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1. Introduction

Non-metallic inclusions composed of fine oxide particles 
mainly derive from the deoxidation of the steel melt and 
entrainment of slag during the steelmaking process, and 
must be removed as much as possible to prevent deteriora-
tion of steel product quality. Non-metallic inclusions in a 
steel melt are reduced in the secondary refining process and 
the continuous casting tundish. Agglomeration and flota-
tion of inclusion particles are effective for removing non-
metallic inclusions and obtaining “clean steel.”

Based on this perspective, many numerical and experi-
mental studies on non-metallic inclusion removal have been 
carried out covering an induction furnace,1,2) gas stirring 
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the numerical agglomeration model of particles was combined with a breakup term of agglomeration due 
to bubble bursting at the free surface. Polydisperse and monodisperse polymethylmethacrylate (PMMA) 
particles were used in the agglomeration experiments. The agglomeration rate of the polydisperse parti-
cles under impeller stirring was increased by an increasing energy input rate, whereas the agglomeration 
rate under gas stirring decreased under this condition due to the larger contribution of the breakup of 
agglomerated particles during bubble bursting in gas stirring. At the same energy input rate, agglomeration 
of polydisperse particles was larger under impeller stirring than under gas stirring. The agglomeration rate 
of polydisperse particles was larger than that of monodisperse particles under both impeller and gas stir-
ring at the same energy input rate. The computational temporal changes in the total number of particles 
were in good agreement with the experimental results. This means that the difference in the agglomera-
tion behaviors observed in impeller and gas stirring can be explained by the turbulent coagulation and 
subsequent agglomerated particle breakup in gas stirring. The computational temporal change in the 
number of each group approximately agreed with the experimental change in both impeller and gas stir-
ring.
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in a ladle,3,4) RH degassing5,6) and a continuous casting 
tundish7–12) and mold,13) among others. As a pioneering 
work in this field, Lindborg and Torssell14) applied a popu-
lation balance model15) of inclusion growth and removal to 
explain their experimental study. Cold model experiments 
with theoretical analyses have also been done to understand 
the agglomeration behavior of fine particles, particularly 
the particle collision frequency in a turbulent flow,16–18) the 
heterogeneous agglomeration behavior of two types of fine 
particles with different surface electrifications and sizes,19–23) 
agglomeration of polydisperse fine particles of the same 
kind24–26) and breakup of agglomerated particles due to col-
lision and fluid shear stress.27–30)

Many of these studies treat the agglomeration behavior 
under a turbulent flow field introduced by Saffman and 
Turner.31) The turbulent energy dissipation rate (=  energy 
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input rate) was associated with the agglomeration rate. 
Sumitomo et al.32) carried out agglomeration experiments 
with monodisperse polymethylmethacrylate (PMMA) par-
ticles and reported that the agglomeration rate in a gas 
stirring process was less than that under impeller stirring at 
the same energy input rate. They explained this difference 
by noting that part of the agglomerated particles adhering to 
the floating bubble surface broke up during bubble bursting 
at the liquid free surface. However, they did not compare 
the agglomeration behavior of polydisperse particles in 
different types of stirring processes, although there was a 
size distribution of the non-metallic inclusion in the steel 
melt before the removal operation.33,34) Nakaoka et al.24) 
developed a particle-size-grouping (PSG) method and suc-
cessfully applied it to the turbulent agglomeration behavior 
of particles during impeller stirring.

Targeting a comparison of the PMMA agglomeration 
behavior in impeller stirring and gas stirring processes, in 
the present study, agglomeration experiments were carried 
out with polydisperse particles as well as monodisperse 
ones. A combination model of the agglomeration and 
breakup behavior of PMMA particles with an initial size dis-
tribution was developed by combining the particles breakup 
term due to bubble bursting32) and the PSG method,24) 
and the validity of the numerical calculation method was 
demonstrated by comparing the numerical results with the 
experimental ones.

2. Theoretical Analysis

2.1. Agglomeration Model
The following equations express the population balance 

equation15,24) and collision frequency function16,31) between 
two particles for calculating the temporal change in the 
number of agglomerated particles.
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Here, Ni: number density of clusters of i-particles, ai: volu-
metric equivalent radius of a cluster of i-particles [m], δij: 
Klonecker’s delta function (δij=1 for i= j, δij=1 for i≠ j ), 
α(ai, aj): collision frequency function [m3/s] of clusters of 
i- and j- group particles, M: largest number [-] of agglom-
erated particles, ε: dissipation rate of turbulence energy 
[m2/s3], ν: kinetic viscosity [m2/s], Z: corrected term [-] 
considering the effect of the London-van der Waals force 
based on liquid viscosity, μ: viscosity [Pa·s], aMo: Modal 
radius of the initial particles [m], and A131: Hamarker con-
stant [J], where the suffix 1 means particle and 3 means 
liquid. Here, a1=1.0 μm was used in Eq. (3) because it was 
the minimum radius of polydisperse particle used for the 

experiment described in Chapter 3.
The agglomeration behavior of the particles with a pri-

mary size distribution requires a different approach from 
that used with particles having an equal initial particle radius 
because the equivalent radius and number of agglomerated 
particles do not have a one-to-one correspondence. The 
PSG method for calculating the agglomeration of size-
distributed primary particles developed by Nakaoka et al.24) 
is a new methodology to reduce the computation load. As 
shown schematically in Fig. 1, the clusters of agglomerated 
particles are divided into M groups with characteristic radii 
of a1, a2, ..., aM so as to maintain the volume ratio Rv [-] of 
adjoining characteristic particles.
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Here, Vk: characteristic volume of group k defined by Eq. 
(5).

Therefore, the normalized population balance equation 
for group k particles is expressed as follows:
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Fig. 1. Schematic image of distributed particle grouping in Parti-
cle-Size-Grouping (PSG) method. (Online version in 
color.)
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Here, Nk
*: normalized number density of group k particles 

(=Nk/N0), N0: initial number density [m −3] of primary par-
ticles, M: maximum size number [-], t*: normalized time 
defined by Eq. (7), ai

*: normalized characteristic radius [-] 
of group k particles (=ai/aMo), ic,k−1: critical size number [-] 
and ξi,k−1, ζi,k: correction factors [-] for the particle number 
density to maintain the conservation of particle volume, as 
defined by Eqs. (8) and (9), respectively.

2.2. Breakup Term of Agglomerated Particles
Sumitomo et al.32) imagined that the agglomerated par-

ticles adhering to a bubble surface are partially broken up 
at the liquid free surface during bubble bursting, as shown 
schematically in Fig. 2, and developed a mathematical 
breakup model for agglomerated particles with a single 
primary size (monodisperse particles). In the present study, 
a modified breakup model for initial particles with a size 
distribution (polydisperse particles) was developed for 
extension to the PSG method. The breakup term is given 
by Eq. (10).
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Here, β: decomposed ratio of the agglomerated particles of 

group k below group k, � a
d

i ,
B

2
�
�
�

�
�
� : breakup frequency func-

tion by bubble bursting, χk|i: breakup distribution function [-] 
defined as the volumetric ratio of group k particles obtained 
from the breakup of group i particles, dB: diameter [m] of 
a gas bubble and NB: number density [m −3] of gas bubbles. 
The first term of the right-hand side in Eq. (10) indicates the 
formation number of group k due to the breakup of agglom-
erated particles above group k+1. As group k+1 is divided 
into groups k and k, and groups k and k-1, the second term 

in Eq. (10) is necessary for additional formation number of 
group k due to groups k and k. The third and fourth terms 
in Eq. (10) represent conditions in which the agglomerated 
particles of group k decompose below group k at a rate of β 
or remain in the same group, respectively.
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i ,
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of two items: one is the frequency function, γ [m3/s], of 
particles adherence to bubbles and the other is the breakup 
efficiency, δ [-], of adhering particles at the bubble burst-
ing,32) the following equation is given
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Here, the γ item introduced by Arai et al.35) was given 
by Eq. (12), and δ was expressed as the function of non-
dimensional particle number, bubble diameter and bubble 
number32) so as to obtain the constant parameter, K, by Eq. 
(13).
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where uB is bubble floating velocity [m/s], θ is contact 
angle, A(=0.57), B(=0.21), L(=3.5) and θi(=88) are con-
stant, and K becomes 150.32)

As group i particles splits into two groups in i-1 ways, χk|i 
is assumed to be expressed by Eq. (14).32)
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Substituting Eqs. (11)–(14) into Eq. (10), the following 
equation is obtained as a non-dimensional form.
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where NB
* and dB

* are normalized number density (=NB/N0) 
and diameter (=dB/aMo) of gas bubbles, respectively.

2.3. Combination of Particle Agglomeration and 
Breakup by PSG Method and Calculation Condi-
tions

The population balance equation of particle agglomera-
tion and breakup using the PSG method is expressed by Eq. 
(17).

Fig. 2. Schematic image of adhesion of agglomerated particles to 
bubble surface and their breakup due to bubble bursting. 
(Online version in color.)
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The experimental size distribution curves of the primary 
particles (t =  0 min in Fig. 5) was used for the initial par-
ticle condition. The values of a1, M, and β were set to 1.0 
μm, 20, and 0.9, respectively. The β value was determined 
to best fit the calculated temporal changes in particles 
agglomeration into experimental ones. The values of dB and 
NB were calculated by the procedure proposed by Sumitomo 
et al.32) as shown in Table 1. The temporal change of Eq. 
(17) was calculated numerically by the Runge-Kutta method 
with the time step Δt* of 10 −5 s.

The schematic image of inflow and outflow of group k 
particles by agglomeration and breakup is shown in Fig. 3. 
As the ic,k−1 in Eq. (17) became k-2 in the case of RV=2,24) 
the group k particles are formed by agglomeration between 
group k-1 and group k-2 or k-1, and by breakup between 
group k+1 and group k or k-1. These particles sometimes 
remain in the same group by agglomeration and breakup of 

fine particles. Meanwhile, the group k particles are separated 
from the group k by the breakup between group k and group 
k-1 or k-2, and by the agglomeration between group k and 
group k or k-1.

3. Experiment

A schematic diagram of the experimental apparatuses and 
their dimensions for (a) impeller stirring and (b) gas stirring 
are shown in Fig. 4. The size of the acrylic cylindrical vessel 
(vessel inner diameter: 0.12 m, water depth: 0.13 m) used in 
the experiment was the same for both stirring processes. The 
paddle-type impeller (blade diameter: 0.05 m, thickness: 
0.02 m, number of blades: 2) and nozzle tip (inner diameter: 
0.005 m) used to introduce the stirring gas were set at the 
same immersion depth of 0.08 m from the free surface, as 
shown in Fig. 4.

The physical properties of the particles and liquid are 
shown in Table 2. Polydisperse PMMA particles (MZ-
10HN, Soken Chemical & Engineering Co., Ltd.) having a 
modal diameter of 7.8 ×  10 −6 m were used for as the model 
particles, whereas the modal diameter of the monodisperse 
PMMA particles (MX-1000, Soken Chemical & Engineer-
ing Co., Ltd.) was 9.0 ×  10 −6 m. The PMMA density 
and Hamarker constant for the numerical calculation were 
1.20 ×  103 kg/m3 and 1.05 ×  10 −20 J, respectively. A 3.0 
kmol/m3 KCl solution was used for the rapid agglomeration 
condition, as this solution forms a thinner electric double 
layer around the particles and causes negligible repulsion 
between particles. The liquid density and viscosity were 
1.13 ×  103 kg/m3 and 9.27 ×  10 −4 Pa∙s, respectively. A 
given number of PMMA particles was put into a small 
amount of ion-exchanged water and thoroughly dispersed 
with an ultrasonic cleaner (Series 8500, Branson). The 
experiment started when the water containing the particles 
was charged into the KCl solution. 1.0×10 −6 m3 of the 
particle-suspended liquid was taken in a single sampling, 
and the sampling point was fixed at a position 0.02 m from 
the center axis of the vessel and 0.05 m above the vessel 
bottom. The sampling times were 0, 2, 5, 10, 30, 60, 120 and 

Table 1. Calculation conditions of gas stirring.

1.5 L/min (STP) 2.0 L/min (STP) 2.0 L/min (STP)

NB [m −3] 1 655 1 649 1 639

dB [m] 0.0124 0.0135 0.0144

Fig. 3. Schematic image of inflow and outflow of k group particles by agglomeration and breakup. (Online version in 
color.)
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180 min. The temporal changes in the number of agglomer-
ated particles and their size distribution were measured by 
a particle size distribution analyzer (Multisizer 3, Beckman 
Coulter Inc.). The particle size measured here was the 
volume-equivalent diameter. The initial total number densi-
ties of polydisperse and monodisperse particles in the KCl 
solution were 1.5×109−2.3×109 and 1.8×109−2.0×109 
m −3, respectively.

Table 3 shows the operating variables for the impel-
ler and gas stirring processes and their values at an equal 
energy input rate calculated by Sumitomo et al.32) The rota-
tion speed of the impeller was varied to 250, 275 and 300 
rpm and the gas flowrate was changed to 1.5, 2.0 and 2.5 
L/min (STP), corresponding to energy input rates of 0.021, 
0.027 and 0.035 W/kg, respectively.

4. Results and Discussion

4.1. Temporal Changes in Size Distribution and Num-
ber of Particles in Impeller and Gas Stirring

Figure 5 shows the comparison of the temporal changes 
in the particle diameter distributions under impeller stirring 
(Figs. 5(a) and 5(c)) and gas stirring ((b) and (d)), and in 
stirring of polydisperse particles ((a) and (b)) and monodis-
perse particles ((c) and (d)). The energy input rate for both 
stirring operations was fixed at 0.027 W/kg, that is, the 
impeller speed of 275 rpm and gas flowrate of 2.0 L/min 
(STP), as indicated in Table 3. From Figs. 5(a) and 5(b), the 
peak of the polydisperse particles decreased and the ratio of 
larger particle size increased slightly with increasing time in 
both impeller and gas stirring, while the sharp peak of the 
monodisperse particles in Figs. 5(c) and 5(d) also decreased 
as time proceeded, and a second peak, which indicates a 
cluster of 2 particles, appeared due to the agglomeration of 
the monodisperse particles. Comparing impeller stirring ((a) 
and (c)) and gas stirring ((b) and (d)), the peak values for 
impeller stirring showed larger decreases than those for gas 
stirring with both polydisperse and monodisperse particles. 
In the case of gas stirring, the peak for the polydisperse 
particles was almost unchanged after 60 min, as seen in 
Fig. 5(b). Larger second peaks of the monodisperse particles 
were observed with impeller stirring compared with gas stir-
ring, as seen in Fig. 5(c).

The temporal changes in the total number Nt [-] of par-
ticles normalized by the initial number of non-agglomerated 
particles N0 [-] are shown in Fig. 6. Figures 6(a), 6(b) and 
6(c) indicate the results for the polydisperse particles and (d) 
shows the results for the monodisperse particles. Here, the 
same energy input rate (0.027 W/kg) is used in Figs. 6(b) 
and 6(d). The number of particles decreased with increas-
ing time in both impeller and gas stirring; that is, particle 
agglomeration progressed during the experiment. As seen 
in Figs. 6(a), 6(b) and 6(c), the agglomeration rate of the 
polydisperse particles under impeller stirring increased at 
higher rotation speeds, and the agglomeration rate was more 
rapid than that under gas stirring except the first half period 
of Fig. 6(a), whereas the agglomeration rate under gas stir-
ring obviously decreased with an increasing gas flowrate. 
As enhancement of the energy input rate increases turbu-
lent coagulation,31) which promotes particle agglomeration, 
breakup of the agglomerated particles must be introduced in 
the case of gas stirring, as indicated in Chapter 2.

As seen in Fig. 6(d), the agglomeration rate of mono-
disperse particles (modal diameter: 9.0 μm) for impeller 
stirring was slightly larger than that for the gas stirring. 
The difference of the polydisperse particle agglomeration 
rate (Fig. 6(b)) in impeller and gas stirring was larger than 
the agglomeration rate of the monodisperse particles (Fig. 
6(d)), even though the modal diameters were similar. This 
means that agglomerated polydisperse particles with differ-
ent primary particle sizes break up more easily as a result of 
gas bubble bursting than monodisperse particles, which have 
the same primary size. This difference can be explained by 
the weaker bond force between size-distributed particles.

Table 2. Physical properties of particles and liquid used in experi-
ment.

Phase Property

PMMA particle

Modal diameter (m)
Polydisperse 7.8×10 − 6

Monodisperse 9.0×10 − 6

Density, ρP (kg/m3) 1.20×103

Hamaker constant, A131 (J) 1.05×10 −20

Liquid

KCl concentration (mol/m3) 3.0×103

Density, ρL (kg/m3) 1.13×103

Viscosity, μ (Pa s) 9.27×10 − 4

Table 3. Experimental conditions and equal energy input rate into 
liquid.

Energy input rate ε (W/kg) 0.021 0.027 0.035

Impeller Rotation speed R (rpm) 250 275 300

Gas Gas flowrate Q (L/min (STP)) 1.5 2.0 2.5

Fig. 4. Schematic diagram of experimental apparatuses for (a) 
impeller stirring and (b) gas stirring and their dimensions.
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Fig. 5. Comparison of temporal changes in particle size distribution in impeller stirring and gas stirring at equal energy 
input rate (ε =  0.027 W/kg). (Online version in color.)

4.2. Comparison of Numerical and Experimental 
Results for Agglomeration Behaviors under Impel-
ler and Gas Stirring

A comparison of the experimental and calculated tempo-
ral changes in the number of particles is shown in Fig. 7 
for impeller stirring and in Fig. 8 for gas stirring. In these 

figures, (a), (b) and (c) show the results for the polydisperse 
particles and (d) shows the results for the monodisperse par-
ticles. In the case of the polydisperse particles, the numerical 
changes in the number of particles with time was in good 
agreement with the experimental results in all cases. The 
numerical agglomeration curves of the monodisperse par-

Fig. 6. Comparison of temporal changes in number of particles in impeller stirring and gas stirring. (Online version in 
color.)
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ticles in (d) of Figs. 7 and 8 also explained the experimental 
plots, which indicates that the mathematical model in this 
study can be applied to the agglomeration behaviors of both 
polydisperse and monodisperse particles.

The experimental and calculated temporal changes in the 
number of group k (G-k: k=3, 7, 9, 10) particles for impeller 
stirring are shown in Fig. 9. The polydisperse particles and 

rotation speed of 275 rpm were used here. The numerical 
curves showed good agreement with the experimental plots 
except for the mid-to-late period of G-9 and G-10.

The experimental and calculated results for the tem-
poral changes in the number of group k (G-k: k=3, 7, 9, 
10) particles for gas stirring are compared in Fig. 10. The 
experimental and calculated results were in good agreement 

Fig. 7. Comparison of experimental and calculated temporal changes in number of particles in impeller stirring. 
(Online version in color.)

Fig. 8. Comparison of experimental and calculated temporal changes in number of particles in gas stirring. (Online ver-
sion in color.)
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Fig. 9. Experimental and calculated temporal changes in number of group k particles in impeller stirring (polydisperse 
particles, R =  275 rpm). (Online version in color.)

for G-9 and G-10. However, the calculated agglomeration 
rate for G-3 was smaller than the experimental result due 
to the excess contribution of the breakup term, and acted 
in an opposite way in the mid-to-late period of G-7. This 
indicates that the assumption of the breakup term of agglom-
erated particles expressed by Eq. (12) should be improved, 
especially in the smaller group number, and is a subject for 
study in the next stage.

5. Conclusions

The agglomeration and breakup behaviors of polydisperse 
particles in a liquid under impeller stirring and gas stirring 
were compared by numerical calculations and model experi-
ments. In the numerical agglomeration model of the par-
ticles, the PSG method was combined with a breakup term 
of agglomeration due to bubble bursting at the free surface.

Fig. 10. Experimental and calculated temporal changes in number of group k particles in gas stirring (polydisperse 
particles, Q =  2.0 L/min (STP)). (Online version in color.)
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(1) At an equal energy input rate, the agglomeration of 
polydisperse particles under impeller stirring was larger than 
that under gas stirring.

(2) The agglomeration rate of polydisperse particles 
under impeller stirring was promoted by an increasing 
energy input rate, whereas the agglomeration rate under the 
gas stirring decreased at higher energy inputs due to the 
larger contribution of breakup of the agglomerated particles 
during bubble bursting.

(3) At an equal energy input rate, the agglomeration 
rate of polydisperse particles was larger than that of mono-
disperse ones in both impeller and gas stirring, even though 
the modal diameters were similar.

(4) The computational changes in the total number of 
particles with time were in good agreement with the experi-
mental results. This means that the difference in the agglom-
eration behaviors observed in impeller stirring and gas 
stirring can be explained by the turbulent coagulation and 
subsequent agglomerated particle breakup in gas stirring.

(5) The computational temporal changes in the number 
of particles of each group approximately agreed with the 
experimental results in both impeller and gas stirring.
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