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ABSTRACT
Ice is different from ordinary crystals because it contains randomness, which means that statistical treatment based on ensemble averaging
is essential. Ice structures are constrained by topological rules known as the ice rules, which give them unique anomalous properties. These
properties become more apparent when the system size is large. For this reason, there is a need to produce a large number of sufficiently
large crystals that are homogeneously random and satisfy the ice rules. We have developed an algorithm to quickly generate ice structures
containing ions and defects. This algorithm is provided as an independent software module that can be incorporated into crystal structure
generation software. By doing so, it becomes possible to simulate ice crystals on a previously impossible scale.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0198056

INTRODUCTION

Ice is ubiquitous and is one of the major constituent solids
of the universe.1 However, ice has a variety of interesting proper-
ties that are not commonly found in other materials, e.g., ice floats
on liquid water; as many as 20 different crystal structures exist,2
and it has a negative thermal expansion coefficient at low tem-
peratures and pressures.3 What makes ice truly unique, however,
is hydrogen disorder. In normal ice I, oxygen atoms are located
at lattice points, while hydrogen atoms stochastically occupy one
of two positions between adjacent pairs of oxygen atoms under
some constraints. This randomness is what causes the residual
entropy in ice.4

The finite residual entropy found in ice indicates the pres-
ence of inherent randomness. This randomness is subject to
certain constraints known as the ice rules.5 In all ice phases,
including normal ice, every water molecule forms four hydrogen
bonds with four neighboring molecules. Two bonds are donated
to adjacent two molecules, while the other two are donated
by the remaining two neighboring molecules. The mole frac-

tion of point defects that violate the ice rules is typically only
10−6.6 Therefore, almost all water molecules in ice follow the
ice rules.

The ice rules not only govern the local arrangement but also
determine various ice-specific properties over long distances. For
instance, in proton transfer in ice, protons (hydrogen cations) move
rapidly along homodromic chains.7 This movement is accompa-
nied by inversions of the hydrogen bonds along the path, which
means that another proton cannot move in the same direction
along the same path.8 The reactant and the background can be
treated separately in a typical chemical reaction. However, in a reac-
tion involving protons in ice, the reaction changes the structure
of the background ice. It was also demonstrated that higher-order
structures in hydrogen-disordered ice homogenize the binding ener-
gies of water molecules in ice, which is a prerequisite for the
Pauling entropy approximation.9,10 The ice rules have a close rela-
tionship with ice polarization. The concept of localized nucleation
and its growth, as in ordinary nucleation processes, is not well-
suited for the phase transition from a ferroelectric hydrogen-ordered
ice to a depolarized hydrogen-disordered ice of the same skele-
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tal structure (such as ice XI and Ih). The topological constraints
of the ice rules force string-like atypical structural changes during
the transition.11

To accurately evaluate the physical properties of ice by com-
puter simulations, it is necessary to generate a large number of
unbiased, random, and hydrogen-disordered structures for a single
arrangement of oxygen atoms. Physical properties can be calcu-
lated as their average. Rahman and Stillinger were the first to
develop an algorithm for generating hydrogen-disordered ice that
satisfies the ice rules.12 This algorithm starts with a structure that
satisfies the ice rules but is not random. Randomness is intro-
duced by repeatedly reversing homodromic cycles. Grishina and
Buch later proposed another algorithm where the initial structure
does not satisfy the ice rules and contains many point defects
with excess inbound or outbound hydrogen bonds, called D- and
L-type Bjerrum defects.13 This algorithm randomly chooses a hydro-
gen bond at a defect and moves the defect by reversing the ori-
entation of the bond. The defect annihilates when it encounters
another defect of another type. This abacus-like action is repeated
until all defects are erased. Both algorithms are stochastic and
time-consuming.

lon-doped ice, which involves replacing some water molecules
with ions, has gained attention recently. Normally, ice does not
form solid solutions. When salt water freezes, only water freezes,
and brine rejection occurs. NH4F is an exception. Neither the
cation nor the anion enters the interstitial space but replaces a
water molecule, following a different “ionic rule”: the NH4

+ cation
donates four hydrogen bonds to neighboring water molecules,
and the F− anion accepts four hydrogen bonds. To create such
ice for molecular simulations, some water molecules need to be
replaced with ions. This requires a global reorientation of the
hydrogen bonds. NH4F is called the “hydrogen-disorder agent”
because it interferes with the ice rules and inhibits the forma-
tion of hydrogen-ordered ice and crystalline phases with odd-
numbered rings.14,15 In reality, NH4F also reduces the disorder in
hydrogen-disordered ice by inhibiting the free orientation of water
molecules.

There is a similar problem with semiclathrate hydrates. In
tetrabutylammonium bromide (TBAB) hydrates, the TBA+ cation
and the Br− anion each replace one or two water molecules and
enter the hydrogen bonding network of the clathrate hydrate.16

To simulate these solid solutions on a computer, it is essen-
tial to create hydrogen-disordered networks that follow the ionic
and ice rules.

The commonly used stochastic algorithms are not suitable
for simulating ice crystals that are larger than tens of thou-
sands of molecules.12,13 As a solution, a new algorithm called
GenIce has been developed based on graph theory. This algo-
rithm can create hydrogen-disordered structures with a com-
putation time that increases only linearly with the number of
molecules.17 Using GenIce, it has become possible to gener-
ate many ice structures of over 1 × 106 molecules and inves-
tigate unique properties of ice that become apparent at such
huge sizes.10 GenIce has been used in various studies, includ-
ing ab initio prediction of thermodynamic properties,18 ice nucle-
ation,19 functionalities of the antifreeze proteins,20 exploration of the
phase diagram of water,21,22 gas hydrates and their inhibitors,23,24

high-pressure ices,25,26 detection of local order in ice,27,28 and
interfaces.29

We have made enhancements to the GenIce algorithm in this
paper. Our new algorithm, called GenIce-core, has the capability to
generate uniformly random molecular orientations. It can create ice
surface structures where not all water molecules have four neighbors
and doped ice structures that obey the ionic rule.

The previous version of GenIce software included all the steps
involved in creating ice structures, such as generating crystal struc-
tures, applying the ice rules, depolarization, molecular arrangement,
and output in different formats. However, GenIce-core only con-
tains the core algorithm for the ice rules and depolarization. It is
designed as an API that can be easily integrated into other software
for crystal design purposes.

ALGORITHM

First, the algorithm for pure ice, which may have sur-
faces and/or Bjerrum defects, is described in this section. It is
then expanded to address systems containing doped ions. Here,
we describe the algorithm for a simplified two-dimensional ice
model, which can be applied to realistic three-dimensional ice
and even hypothetical ices in higher dimensions using the same
procedure.

Pure ice

1a. An undirected graph G [Fig. 1(a)] representing the skeletal
structure of a hydrogen bond network of ice is given. The
degree of G must be at most 4.

1b. Water molecules at the ice surface or at the sites adjacent to
a Bjerrum defect have less than four neighboring molecules
[Fig. 1(b)]. We add virtual nodes and corresponding edges so
that every node has four neighbors. In Fig. 1(b), the virtual
nodes are represented by yellow dots.

1c. We split each normal node into two nodes. One of the
nodes [e.g., blue nodes in Fig. 1(c)] will have two ran-
domly chosen edges out of the four, while the other (pink
nodes) will have the remaining two edges. No direct con-
nection exists between the two nodes. This process results in
a graph called H, which consists only of cycles and chains
since it has a maximum degree of two. Virtual nodes remain
unsplit. We refer to this process as noodlization, as shown
in Fig. 1(c).

1d. The paths along each cycle and chain prepared in step 1c
can be long, so they often have self-intersections. These self-
intersections happen when there are lattice sites at which both
split nodes have two edges of the same color, as in Fig. 1(c).
Each path is further decomposed into chains and cycles to
eliminate these self-intersections. For example, the light green
path in Fig. 1(c) is decomposed into one chain (solid) and one
cycle (dotted) in Fig. 1(d).

1e. To give cycles and chains direction, we need to determine
the orientation of the hydrogen bonds. This orientation deter-
mines the net dipole moment of the system. To minimize
total polarization, we assign directions randomly to the chains
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and cycles [Fig. 1(e)]. Finding the optimal combination of
path directions is time-consuming, as it involves a knap-
sack problem. Therefore, we use a finite-step Monte Carlo
method to find an approximate solution. It is worth noting
that compact cycles (cycles that do not traverse the sim-
ulation cell under periodic boundary conditions) have no
net dipole moments. Hence, we can assign their directions
freely.

1f. A hydrogen-disordered ice structure is generated after remov-
ing the virtual nodes and edges and merging the split nodes
again. In the ice structure, all hydrogen bonds are arranged
randomly within the constraints of the ice rules, and the net
dipole moment is minimal [see Fig. 1(f)].

1g. Water molecules are placed at the node positions so that
the hydrogen atoms direct along the arrows in this hydro-
gen bonding network [Fig. 1(g)]. This step is not included in
GenIce-core.

This is an O(N) algorithm and is as fast as the previous GenIce
algorithm.17 Each step of the algorithm is suitable for parallel exe-
cution. The processing time and the randomness of the obtained
digraph are discussed in later sections.

Doped ice

Ions that replace water molecules in ice do not follow the ice
rules. The hydrogen bonds at these ions cannot be rearranged, which
means that if they are included in the chain in Fig. 1(e), the chain
cannot be used to adjust the net dipole moment by reversing its
direction.

Here is an example of an ice cluster being one F− anion and one
NH4

+ cation doped. These ions do not enter interstitially but replace
water molecules to form a solid solution. They have four outward
edges for NH4

+ and four inward edges for F−; their directions cannot
be changed. The edges whose directions are fixed are preprocessed
accordingly.

2a. We identify the location of dopants in an undirected graph G
[as shown in Fig. 2(a)].

2b. The virtual nodes and edges are added as in step 1b so that all
nodes become 4-degree [Fig. 2(b)].

2c. The normal nodes adjacent to the ions, colored blue and pink
in the figure, are put in a queue [Fig. 2(c)].

2d. Start a random walk from one of the nodes in the queue. The
selected node is removed from the queue. The random walk is
allowed to pass an edge once. Therefore, it must end at a yellow
node [Fig. 2(d)]. The random walk also ends when it connects
a blue node with a pink node.

2e. The edges that are part of the path are removed from G [as
shown in Fig. 2(e)]. When the path has self-intersections, it
is divided into one or more cycles and one open path, as in
the case of step 1d. The direction of the open path is not flex-
ible because it has one or two nodes connected to the ions.
On the other hand, there are two possible directions for each
cycle. The open path and cycles are recorded separately in
memory.

2f. Step 2d is repeated until the queue becomes empty [Fig. 2(f)].
A remaining undirected graph with only nodes of even degree
is eventually obtained [Fig. 2(g)].

FIG. 1. The GenIce-core algorithm is illustrated. (a) Original skeletal graph of ice
with surfaces. (b) Addition of virtual nodes. (c) Noodlization, i.e., each 4-degree
node is divided into two 2-degree nodes. (d) Removal of self-intersections. (e)
Conversion from the undirected graph to a directed graph. (f) Recombination of the
split nodes. (g) Conversion from the directed graph to the corresponding molecular
configuration.

2g. For nodes of degree 4, apply the noodlization given in
step 1c. It is not necessary to split the nodes of degree 2
[Fig. 2(g)].

2h. Apply step 1d and the following procedure.
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FIG. 2. The preprocess for doped ice is illustrated. (a) Original undirected graph with a pair of ions doped. (b) Addition of virtual nodes. (c) Directions of the four edges
connecting the ions and surrounding nodes. (d) A random walk starting from a blue node. (e) Decomposition of the path. Open and closed paths are recorded separately. (f)
Another random walk. (g) Resultant graph without the ions. Green nodes with four edges are subject to the split in step 1c. (h) Final graph shown together with the walking
paths.

2i. In step 1e, the derived cycles obtained in step 2e are subject to
depolarization.

Steps 2a–2e are similar to those implemented in the pre-
vious GenIce algorithm.17 The algorithm processes all edges

only once, making it an O(N) algorithm. If there are many
fixed edges at the beginning, the search for a self-avoiding
path may encounter dead ends and fail. In such a case, the
search must be repeated, which requires additional computation
time.
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FIG. 3. Process time against the number of water molecules. Each point on the
graph represents the average time from ten trials. The orange and green sym-
bols represent the time it takes to generate ice structures without depolarization
and with 1000 Monte Carlo iterations for depolarization, respectively. The blue
symbols show the time it takes to create ice with a pair of ions doped at lattice
points that are far apart. The dotted line is a linear function of the number of
molecules in the eye guide. These benchmark tests were performed on a MacBook
Air M1.

IMPLEMENTATION AND EVALUATIONS
API

The algorithm is implemented in pure Python, available as a
Python Package Index (PyPI) module, and easily installed with a
single command:

pip install genice-core
The application programming interface (API) comprises only

one function called ice_graph(). This function requires users
to prepare an undirected graph representing the skeletal network
structure of an ice crystal. If the coordinates of the nodes are also
provided, depolarized structures can be produced. The function gen-
erates a directed graph satisfying both the ionic and ice rules. For
further details on how to use the function, please refer to the GitHub
repository.

Benchmark tests

In order to evaluate the execution speed, hydrogen-disordered
ice of various sizes was generated under periodic boundary condi-
tions. Figure 3 illustrates the computation time for pure ice with
and without depolarization and ice with a doped ion pair. The
computation time increases linearly with the system size when
no dopant is present. It takes slightly longer to generate ice with
dopant, but it is still practical time for generating a system with 106

molecules.
The GenIce-core repository includes the code that was used for

this benchmark.

TABLE I. Probability of the directional pattern of the six hydrogen bonds present
along a six-membered ring in hydrogen-disordered ice I. The values for ice consist-
ing of 1283 = two million water molecules and four million rings generated by the
GenIce-core algorithm are compared with theoretical values based on a Bethe tree
approximation. All inversions and sequences with shifted starting points are consid-
ered to be identical, i.e.,→→→→←← and→←←←←→ are counted as identical.
The last column shows the case of proton-ordered ice II for comparison.

Pattern Approx. GenIce-core Ice II

→→→→→→ 64/365 = 0.175 34 0.174 66 0.142 86
→→→→→← 96/365 = 0.263 01 0.265 19 0
→→→→←← 96/365 = 0.263 01 0.262 44 0
→→→←→← 24/365 = 0.065 75 0.063 51 0
→→→←←← 48/365 = 0.131 51 0.125 42 0.428 57
→→←→→← 12/365 = 0.032 88 0.036 59 0.428 57
→→←→←← 24/365 = 0.065 75 0.069 84 0
→←→←→← 1/365 = 0.002 74 0.002 36 0

Homogeneity tests

GenIce has a feature that checks whether the generated struc-
ture is uniformly random.30 This feature can be exemplified with
hexagonal ice I, a type of hydrogen-disordered ice where the
hydrogen bonding network consists exclusively of six-membered
rings. Each hydrogen bond along a ring is oriented randomly,
and when we examine their directions along a cycle, the prob-
ability of finding a specific sequence of forward and backward
edges should conform to a statistical rule. An approximated prob-
ability value can be obtained for each sequence, as explained
in the Appendix. Table I demonstrates that the hydrogen bond
networks of ice Ih produced by GenIce-core are sufficiently
random.

SUMMARY

We have developed a new algorithm that can quickly gener-
ate hydrogen-disordered ice structures. This algorithm is suitable
for ice surfaces and ice doped with some ions. Additionally, an
API is provided for easy integration into other crystal structure
design software. The source code is available on GitHub at the fol-
lowing repository: https://github.com/genice-dev/genice-core. This
algorithm will also be integrated into the upcoming GenIce package
version 2.2.30
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APPENDIX: BETHE TREE APPROXIMATION FOR THE
DIRECTIONAL PATTERNS IN A CYCLE

In Table I, there are eight different hydrogen bond patterns in a
six-membered cycle. To simplify, the right and left arrows are labeled
as 0 and 1. These patterns are identified as 000000, 000001, 000011,
000101, 000111, 001001, 001011, and 010101.

Pattern 000000

A cycle of the pattern 000000 is called a homodromic cycle.31,32

In this configuration, each node on the cycle has one inbound edge
and one outbound edge. Because each water molecule should have
four hydrogen bonds, one of the two remaining edges must be
inbound and the other must be outbound, resulting in two pos-
sibilities. We call this kind of node C. Its symmetry number, σ,
is two (000000 or 111111) and, therefore, the number of possible
configurations for nodes on this type of cycle is 26σ = 128.

Pattern 000001

The sequence 01 (literally →←) indicates that two adjacent
edges are in opposite directions, and the central node has two
inbound hydrogen bonds. Due to the ice rules, two other hydrogen
bonds must be outbound, so there is no choice for these edges. We
call this kind of node NC. The symmetry number for this sequence
is 12 (100000, 010000, . . ., 000001 and their inverses, i.e., 011111,

TABLE II. All possible configurations for a six-membered cycle and the probabilities
of finding them.

Label No. of C Symmetry no. No. of conf. Probability

000000 6 2 2 × 26
= 128 128/730

000001 4 12 12 × 24
= 192 192/730

000011 4 12 12 × 24
= 192 192/730

000101 2 12 12 × 22
= 48 48/730

000111 4 6 6 × 24
= 96 96/730

001001 2 6 6 × 22
= 24 24/730

001011 2 12 12 × 22
= 48 48/730

010101 0 2 2 × 20
= 2 2/730

Total 730 1

101111, . . ., 111110). The number of possible configurations is 24σ
= 192.

Pattern 000011 and the others

Similarly, we can calculate the number of possible configura-
tions based on the symmetry number and the number of type-C
nodes in the cycle. All possible configurations are listed in Table II.

The calculations mentioned above are applicable to cycles of
sizes other than six-membered ones. This is a Bethe tree approxi-
mation that ignores the correlation between edges through the other
part of the graph where the six-membered cycle is embedded.
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