(σ) of the effective

potential descends with increasing σ. The decrease of w(σ) against σ indicates that the

contact pair of solute particles becomes more stable as the particle size increases due to

the excluded volume effect.[12] The second (solvent-separated) minimum also decreases

with σ, which is inconsistent with the simulation result of w(r) for the Lennard-Jones

particles in water:[65], [113] The solvent-separated state of two solute particles in a hard-

sphere solvent becomes more stable with increasing σ, whereas this state in water is less

stable as the particle size increases.

The numerical result derived from the integral equation theory shows that the osmotic

B for small-size particles is positive and ascends with increasing σ. The increase of B

is due to the repulsive pair potential between solute particles. For large-size solutes, B

is negative and decreases with σ. In this case, the solute-solute effective interaction is

attractive and becomes stronger as the solute size increases.

The log-log plot of B and σ indicates the power law behavior B ∝ σα. The BM-

CSL analytical expressions for the first and second terms in the thermodynamic identity

Eq. (4.3) for B indicate that the exponent α in B ∝ σα is 6. The MHNC numerical results

of these two terms are in excellent agreement with the BMCSL analytical results with a

relative error of a few percent. However, the best estimate of α obtained from the integral
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equation theory is 7 in the σ range from 7σv to 16σv, and B ∝ σ7 does not hold for larger

σ. The deviation from the power law would be due to the suspicious size dependence

of the first term B′′ derived from the integral equation theory with the MHNC approxi-

mation. We would validate the numerical and analytical results for large solute particles

using other reliable approaches, such as the event-chain Monte Carlo algorithms.[126]
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Chapter 5

Microheterogeneity in Aqueous

1-Propanol Solutions due to the

Hydrophobic Interaction
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Abstract

1-Propanol and water are miscible over the entire concentration range at room tempera-

ture and pressure. However, numerous studies show that the concentration fluctuation of

the aqueous 1-propanol solution becomes the most at low alcohol concentrations. Based

on the molecular simulation, we clarify that the hydrophobic interaction between non-

polar groups of alcohol molecules is a significant factor in the microheterogeneity of the

solutions at low mole fractions xP of 1-propanol. Radial distribution functions indicate

the concentration heterogeneity on nanometer-length scales in the aqueous solutions with

low xP. Cluster analysis shows that 1-propanol molecules form percolation clusters due

to the hydrophobic interaction at xP ≥ 0.15. Water molecules also form the hydrogen-

bonding percolation cluster. We find that the percolation transitions by 1-propanol and

water occur independently at xP = 0.15 and 0.5, respectively.
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5.1 INTRODUCTION

Hydrophobic interactions are the effective interactions between nonpolar solutes, or non-

polar groups of amphipathic molecules, in aqueous solutions. These interactions are

the driving forces for various self-assemblies of surfactants, such as micelles, vesicles, and

lamellae, and play a role in the structural stability and function of proteins in vivo. Under-

standing the nature of hydrophobic interactions between molecules with apolar moieties

is considerable not only for fundamental research but also for applied research.

Alcohol molecules have hydrophilic and hydrophobic parts. In aqueous solutions, these

molecules form hydrogen bonds with water and other alcohol molecules through their

hydroxyl group. They also interact with other alcohols via the hydrophobic interaction.

Because of this amphipathicity, alcohol/water mixtures, which are simple two-component

systems, have been studied over the years. Of particular interest are aqueous solutions of

short-chain monohydric alcohols, such as methanol, ethanol, 1-propanol, 2-propanol, and

tert-butyl alcohol: These alcohols are miscible with water over the entire concentration

range at room temperature.

Several physical quantities of aqueous alcohol solutions exhibit anomalous concentra-

tion dependence. The Kirkwood-Buff integral,[7] which is related to the concentration

fluctuation of solutions, reaches a maximum at low mole fractions of alcohol.[127]–[129]

It is well-known that there is microheterogeneity in these mixtures, a microscale het-

erogeneous structure (not macroscopic phase separation) with associations of the same

molecular species.

Numerous experimental studies have investigated the mixed states, concentration fluc-

tuations, and microscopic structural changes of aqueous alcohol solutions based on the X-

ray scattering,[127]–[131] Raman spectroscopy,[132] dielectric relaxation measurement,[133]–[136]

ultrasonic wave,[137] terahertz time-domain spectroscopy,[138] thermodynamic measure-

ments,[139]–[145] and theoretical calculations.[146]–[148] These investigations show that many

physical quantities take maxima or minima at low alcohol concentrations. The dynam-

ical properties,[149] microheterogeneity,[150]–[155] and clustering[156]–[162] of these mixtures

are also examined based on the molecular simulation. Several studies have focused on
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clustering and percolation in the aqueous solutions using both experiments and simula-

tions.[163]–[169]

Molecular simulation studies show that alcohol molecules alone do not form percola-

tion clusters by hydrogen bonding, and the percolation transition of water occurs at high

concentrations of alcohol.[158]–[162], [164], [167]–[169] Although numerous studies focused on the

hydrogen bonding, to our knowledge, there are only two investigations on clustering and

percolation due to the hydrophobic interaction between alcohol molecules.[164], [165] The

measurement of the isobaric heat capacity suggests that the hydrophobic moieties of am-

phiphiles would be the origin of the anomalous behavior of these aqueous solutions.[145], [170]

The present paper aims to clarify the importance of hydrophobic interactions, especially

at low alcohol concentrations.

We focus on the 1-propanol molecule because it has the longest carbon chain among

miscible monohydric alcohols and so the hydrophobic interaction between these nonpolar

parts could affect the properties of the aqueous solution. Experimental and theoretical

studies have indicated that in the range of the mole fractions xP of 1-propanol from 0.1 to

0.3, the concentration fluctuation of the 1-propanol/water mixture becomes the most, and

the microscopic structure of this solution changes significantly.[128], [130]–[132], [135]–[145], [147]–[149]

The molecular simulation study also clarifies the concentration heterogeneity on nanometer-

length scales at xP = 0.2 and 0.3.[153] The percolation transition by water occurs at

xP = 0.4, but 1-propanol molecules do not form the percolation cluster through hydro-

gen bonding at any concentration.[169] Here, we investigate the microheterogeneity in the

1-propanol/water mixture due to the hydrophobic interaction between alcohol molecules

at low 1-propanol concentrations.

5.2 COMPUTATIONAL DETAILS

5.2.1 Molecular Dynamics Simulation

We performed isobaric-isothermal molecular dynamics (MD) simulations of the model sys-

tems to study the microheterogeneity in the aqueous 1-propanol solution. The TraPPE-
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(a) 1-propanol molecule (b) water molecule

H
O

CH2

CH2

CH3

O
H H

Figure 5.1: Molecular structures of (a) the TraPPE-UA model[171] for 1-propanol molecule

and (b) the TIP4P/2005 model[53] for water molecule. A gray circle of water model is the

dummy site.

UA[171] and TIP4P/2005[53] potential functions represent the intermolecular interactions

between 1-propanol molecules and water molecules, respectively. Figure 5.1 shows the

model structures of 1-propanol and water molecules. The intermolecular potentials of

these models consist of the Lennard-Jones (LJ) and Coulomb potentials. The cutoff dis-

tance of the LJ potential is 1.4 nm, and the Lorentz-Berthelot rule gives the LJ parameters

between different atoms. The long-range part of the Coulomb potential is corrected based

on the particle mesh Ewald method with a real-space cutoff of 1.4 nm.

GROMACS 2018.3[56] was the software to perform the molecular simulations of the

model aqueous solutions at the temperature T = 293 K and the pressure p = 1 bar. T

and p were maintained by the Nosé-Hoover and Parrinello-Rahman methods, respectively.

The mole fractions xP of 1-propanol are 0, 0.1, 0.15, 0.2, 0.3, 0.4, 0.5, 0.6, and 1. The

total number of 1-propanol and water molecules in each cubic cell is 16000, and we applied

the three-dimensional periodic boundary condition to this cell. The duration time of the

production run is 100 ns, and the time step interval of each simulation is 1 fs. The

configurations of 1-propanol and water molecules were sampled every 0.5 ps to calculate

the radial distribution functions between these molecules. For the cluster and percolation

analyses, we used the trajectories that recorded the coordinates of all molecules every

10 ps.

Table 5.1 shows the numbers NP and NW of 1-propanol and water molecules, respec-
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Table 5.1: The number NP of 1-propanol molecules, the NW of water molecules, the

density ρ obtained from the simulation, and the experimental value[172] ρexp for the aqueous

solutions of 1-propanol with different mole fractions xP.

xP NP NW ρ / g cm−3 ρexp / g cm−3

0 0 16000 1.00238 ± 0.00002 0.99821

0.1 1600 14400 0.95368 ± 0.00014 0.95616

0.15 2400 13600 0.93146 ± 0.00013 -

0.2 3200 12800 0.91293 ± 0.00015 0.91803

0.3 4800 11200 0.88472 ± 0.00008 0.89051

0.4 6400 9600 0.86370 ± 0.00003 0.86976

0.5 8000 8000 0.84734 ± 0.00004 0.85383

0.6 9600 6400 0.83411 ± 0.00002 0.84071

1 16000 0 0.79694 ± 0.00002 0.80428

tively, the solution densities ρ obtained from the simulation, and the reference values

ρexp.[172] For each aqueous solution, the simulation result of ρ is in good agreement with

ρexp: The relative errors between ρ and ρexp are less than 1 %. Therefore, the model

potential functions[53], [171] used in the present study can well reproduce the density of

aqueous 1-propanol solutions and its concentration dependence at room temperature and

pressure.

5.2.2 Cluster Analysis

We analyze the clustering due to the hydrophobic interaction between the carbon chains

of 1-propanol molecules following the previous study for the micellization of sodium hexyl

sulfate:[173] Two 1-propanol molecules form the same cluster if the distance between any

one of the nine pairs of carbon atoms is less than or equal to 0.4 nm. We also examine the

hydrogen-bonding cluster of water molecules: Two water molecules are hydrogen-bonded

if the distance between their oxygen atoms is less than 0.35 nm and the angle between

the hydrogen and two oxygen atoms is less than or equal to 30 degrees.[101]–[103]

Based on these definitions of clustering, we calculate the number distribution ni(s) of
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clusters[174] for the aqueous 1-propanol solutions with xP = 0.1, 0.15, 0.2, 0.3, 0.4, 0.5,

and 0.6:

ni(s) =
⟨Ncluster(s)⟩

Ni

, (5.1)

where s is the number of molecules constituting one cluster, Ni is the total number of

molecules of species i, and Ncluster(s) is the number of clusters of size s in each configura-

tion. ⟨· · · ⟩ denotes the time average.

In the present work, the number distribution of clusters in the 1-propanol/water mix-

ture is compared with that in the hypothetical two-component system to reveal the specific

nature of clustering in the aqueous solution. The hypothetical system assumes that some

molecules in pure water (xP = 0) or pure 1-propanol (xP = 1) are molecule α, and the

remaining molecules are molecule β. For example, if 1600 molecules in pure 1-propanol

are considered molecule α and the remaining 14400 molecules are molecule β, we can re-

gard this system as the hypothetical two-component system with the mole fraction xα[P]

of molecule α being 0.1.

We denote nP(s) as the number distribution of clusters of 1-propanol molecules in

aqueous 1-propanol solutions and nα[P](s) as that of molecule α in pure 1-propanol. The

comparison of nP(s) and nα[P](s) is for the systems with xP = xα[P] = 0.1, 0.15, 0.2,

0.3, 0.4, 0.5, and 0.6. Similarly, nW(s) is the number distribution of clusters of water

molecules in the aqueous systems, and nα[W](s) is that of molecule α in pure water. We

compare nW(s) and nα[W](s) at xW = xα[W] = 0.4, 0.5, 0.6, 0.7, 0.8, 0.85, and 0.9, where

xW = 1 − xP is the mole fraction of water in the solution and xα[W] is that of molecule α

in the hypothetical system.

5.2.3 Percolation Analysis

There are numerous studies of percolation in lattice,[174], [175] simple liquids,[176]–[182] and

aqueous solutions.[158]–[161], [164], [165], [167]–[169], [183]–[186] They determined the density or con-

centration of the percolation transition based on the ni(s), the percolation probability,

and the fractal dimension. Critical exponents have also been obtained for several systems

to confirm the scaling rule for the percolation transition.[174]
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To determine the concentration of the percolation transition, we calculate the per-

colation probability P , the probability that a cluster percolates in a three-dimensional

direction. First, we identify the largest-size cluster in each equilibrium configuration.

Next, we assume the system whose volume is eight times larger (twice the length of each

side) than the original cubic cell by placing seven copies of that cell, and again, we iden-

tify the largest-size cluster in this system. If the size s of the largest cluster in the copy

system is eight times larger than s of the largest cluster in the original system, P is equal

to 1, and otherwise, P = 0. We obtain the time-averaged values ⟨P ⟩ of the probability P

as a function of the concentration and compare them for the aqueous 1-propanol solution

and the hypothetical two-component system.

5.3 RESULTS AND DISCUSSION

Figure 5.2 shows the snapshots of aqueous 1-propanol solutions of three different concen-

trations. Note that these snapshots are only one of the equilibrium configurations in the

100 ns production run. One can see the microheterogeneity of these solutions: 1-Propanol

molecules aggregate locally, even though the number of those molecules is less than that

of water molecules. Figure 5.2(a) suggests that at the 1-propanol mole fraction xP = 0.1,

alcohol molecules form some medium-sized clusters. On the other hand, Figures 5.2(b)

and (c) indicate that one large cluster is in each aqueous solution with xP = 0.2 and 0.3.

Especially at xP = 0.3, this large cluster expands like a network. These mole fractions are

in agreement with the concentration range where the mixed state of aqueous 1-propanol

solutions changes significantly.[128], [130]–[132], [135]–[145], [147]–[149]

Now we examine the radial distribution functions gij(r) for pairs of atoms i and j

of 1-propanol or water molecules in the aqueous 1-propanol solutions. The 1-propanol

concentrations xP are 0, 0.1, 0.15, 0.2, 0.3, 0.4, 0.5, 0.6, and 1.

Figure 5.3(a) displays gCC(r) for pairs of terminal carbon atoms of 1-propanol molecules.

One can see that gCC(r) has a broad peak with a maximum at r ≈ 0.4 nm, and the height

of this peak decreases with increasing xP. Figure 5.3(b) shows that gPP(r) for pairs of

oxygen atoms of 1-propanol molecules has a sharp peak at r ≈ 0.27 nm. This peak
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(a) xP = 0.1 (b) xP = 0.2

(c) xP = 0.3

Figure 5.2: Snapshots of aqueous 1-propanol solutions at 1-propanol mole fractions xP =

(a) 0.1, (b) 0.2, and (c) 0.3. 1-Propanol and water molecules are shown in orange and

blue, respectively. Each snapshot is the final configuration of the 100 ns production run.
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Figure 5.3: Radial distribution functions gij(r) for pairs of (a) terminal carbon atoms of

1-propanol, (b) oxygen atoms of 1-propanol, (c) oxygen atoms of water, and (d) oxygen

atoms of 1-propanol and water molecules in the aqueous 1-propanol solutions. Each curve

represents the result at xP = 0 (dark gray), 0.1 (blue), 0.15 (red), 0.2 (green), 0.3 (violet),

0.4 (orange), 0.5 (brown), 0.6 (light blue), or 1 (black). The inset in the upper right of

each figure is the enlarged view of gij(r) at long distances r.
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is slightly higher with increasing xP, so the concentration dependence of the first peak

height of gPP(r) is opposite to that of gCC(r). These results suggest that at lower xP, the

hydrophobic interaction between the nonpolar groups of 1-propanol molecules becomes

more attractive, while the hydrogen bond between the hydroxyl groups of 1-propanol is

less likely to be formed.

Figure 5.3(c) shows gWW(r) for pairs of oxygen atoms of water molecules. The sharp

peak of gWW(r) at r ≈ 0.27 nm increases with increasing xP. Similar xP dependence is

also obtained from gPW(r) for pairs of oxygen atoms of 1-propanol and water molecules,

as shown in Figure 5.3(d). Both results indicate that the hydrogen bonds between water-

water and 1-propanol-water molecules are likely to be formed with increasing alcohol

concentration.

The upper-right insets of Figures 5.3(a), (b), (c), and (d) are the enlarged views to

examine the long-range behavior of gij(r). In the aqueous solutions with xP = 0.1, 0.15,

and 0.2, the distribution functions deviate from 1 even at r = 2 ∼ 3 nm,, suggesting the

concentration heterogeneity on nanometer-length scales. Perera obtained similar results

at xP = 0.2 and 0.3 performing the molecular simulation of massive systems with the total

number of molecules being 128000.[153] Note again that xP = 0.1, 0.15, and 0.2 are in the

concentration range where the mixed state of the aqueous 1-propanol solution changes

significantly.

In the r range from 0.4 to 3 nm, gCC(r) and gPP(r) are greater than 1 in the aqueous

solutions with xP = 0.1, 0.15, and 0.2. The positive deviation from 1 at large distances

is the most at xP = 0.1 and decrease with increasing xP from 0.1 to 0.4. The inset in

Figure 5.3(c) also shows that in the long range of r, the positive deviation of gWW(r)

from 1 increases with increasing xP up to 0.2, but it decreases with xP from 0.2 to 0.4.

In contrast, gPW(r) is less than 1 in the r range from 0.3 to 3 nm at xP = 0.1, 0.15, and

0.2. The magnitude of this negative deviation is the most at xP = 0.2.

The concentration dependence of the deviations of gij(r) from 1 is qualitatively consis-

tent with the xP dependence of the Kirkwood-Buff (KB) integrals,[7] Gij =
∫

[gij(r)−1]dτ

with dτ being the infinitesimal volume element, for aqueous 1-propanol solutions:[128] The
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propanol-propanol KB integral GPP is positive in the xP range from 0.05 to 0.3 and takes

a maximum at about xP = 0.15. The water-water KB integral GWW is also positive and

increases with increasing xP from 0.05 to 0.25, but it decreases as xP increases from 0.25

to 0.91. On the other hand, the propanol-water KB integral GPW is negative, and that

magnitude is the largest in between xP = 0.15 and 0.2.

In summary, we find a nanometer-scale concentration heterogeneity in the aqueous 1-

propanol solutions with xP = 0.1, 0.15, and 0.2. Figures 5.3(a) and (b) show the opposite

trends for the xP dependence of the first peak heights of gCC(r) and gPP(r): The former

ascends while the latter descends with decreasing xP. This result suggests that, especially

at lower xP, the hydrophobic interaction between the hydrophobic groups of 1-propanol

molecules has a greater effect on the microscopic structures of the aqueous solution than

the hydrogen bond between the hydroxyl groups.

The next subject is the clustering due to the hydrophobic interaction between 1-

propanol molecules. Figure 5.4(a) shows the number distributions nP(s) of clusters due

to the hydrophobic interaction between the carbon chains of 1-propanol molecules in the

aqueous solutions. The nP(s) of medium-sized clusters with s < 1000 decreases as the

concentration xP increases. In contrast, nP(s) has a peak at s > 1000 except for the result

of xP = 0.1: The peak position is around s = 1700, 2600, 4300, 6000, 7600, and 9200 at

xP = 0.15, 0.2, 0.3, 0.4, 0.5, and 0.6, respectively. The total number NP of 1-propanol

molecules in the solution is 2400, 3200, 4800, 6400, 8000, and 9600 at xP = 0.15, 0.2, 0.3,

0.4, 0.5, and 0.6, respectively. Therefore, more than 70 % of 1-propanol molecules in the

aqueous solutions form one cluster. This cluster would be the percolation cluster, and

Figure 5.4(a) suggests that the percolation transition might occur at around xP = 0.15.

We compare nP(s) for the aqueous solution with the number distribution nα[P](s) for

the hypothetical two-component system. The clustering in the hypothetical system is due

to the effective interaction between molecule α in pure 1-propanol. Even at the same mole

fractions xP and xα[P], the plots of nP(s) and nα[P](s) as a function of cluster size s are very

different. Figure 5.4(b) shows that there are no distributions of the clusters whose s is

more than 1000, except at xα[P] = 0.5 and 0.6. The nα[P](s) has a peak only for xα[P] = 0.6,
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Figure 5.4: (a) The number distributions nP(s) of clusters of 1-propanol molecules in

aqueous 1-propanol solutions. Each plot represents the result at xP = 0.1 (blue square),

0.15 (red circle), 0.2 (green diamond), 0.3 (violet triangle), 0.4 (orange inverted triangle),

0.5 (brown square), or 0.6 (light blue circle). (b) The number distributions nα[P](s) of

clusters of molecule α in pure 1-propanol. The mole fractions xα[P] of molecule α are the

same as xP of the aqueous solutions.
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indicating that in the concentration range of xα[P] from 0.1 to 0.5, clusters of molecule

α do not percolate. Therefore, xP = 0.15, at which 1-propanol molecules in the aqueous

solution begin to form the percolation cluster, is a significantly lower concentration than

in the hypothetical system.

Now we examine the clustering due to the hydrogen bonding between water molecules.

Figure 5.5(a) displays the number distributions nW(s) of clusters of water molecules in

the aqueous 1-propanol solution. One can see that nW(s) of small-sized clusters with s

less than 100 increases with decreasing the mole fraction xW of water. In the s range more

than 1000, nW(s) has a peak at each concentration except for the results of xW = 0.5 and

0.4: The peak position is around s = 14400, 13500, 12700, 10900, and 8800 at xW = 0.9,

0.85, 0.8, 0.7, and 0.6, respectively. The total number NW of water molecules is 14400,

13600, 12800, 11200, and 9600, so 90 ∼ 100 % of water molecules in the aqueous solutions

form a percolation cluster. Pethes et al. have already found these peaks for the systems

consisting of totally 4000 molecules.[169]

The comparison of nW(s) for the aqueous solution and nα[W](s) of clusters of molecule

α in pure water shows that they are similar to each other. This result is significantly

different from the comparison of nP(s) and nα[P](s) due to the clustering of 1-propanol

molecules. Figure 5.5(b) indicates that the number distribution nα[W](s) of small-sized

clusters increases with decreasing the mole fraction xα[W] of molecule α. The peak position

of nα[W](s) is around s = 14400, 13500, 12700, 10900, 8700, and 5300 at xα[W] = 0.9, 0.85,

0.8, 0.7, 0.6, and 0.5, respectively.

The cluster analysis based on the number distribution ni(s) of clusters of size s clarifies

a specific nature of clustering due to the hydrophobic interaction between the hydrophobic

groups of 1-propanol molecules. In the aqueous solution, more than 70 % of 1-propanol

molecules form a percolation cluster at 0.15 ≤ xP ≤ 0.6, this concentration range is

significantly lower than in the hypothetical two-component system. On the other hand,

the number distributions of the hydrogen-bonding clusters of water molecules are not

much different in the aqueous solution and the hypothetical system.

Next, we identify the concentration of the percolation transition based on the percola-
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Figure 5.5: (a) The number distributions nW(s) of clusters of water molecules in aqueous

1-propanol solutions. Each plot represents the result at the mole fraction of water, xW(=

1−xP) = 0.9 (blue square), 0.85 (red circle), 0.8 (green diamond), 0.7 (violet triangle), 0.6

(orange inverted triangle), 0.5 (brown square), or 0.4 (light blue circle). (b) The number

distributions nα[W](s) of clusters of molecule α in pure water. The mole fractions xα[W] of

molecule α are the same as xW of the aqueous solutions.
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Figure 5.6: Percolation probability ⟨P ⟩ of the max-sized cluster in the aqueous 1-propanol

solution as a function of xP. Red diamonds and blue circles represent ⟨P ⟩ for the clustering

of 1-propanol and water molecules, respectively.

tion probability P . Figure 5.6 is a plot of the time-averaged value ⟨P ⟩ of the probability

P for the clusters of 1-propanol and water as a function of xP. This figure shows that the

percolation transitions of 1-propanol and water occur at xP = 0.15 and 0.5, respectively.

Especially in the xP range from 0.15 to 0.5, 1-propanol and water molecules form separate

percolation clusters.

Dougan et al. have already clarified similar behavior in the aqueous methanol solu-

tion:[164] Methanol and water molecules form independent percolating networks in the

aqueous solution with the mole fraction xM of methanol from 0.27 to 0.54. We com-

pare the mole fractions at which alcohol molecules begin to form a percolation cluster.

xP = 0.15 for the aqueous 1-propanol solutions is lower than xM = 0.27 for the aqueous

methanol solution. Therefore, the percolation transition due to the hydrophobic interac-

tion between alcohol molecules would occur at lower concentrations as the carbon chain

length increases.

Here, the concentration dependence of ⟨P ⟩ for the aqueous 1-propanol solution is

compared with that for the hypothetical two-component system. We examine the mole
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and volume fraction dependencies of ⟨P ⟩: The comparison based only on the mole fraction

xi is not enough because the size of a 1-propanol molecule is a few times larger than that

of a water molecule. In the case of the hypothetical two-component system, the volume

fraction of molecule α is the same as the mole fraction.

The volume fraction ϕi of component i is defined as

ϕi =
niV̄i

V
, (5.2)

where ni and V̄i are the amount of substance and the partial molar volume of component

i, respectively, and V =
∑

i niV̄i is the total volume of a solution. In the case of binary

solutions of components 1 and 2, the partial molar volumes V̄1 and V̄2 can be expressed

by[187]

V̄1 =
M1

ρ(x2)

[
1 +

x2(M2 −M1) + M1

M1

x2

ρ(x2)

dρ(x2)

dx2

]
(5.3)

and

V̄2 =
M2

ρ(x2)

[
1 − x2(M2 −M1) + M1

M2

1 − x2

ρ(x2)

dρ(x2)

dx2

]
. (5.4)

In Eqs. (5.3) and (5.4), Mi is the molar mass of component i, and ρ(x2) is the density of

a solution as a function of the mole fraction x2 of component 2.

Now we consider that component 1 is water and component 2 is 1-propanol. The

expression ρ(xP) for the density of the aqueous 1-propanol solution as a function of xP at

293 K is[187]

ρ(xP) = −0.01387x4
P − 0.17163x3

P + 0.47518x2
P − 0.48503xP + 0.99823. (5.5)

The numerical data of ρ obtained from the MD simulation are in excellent agreement with

the experimental values[172] (see Table 5.1), so we use Eq. (5.5) to calculate the volume

fractions ϕP and ϕW = 1 − ϕP of 1-propanol and water, respectively.

Table 5.2 shows ϕP and ϕW for the aqueous solutions with xP = 0.1, 0.15, 0.2, 0.3,

0.4, 0.5, and 0.6. One can see that the values of mole and volome fractions are very

different. For example, ϕP ≃ ϕW when xP = 0.2 and xW = 0.8. Therefore, the volume
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Table 5.2: The volume fractions ϕP and ϕW of 1-propanol and water, respectively, for the

aqueous 1-propanol solutions with xP = 0.1, 0.15, 0.2, 0.3, 0.4, 0.5, and 0.6. ϕP and ϕW

are obtained from Eq (5.2) coupled with Eqs. (5.3)-(5.5).

xP 0.1 0.15 0.2 0.3 0.4 0.5 0.6

xW 0.9 0.85 0.8 0.7 0.6 0.5 0.4

ϕP 0.31 0.42 0.51 0.65 0.74 0.81 0.87

ϕW 0.69 0.58 0.49 0.35 0.26 0.19 0.13

that 1-propanol and water occupy independently in the mixture is the same when the

ratio of the numbers of 1-propanol and water molecules is about 1:4.

We show the xi and ϕi dependence of the percolation probability ⟨P ⟩ for the aqueous

1-propanol solution and the hypothetical two-component systems in Figure 5.7. First,

Figure 5.7(a) indicates that 1-propanol molecules in the aqueous solution begin to form

the percolation cluster at around xP = 0.15 or ϕP = 0.42. For the clustering of molecule α

in pure 1-propanol, ⟨P ⟩ rapidly changes at around the concentration xα[P] = ϕα[P] = 0.58.

These results clarify that the percolation transition due to the hydrophobic interaction

between 1-propanol molecules occurs at lower concentrations for either xP or ϕP than in

the hypothetical system.

Next, Figure 5.7(b) displays that water molecules in the mixture begin to form the

percolation cluster at around xW = 0.5 or ϕW = 0.19. The percolation transition due to

the hydrogen bonding between molecule α in pure water occurs at around the fraction

xα[W] = ϕα[W] = 0.48. These results indicate that the percolation transition of water in the

solution occurs at nearly the same mole fraction in the hypothetical system. In contrast,

the comparison of the volume fraction dependence of ⟨P ⟩ clarifies that the percolation

transition of water in the 1-propanol/water mixture occurs at much lower concentration.

The percolation transition in the aqueous 1-propanol solution would be related to the

macrosopic and microscopic properties of this solution. Figure 5.6 suggests that xP = 0.15

is the concentration of the percolation transition due to the hydrophobic interaction be-

tween 1-propanol molecules. This mole fraction is in the concentration range where many

physical quantities take maximum or minimum as a function of xP, the concentration fluc-
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Figure 5.7: Concentration dependence of the percolation probabilities ⟨P ⟩ for (a) 1-

propanol and (b) water. (a) Blue circles and red squares represent ⟨P ⟩ in the aqueous

1-propanol solution as a function of the mole fraction xP and the volume fraction ϕP, re-

spectively. The green dashed line is the result of ⟨P ⟩ in the hypothetical two-component

system as a function of the mole fraction xα[P] of molecule α. In the case of the hy-

pothetical system, xα[P] is equal to the volume fraction ϕα[P]. (b) Blue circles and red

squares represent ⟨P ⟩ of the clusters of water molecules in the solution as a function of

xW and ϕW, respectively. The green dashed line shows ⟨P ⟩ of clusters of molecule α in

the hypothetical system against the fraction xα[W] = ϕα[W].
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tuation is the most, and the mixed state changes significantly.[128], [130]–[132], [135]–[145], [147]–[149]

At the same concentration, the radial distribution functions deviate from 1 even at long

distances (see Figure 5.3). The experimental study also shows that xP = 0.14 and 0.45

are singular points for the xP dependence of the dielectric relaxation time of the aqueous

solution.[135] These concentrations are very close to the mole fractions of the percolation

transitions of 1-propanol (xP = 0.15) and water (xP = 0.5), respectively.

Finally, we study the excess density ρex(xP) defined by the mole fraction xP, and the

ρex(ϕP) defined by the volume fraction ϕP as

ρex(xP) ≡ ρ−
[
xPρP + (1 − xP)ρW

]
(5.6)

and

ρex(ϕP) ≡ ρ−
[
ϕPρP + (1 − ϕP)ρW

]
. (5.7)

In Eqs. (5.6) and (5.7), ρ, ρP, and ρW are the densities of the aqueous 1-propanol solution,

pure 1-propanol (xP = 1), and pure water (xP = 0), respectively.

Figure 5.8(a) shows three results of ρex(xP) obtained from the MD simulation, exper-

imental values,[172] and Eq. (5.5) as a function of the mole fraction. One can see that

ρex(xP) is negative and takes a minimum at around xP = 0.4. The concentration reaching

this minimum is xP = 0.39 based on the expression Eq. (5.5) for the density ρ. Ghoufi

et al. obtained similar concentration dependence for the aqueous ethanol solution, but

the alcohol concentration where the excess density reaches its minimum is slightly higher

than 0.39.[159]

In contrast, the excess density ρex(ϕP) as a function of ϕP is positive and reaches

a maximum at around ϕP = 0.5, as shown in Figure 5.8(b). The concentration of the

maximum is ϕP = 0.53 based on Eq. (5.5). This volume fraction corresponds to the mole

fraction xP = 0.21. Wensink et al. obtained similar trends for alcohol/water mixtures as

a function of the mass percentage instead of the volume fraction.[149]

In summary, xP = 0.39 and 0.21 are singular points for the mole and volume frac-

tion dependencies of the excess densities of the aqueous 1-propanol solution, respectively.
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Figure 5.8: Concentration dependence of the excess densities of 1-propanol/water mixture.

(a) The excess density ρex(xP) defined by Eq. (5.6) as a function of xP. (b) The excess

density ρex(ϕP) defined by Eq. (5.7) as a function of ϕP. Red circles represent the results

obtained from the MD simulation. Table 5.1 shows the simulation data of ρ, ρP, and ρW

in Eqs. (5.6) and (5.7). Blue diamonds and green lines are the results obtained from the

experimental values[172] and Eq. (5.5), respectively.
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These values are close to the concentrations at which the percolation transitions by water

and 1-propanol independently occur, as shown in Figure 5.6.

5.4 CONCLUSIONS

We performed molecular dynamics simulations of aqueous 1-propanol solutions with dif-

ferent concentrations xP and clarified the specific nature of the hydrophobic interaction

between the carbon chains of 1-propanol molecules.

The first peak height of the radial distribution function gCC(r) for pairs of terminal

carbon atoms of 1-propanol molecules decreases with increasing xP. This trend is opposite

to the xP dependence of the peak height of gPP(r) for pairs of oxygen atoms of 1-propanol.

The hydrophobic interaction is thus more dominant than the hydrogen bonding for the

effective interaction between 1-propanol molecules in the aqueous solution with low xP.

The distribution functions in the mixtures of xP = 0.1, 0.15, and 0.2 deviate from 1

even at long distances r, indicating the concentration heterogeneity on nanometer-length

scales.

The number distribution nP(s) of clusters due to the hydrophobic interaction indicates

that 1-propanol molecules form a percolation cluster in the solutions with xP ≥ 0.15.

The concentration of the percolation transition is significantly lower than that in the

hypothetical two-component system. In contrast, nW(s) of the hydrogen-bonding clusters

of water molecules in the 1-propanol/water mixture does not differ from the number

distribution in the hypothetical system.

The concentration dependence of the percolation probability ⟨P ⟩ shows that the per-

colation transition occurs at xP = 0.15 due to the hydrophobic interaction between 1-

propanol molecules and at xP = 0.5 due to the hydrogen bond between water molecules.

xP = 0.15 and 0.5 are close to the concentrations at which the Kirkwood-Buff integrals,[128]

the dielectric relaxation time,[135] and the excess densities (Figure 5.8) take maximum or

minimum against xP. The percolation transition would thus be related to the changes in

the concentration fluctuation and the mixed state of the aqueous 1-propanol solution.

The present investigation highlights the importance of hydrophobic interactions be-
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tween alcohol molecules for the clustering and percolation in alcohol/water mixtures. We

should examine other aqueous solutions of alcohols, such as methanol and ethanol, to

clarify the effects of carbon chain size and length on the clustering in these mixtures. The

temperature effect on the mixed state of the solutions is, of course, an important subject.

The experimental study also shows that 1-propanol and water are phase-separated due

to the addition of sodium or potassium chloride into the mixture.[188] Based on these

comprehensive works, we would gain a better understanding of hydrophobic interactions

between alcohol molecules in the aqueous solutions.
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[13] T. Boubĺık, J. Chem. Phys., 1970, 53(1), 471–472.

142



[14] G. A. Mansoori, N. F. Carnahan, K. E. Starling, and T. W. Leland Jr, J. Chem.

Phys., 1971, 54(4), 1523–1525.

[15] D. Chandler, Nature, 2005, 437(7059), 640–647.

[16] D. Ben-Amotz, J. Phys. Chem. Lett., 2015, 6(9), 1696–1701.

[17] D. Ben-Amotz, Annu. Rev. Phys. Chem., 2016, 67, 617–638.

[18] L. R. Pratt, M. I. Chaudhari, and S. B. Rempe, J. Phys. Chem. B, 2016, 120(27),

6455–6460.

[19] K. Koga, J. Phys. Chem. B, 2013, 117(41), 12619–12624.

[20] K. Koga and B. Widom, J. Chem. Phys., 2013, 138(11), 114504.

[21] K. Koga and N. Yamamoto, J. Phys. Chem. B, 2018, 122(13), 3655–3665.

[22] M. I. Chaudhari, S. A. Holleran, H. S. Ashbaugh, and L. R. Pratt, Proc. Natl. Acad.

Sci. U.S.A., 2013, 110(51), 20557–20562.

[23] M. I. Chaudhari, D. Sabo, L. R. Pratt, and S. B. Rempe, J. Phys. Chem. B, 2015,

119(29), 9098–9102.

[24] M. I. Chaudhari, S. B. Rempe, D. Asthagiri, L. Tan, and L. R. Pratt, J. Phys.

Chem. B, 2016, 120(8), 1864–1870.

[25] H. S. Ashbaugh, K. Weiss, S. M. Williams, B. Meng, and L. N. Surampudi, J. Phys.

Chem. B, 2015, 119(20), 6280–6294.

[26] D. Tang, C. Delpo, O. Blackmon, and H. S. Ashbaugh, J. Chem. Phys., 2018,

148(1), 016101.

[27] B. Widom and R. C. Underwood, J. Phys. Chem. B, 2012, 116(31), 9492–9499.

[28] C. A. Cerdeiriña and B. Widom, J. Phys. Chem. B, 2016, 120(51), 13144–13151.

[29] R. Okamoto and A. Onuki, J. Chem. Phys., 2018, 149(1), 014501.

143



[30] R. Okamoto, K. Koga, and A. Onuki, J. Chem. Phys., 2020, 153(7), 074503.

[31] R. Okamoto and K. Koga, J. Phys. Chem. B, 2021, 125(46), 12820–12831.

[32] K. Koga, X. C. Zeng, and H. Tanaka, J. Chem. Phys., 1997, 106(23), 9781–9792.
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