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Abstract. We show, as our main theorem, that if a Lipschitz map from
a compact Riemannian manifold M to a connected compact Riemannian man-
ifold N, where dim M > dim N, has no singular points on M in the sense of
Clarke, then the map admits a smooth approximation via Ehresmann fibra-
tions. We also show the Reeb sphere theorem for Lipschitz functions, i.e., if
a closed Riemannian manifold admits a Lipschitz function with exactly two
singular points in the sense of Clarke, then the manifold is homeomorphic to
the sphere.

1. Introduction.

1.1. Background: Grove—Shiohama theory for distance functions.

Armed with the Toponogov comparison theorem [45] (see also [6], [39]), Grove and
Shiohama [19] developed a theory for critical points of distance functions on complete
Riemannian manifolds that has played a fundamental role in the study of relationships
between curvature and topology. Denote by X a complete Riemannian manifold, d its
distance function, and T, X the tangent space at each x € X. Fix p € X, and set
dy(z) = d(p,z) for all z € X. Note that d, is a 1-Lipschitz function and is smooth
on X \ ({p} U Cut(p)) where Cut(p) indicates the cut locus of p. (For basic definitions
in Riemannian geometry see, for example, [6], [9], [39].) Grove and Shiohama gave the
following meaningful definition in order to do research into how d, behaves.

DEFINITION 1.1 ([19]). A point ¢ € X \ {p} is said to be critical for d, (or a
critical point of d,) in the sense of Grove—Shiohama if for each v € T, X \ {04} there is
a unit speed minimal geodesic segment « : [0,d,(q)] — X emanating from p = v(0) to
q = v(dy(q)) such that Z(—(dv/dt)(d,(q)),v) < w/2 where Z(—(d~y/dt)(d,(q)),v) denotes
the angle between two vectors —(dvy/dt)(dp(q)) and v in T, X. For convenience we also
call p a critical point of d,.

The origins of this definition can be found in the work of Berger [2]: The point of
maximal distance from a given point x € X is a critical point of d,. See the survey
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articles by Cheeger [5] and by Grove [17] on critical points of distance functions. Note
that any critical point of d, is also a cut point of x.

Another major development, due to Gromov [15], was in the topology of regions
free of critical points.

LEMMA 1.2 (Gromov’s isotopy lemma). If0 < Ry < Ry < o0, and if d, has no
critical points on Br,(p) \ Br, (p), then Br,(p) \ Br, (p) is homeomorphic to dBg, (p) x
[R1, R2] where each B, (p) denotes the metric open ball with center p and radius R;, and
Bg, (p) indicates the closure of Br,(p) (i =1,2).

The Toponogov comparison theorem [45] (see also [6], [39]) together with the isotopy
lemma yields the diameter sphere theorem:

THEOREM 1.3 ([19]).  If the sectional curvature of X is bounded from below by 1,
and if the diameter of X is greater than w/2, then X is homeomorphic to the sphere.

1.2. Critical points of Lipschitz functions.

The method of Grove and Shiohama has many applications (see [1], [15], [18], [24],
[25], and the survey articles [5], [17]). A natural question to ask is whether it can be
extended to general Lipshitz functions.

The purpose of this article is to tackle this question by employing Clarke’s non-
smooth analysis. That is, we will extend the notion of critical points of distance func-
tions on Riemannian manifolds to locally Lipschitz maps. In the absence of singular
points we will show the existence of a family of Ehresmann fibrations which approximate
an arbitrary Lipschitz map between compact manifolds without curvature assumption
(Theorem 1.4). Moreover we will show the Reeb sphere theorem for Lipschitz functions
on closed Riemannian manifolds (Theorem 1.7) which corresponds to that for smooth
ones [36], [31].

1.3. Main theorem.

Let M and N be smooth manifolds. A smooth map f : M — N is called an
Ehresmann fibration (or a locally trivial fibration) if for each x € N there are an open
neighborhood U, of  and a diffeomorphism g : f~1(U,) — U, x f~!(z) such that the
diagram

(Up) ———— Up x f}(2)
ffk /

commutes where 7 : U, X f~1(z) — U,, 7(p,q) := p, denotes the projection to the first
factor. Note that 7 is a smooth map. Our main theorem is stated as follows:

THEOREM 1.4 (Main theorem). Let FF : M — N be a Lipschitz map from a
compact Riemannian manifold M to a connected compact Riemannian manifold N where
dim M > dim N. If F has no singular points on M in the sense of Clarke, then for any
1 > 0 there is a constant k(n) > 0 such that for each € € (0, k(n)) there is an Ehresmann
fibration f. from M onto N satisfying maxgen dy(fe(z), F(z)) <n.
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REMARK 1.5. Let us mention remarks on Theorem 1.4:

(i) The definition of a singular point of Lipschitz maps in the sense of Clarke will be
given in Section 2.2.

(ii) The author and Tanaka showed the existence of a family of immersions which ap-
proximate an arbitrary Lipschitz map between compact manifolds, see [26, Theorem
1.3]. Li [29] announced an another proof of [26, Theorem 1.3]. [26, Corollary 1.15]
guarantees that an assumption on [13, Proposition 22] is natural.

(iii) The related result is the Yamaguchi fibration theorem [50]: Let X and Y be com-
plete Riemannian manifolds of dim X = n and dimY = k, respectively, where
n > k. Assume that both sectional curvatures are bounded from below by —1, and
that the injectivity radius of Y has a lower bound 4 > 0. He then showed that
there is a constant e(n,d) > 0 such that if dgu(X,Y) < &(n,d), then there is a
fibration f : X — Y which is an almost Riemannian submersion where dgy indi-
cates the Gromov—Hausdorff distance. He also gave this type of fibration theorem
for Alexandrov spaces [51]. Moreover Fujioka [12] showed a locally trivial fibration
theorem for Alexandrov spaces assuming a lower positive bound for the volume of
the space of directions.

1.4. Reeb’s sphere theorem for Lipschitz functions.
In the process of proving Theorem 1.4 we obtain the following corollary of a propo-
sition for Lipschitz maps between Riemannian manifolds:

COROLLARY 1.6 (Corollary 5.5 in Section 5). Let F' be a Lipschitz function on a
compact Riemannian manifold M, and fe : M — R the global smooth approximation of
F (see Definition 4.9 for £ = 1). If p € M is nonsingular for F in the sense of Clarke,
then there are two constants A(p) > 0 and eo(p) > 0 such that if € € (0,e0(p)), then
grad F. # 0 on the metric open ball By, (p) with center p and radius \(p) where grad F.
denotes the gradient vector field of 135. In particular ﬁe has no critical points on By (p)
for an e > 0 sufficiently small.

Applying this corollary we show Reeb’s sphere theorem for Lipschitz functions:

THEOREM 1.7. If a closed Riemannian manifold admits a Lipschitz function with
exactly two singular points in the sense of Clarke, then the manifold is homeomorphic to
the sphere.

REMARK 1.8.  We give two remarks on Theorem 1.7:

(i) Let X be a closed Riemannian manifold, p € X, and d,, the distance function of X
given by dp(z) := d(p,z) for all € X. We then see that a point z € X is critical
for d, in the sense of Grove-Shiohama if and only if z € X is singular for it in that
of Clarke (Proposition 2.19 and Lemma 2.20). Theorem 1.7 thus contains Reeb’s
sphere theorem for distance functions [39, Proposition 2.10], and hence Theorem 1.7
yields Theorem 1.3.
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(ii) Since the manifold in Theorem 1.7, denoted by M below, is a twisted sphere, we
see, by [4], [23], [32], [34], and [42], that M is diffeomorphic to the standard sphere
when dim M < 6. Moreover the Weinstein deformation technique for metrics ([47])
shows that M admits a metric such that there is a point whose cut locus consists
of a single point. It is the worthy of noting that every exotic sphere of dimension
greater than 4 admits such metrics by the Smale h-cobordism theorem [43], [44]
together with the deformation technique.

The article is organized as follows. In Section 2 we define a generalized differential
for Lipschitz maps between Riemannian manifolds (Definitions 2.4 and 2.6) and singular
points of them in the sense of Clarke (Definition 2.8). Giving intrinsic definitions to
them is another aim of this article. That is, although we had given the definitions
in [26], the identification, which has often been done in [26], of the set of all linear
mappings of tangent spaces and the vector space of matrices seems to have given not
only an impression that it is hard to read it, but also a misunderstanding that the
definitions depend on the choice of charts. To prevent them we thus employ parallel
transports along minimal geodesics in our definitions. This is the big difference between
our definitions and those in [26]. Moreover we also define the generalized gradient for
Lipschitz functions on Riemannian manifolds (Definition 2.13) and study the relationship
between the gradient and the generalized differential of them. As an example of singular
points of Lipschitz functions we show finally that critical points of distance functions in
the sense of Grove—Shiohama are singular ones of them in that of Clarke (Proposition 2.19
and Lemma 2.20).

In Section 3 we define the adjoint of the generalized differential of Lipschitz maps
between Riemannian manifolds (Definition 3.3), and discuss surjectivity and injectivity
of the generalized differential near a nonsingular point of a given Lipschitz map (Propo-
sitions 3.6 and 3.7, respectively). These propositions show that the set of all singular
points of the map is a closed set in its source space (Corollary 3.9).

In Section 4 we first define a local smooth approximation of an arbitrary Lipschitz
map between Riemannian manifolds on a strongly convex ball as the Riemannian con-
volution smoothing (Definiton 4.2), and next define the global smooth approximation of
the map via a smooth partition of unity (Definiton 4.9).

In Section 5 we give the proof of Theorem 1.4. For this we first show, broadly
speaking, that a global smooth approximation of a Lipschitz map F' on a compact man-
ifold carries on surjectivity of the generalized differential of F' (Proposition 5.4). As a
corollary of Proposition 5.4 we get Corollary 1.6. Using the proposition and the tubular
neighborhood theorem, we finally show the main theorem.

In Section 6, making use of Corollary 1.6 with Morse theory, we show Theorem 1.7.

ACKNOWLEDGEMENTS. The author expresses his sincere thanks to Professors
Miyuki Koiso, Atsushi Katsuda, Ayato Mitsuishi, and Yukio Otsu who attended his
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2. Nonsmooth analysis in Riemannian geometry.

2.1. From Rockafellar to Clarke.

Rockafellar [37] was the first to introduce the notion of the subdifferential of a con-
vex function. This was done on of FEuclidean space in order to replace assumptions of
smoothness with convexity and led to many results. Clarke [7], [8] generalized Rock-
afellar’s work to Lipschitz maps between Euclidean spaces and the subdifferential to the
generalized differential (see Definition 2.6).

The two examples below show how Clarke’s generalized differential of Lipschitz maps
emerges from Rockafellar’s subdifferential of convex functions.

(i) We here recall Rockafellar’s ideas, that is the subdifferential of convex functions.
Let fi(x) := |z| — 1 and fa(z) := (z — 2)2 — 1 for all # € R. Define the convex
function f : R — R by f(z) := max{fi(z), f2(z)} (z € R). Note that f is not
differentiable on {1,4}. However one-sided limits of f’ do exist, i.e., limy4 f'(z) =
=2, limy 1 f'(z) = 1, limgq f'(z) = 1, and lim,)q f/(z) = 4. Rockafellar’s idea
is to draw vertical segments between disconnected points of the graph of f’ using
convex combinations: between (1, —2) and (1, 1) and between (4,1) and (4,4). Put
differently, for each A € [0, 1] we have (1 — \) limgq4q f(z) + Alimg 1 f/(z) = 3X — 2
and (1 — X) limgqq f/(x) + Alimg 4 f'(2) = 3+ 1, and hence 9f(1) := {3A—2| X €
[0,1]} = [-2,1] and 9f(4) := {3\ + 1|\ € [0,1]} = [1,4]. Since 0 € 9f(1), and
since f is not monotone near x = 1, we can regard x = 1 as a critical point of f. In
particular f has the minimum value 0 at z = 1. On the other hand we can regard
2 = 4 as a noncritical point of f, as 0 € 9f(4), and f is increasing near = 4. He
called 9f(1) and 0f(4) the subdifferentials of f at x = 1,4, respectively.

(ii) Let g : R — R be the locally Lipschitz function defined by

Note that g is differentiable on R, but is not C! at z = 0. Moreover we can
not directly apply Rockafellar’s idea as in example (i) to one-sided limits of ¢ at
x = 0 due to the term cos(1/z) in ¢'(x). Clarke’s idea is to choose a sequence of
lines with the same slope tangent to the graph of g, or, more precisely, for each
a € [—1,1] we choose a sequence {an)}iEN C R which converges to 0 as i — oo
-a)) = «, and take the convex hull, denoted by Conv(A), of

such that lim;_, . ¢'(z;

the (nonempty) set

A= {a’ Ha!Yiew € R\ {0} such that lim 2 =0, lim ¢'(z\*) = a}.

%
i—>00
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For instance, in the case of @« = —1/2, set 1/1‘1(-71/2) =7/34+2( —1)7 (i € N).
We then have lim;_, o x§71/2) =0 and lim; , ¢'(2;) = —1/2. So A = Conv(A) =
[—1,1] (cf. [37, Theorem 2.1]). Since 0 € Conv(A), we can regard = = 0 as a critical
point of g. Clarke called Conv(A) the generalized differential of g.

2.2. An intrinsic definition of the generalized differential of Lipschitz

maps.

The aim of this subsection is to intrinsically define the generalized differential for
Lipschitz maps between Riemannian manifolds and their singular points in the sense of
Clarke.

We first recall Whitehead’s convexity theorem. The theorem not only allows us to
intrinsically define the generalized differential for Lipschitz maps between Riemannian
manifolds, but also plays an important role in our smooth approximation method for such
maps. A proof of the theorem can be found in [49] or [9, Proposition 4.2, pp.76-77].

THEOREM 2.1 (Whitehead’s convexity theorem). Let X be a Riemannian manifold
and dx the distance function on X. Then for each x € X there is a constant o(x) > 0
such that

(a) the open ball Bypy(x) = {y € X |dx(x,y) < a(x)} is strongly convex, i.e., for
any two points p,q € X in the closure By, () there is a unique geodesic segment
v :[0,1] = X emanating from p = v(0) to ¢ = (1) such that v(0,1) C By(g)(x);

(b) the exponential map exp, |Ba<m)(oz) : Ba(z)(02) = Ba@)(x) at x is a diffeomorphism
where B, (5)(02) := {v € T, X | [|v|| < a(x)} and o, indicates the origin of the tangent
space T, X at x.

From now on let M and N be Riemannian manifolds of dimension m and n, re-
spectively, and F' : M — N a locally Lipschitz map. The following lemma is a direct
consequence of Theorem 2.1.

LEMMA 2.2.  For each p € M there are two open balls B,)(p) € M and
By (F(p)) € N such that

(i) both By (p) and By (F(p)) satisfy (a) and (b) of Theorem 2.1;
(if) F(Br(p)(p)) C Bip) (F(p));

(i) FlB, @) * Brp)(p) = Bip) (F'(p)) is Lipschitz continuous.

Using parallel transport we intrinsically define the generalized differential for F':

DEFINITION 2.3. We will use the following notation. If there exists a unique

geodesic between x,y € M, then denote parallel transport along that geodesic by 7,/ :
T,M — TyM.

For each » € M let L(T,M,Tp)N) be the set of all linear mappings of T, M
to TpzyN. Since L(TpM,Tr)N) is isomorphic to the vector space M(n,m;R) of
n X m-matrices with real entries, £(T,M, Tr)N ) is an nm-dimensional vector space.
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We topologize L(T, M, Ty N) with the operator norm || - ||, so that, throughout this
article, we regard L(T, M, Tp)N) as a finite dimensional normed vector space.

Fix p € M. Choose the two balls B,,)(p) C M and By, (F(p)) C N satisfying
all three properties (i)—(iii) of Lemma 2.2. From Rademacher’s theorem [35] there is
a set Ep C M of Lebesgue measure zero such that the differential dF' of F exists on

By (p) \ Ep. Since F is Lipschitz on B, (p), and since for ¢ € B,(,)(p) parallel

transports 77 and 75((5)) are linear isometries on B,(,)(p) and By (F(p)), respectively,

{Tﬁ((g; o dFy o TV} eep, ) (m\Ex 15 bounded in L(T,M, Ty, N). Since B, (p) \ Er is

dense in B,(,)(p), there is a sequence {x;}ien C By(p)(p) \ EF such that lim; o 2; = p
and {TFF((;;) odF,, ok }ien converges in L(T,M,Tr,)N). Hence we can introduce the
notion of the “mixture” of the differential of F' as follows:

DEFINITION 2.4 (compare [26]). For each p € M we call the set

IHzi}ien C Bypy(p) \ Er such that

. L . F(x;) p
zliglo Ti =p, Zliglo Tr(p) © dFy o1l =G

KF(p) =G € ﬁ(TpM, Tp(p)N) (2.1)

the mizture of the differential of F at p. Note here that, from (ii) of Lemma 2.2, parallel

transport 7'5((;;) :Tp)N = Trp) N can be defined.

REMARK 2.5. By Definition 2.4, for any p € M, Kr(p) is a nonempty bounded
set in L(T,M, Tp)N).

The generalized differential for F': M — N is now intrinsically defined as follows:

DEFINITION 2.6. For each p € M we call the set dF(p) := Conv(Kp(p)) the
generalized differential of F at p where again Conv(Kr(p)) denotes the convex hull of
the mixture K p(p) of the differential of F' at p.

REMARK 2.7.  We give remarks on Definition 2.6: Fix p € M.

(i) Clarke [8] originally called OF (p) the generalized Jacobian of F' at p where M and
N are Euclidean spaces of the same dimension m. This is because we can use
the atlas {(R™,idgm)} with a single chart on R” where idgm : R™ — R™ is the
identity map, so without referring to independence of the choice of charts we can
define OF (p) as follows:

OF(p) := Conv ({A € M(n,m;R)

Hxitiewn CR™\ EF such that
lim x; = p, lim (JF),, = A (2:2)
71— 00 71— 00

where (JF),, indicates the Jacobian matrix of F at x;.
(i) From [37, Theorem 17.2], OF (p) is a compact convex subset of L(T,M,Tp)N).

(iii) Although the following fact was mentioned in Section 2.1 (ii), we will mention it
again: [37, Theorem 2.1] shows that OF(p) is the smallest convex set containing
Kr(p), ie.,



528 K. KonDo
OF(p) = Conv(Kp(p ﬂ{Z | Z is convex in L(T,M, Tp,yN) with Kr(p) C Z}.

(iv) Since dim L(T,M, Tp ) N) = nm, it follows from Carathéodory’s theorem (cf. [40,
Theorem 1.1.4]) that for any g € OF(p) there are G1,Ga,...,Gum+1 € Kr(p) such
that g = Y7 0;G; where 7" g, =1 and a; >0 (i = 1,2,...,nm + 1).

(v) If dF), exists, then dF, € OF(p). Moreover, if F is of class C' on B, (,)(p), then
OF(p) is a singleton, which means 0F(p) = {dF,}.

(vi) As a direct consequence of Definition 2.6 we observe that for any € > 0 there
is a constant u(p,e) € (0,7(p)) such that ’TF(x) o0 OF (z) o 72 C U (OF (p)) for all

7 € By(p, o) (p) where 7.} 0OF () o7t i= {m >’ 09072 | g € OF (2)} and U (DF (p))
denotes the e-open neighborhood of OF (p) in L(T, M, Tp)N).

Now that we have defined the generalized differential for Lipschitz maps between
Riemannian manifolds, it is time to intrinsically define their singular points:

DEFINITION 2.8. A point p € M is said to be nonsingular for F' (or a nonsingular
point of F') in the sense of Clarke if every element in 0F(p) is of maximal rank, i.e., for
any g € OF(p), rank(g) = min{m, n}.

REMARK 2.9. Clarke [8] first introduced the notion of singular points of Lipschitz
maps between Euclidean spaces of the same dimension. Using this notion he extended
the inverse function theorem for smooth maps between Euclidean spaces to Lipschitz
ones, see [8, Theorem 1].

2.3. The relationship between the generalized differential and the gen-

eralized gradient of Lipschitz functions.

In this subsection we define the generalized gradient of Lipschitz functions on Rie-
mannian manifolds and study the relationship between their generalized gradient and
their generalized differential. Throughout this subsection let M be a Riemannian man-
ifold of dimension m with Riemannian metric (-,-), F' : M — R a locally Lipschitz
function, and t the standard coordinate on R.

Fix p € M. By Theorem 2.1 there is a strongly convex open ball B,,)(p) such
that exp, [B,,)(0,) * Br(p)(0p) = Br(p)(p) is a diffeomorphism. For each x € B, (p)
parallel transport 72 : T,M — T, M is defined as in Definition 2.3. Note that parallel
transport 77 : T;R — T, R is defined for all z,y € R. Let Kr(p) be the mixture of the
differential of Fatp deﬁned by Equation (2.1) for Tp,)N = Tr)R, and Er a set of
Lebesgue measure zero such that dF exists on B,(,)(p) \ £r. The gradient vector field of
F denoted by grad F' can be defined on B,(,)(p) \ Er because F' is differentiable there.
Note that

((grad F),, u) - % . u(F)- = e dF, (u) (2.3)

for all z € B,(,)(p) \ Er and u € T, M.
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LEMMA 2.10.  For any G € Kp(p) there is a sequence {x;}ien C By(p)(p) \ Er such

that lim; oo x; = p, lim; o TF((;C)Z) odF,, o7} =G, and

G(v) = lim {(grad F),,, 7P (v))i

JLim HTh g (veT,M).

F(p)

ProoF. Fix G € Kp(p). The definition of Kp(p) gives a sequence {z;}ien C
By (p) \ EF satistying lim; .o 2; = p and lim; o TF((I)I) odF,, o2 = G. For any
v € T, M, Equation (2.3) gives

t F(w,i)>

z = d
Gv) = (ZIE&TF(( )Z) odF,, o Tp>( ) = lim TF((p))(Tgl(U)(F)d

1—00

' d
= 141)111 <(gradF)zﬂ I”L( ))% '
HON Fw

DEFINITION 2.11.  Equation (2.4) defines lim;_,(grad F'),,, that is, for each G €
Kr(p) let

= G(v) (veT,M).

1—00

< lim (grad F),,,v >jt

F(p)

The following lemma follows directly from Lemma 2.10 together with Definition 2.11.

LEMMA 2.12.  The set

%F(p) = {w S TpM

Haitien C Brpy(p) \ Ep such that
lim z; = p, lim (grad F),,
71— 00 71— 00

18 nonempty.

DEFINITION 2.13.  We call % (p) the mizture of the gradient of F at p, and the
convex set ®p(p) := Conv(xpr(p)) the generalized gradient of F at p.

REMARK 2.14.  ®p(p) is compact in T,M by [37, Theorem 17.2]. Note that
Clarke [7] first defined the generalized gradient of Lipschitz functions on R™.

LEMMA 2.15. Let OF (p) be the generalized differential of F at p. Then for any
g € OF (p) there is a vector X9 € ®@p(p) such that g(v) = (X9 v)(d/dt)|p) for all
vel,M.

PrROOF. Fix g € OF(p). By Carathéodory’s theorem (cf. [40, Theorem 1.1.4])
there are vectors G1,Ga,...,Gpmy1 € Kp(p) such that g = Zzljll a,G), where
;n:ll ar =1and ap >0 (k = 1,2,...,m+1). By Lemmas 2.10 and 2.12 for each
k=1,2,...,m+1 there is a vector w®) € xp(p) such that G(v) = (W), v)(d/dt)|r(p)

for all v € T, M, and hence
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mtl m+1 d m—+1 d
=3 0= a0 d] < (Saw) ]
k=1 k=1 F(p) k=1 F(p)
Since Y7 apw® € ®@p(p), X9 = 7 apw®) s the desired vector. 0O

LEMMA 2.16. p is singular for F if and only if o, € ®p(p).

PrROOF. We first assume that p is singular for F. There is then a point gy €
OF (p) such that rank(gg) = 0. By Lemma 2.15 there is a vector X(© € ®p(p) such
that go(v) = (X, v)(d/dt)|p() holds for all v € T,M. Since rank(go) = 0, op() =
(X(O),v>(d/dt)|F(p) for all v € T, M where op(;,) indicates the origin of T, R, hence
X© =, and finally 0, = X € ®p(p).

We next assume o, € ®p(p). Carathéodory’s theorem shows that there are vec-
tors wi,wa, ..., Wmt1 € %p(p) such that o, = Zzl:ll opwy, where Z;n:ll ap = 1
and o, > 0 (K = 1,2,...,m + 1). Define the linear map fy : T,M — TppR by
fo(v) :==( Zl;ll arwg, v)(d/dt)|ppy for all v € T,M. We observe fo € 0F(p). Since
fo(v) = op(p) for all v € T, M, rank(fy) = 0, and hence p is singular for F'. O

REMARK 2.17. In [7] and [26] a point p € M is called noncritical for F if
op & ®r(p).

2.4. Critical points of distance functions in the sense of Grove—Shiohama
are singular points of Clarke.

Throughout this subsection let M be a complete Riemannian manifold of dimension
m with Riemannian metric (-, -) and the distance function d. All geodesics will be
normal.

Fix p € M. Define the map d,, : M — R by d,(x) := d(p, x) for all x € M. We then
have the following proposition. Note that the proposition appeared as [26, Example 1.9];
however we are sometimes asked the proof, so that we give the details here.

ProposSITION 2.18. g € M is singular for dy, in the sense of Clarke if and only if
q s critical for d, in that of Grove-Shiohama.

PROOF. For each 2 € M let B, (,)(x) be a strongly convex open ball, guaranteed
by Theorem 2.1, such that exp, |g_ () (0p) 1S @ diffeomorphism, and Ey, a set of Lebesgue
measure zero such that the differential of d,, exists on M \ Eq,. This proposition follows
from Lemmas 2.19 and 2.20 below. g

LEMMA 2.19. ¢ € M\ {p} is singular for d, in the sense of Clarke if and only if
q s critical for d, in that of Grove-Shiohama.

PROOF. Assume that ¢ € M \ {p} is singular for d, in the sense of Clarke.
By Lemma 2.16, o, € ®q4,(q) holds where ®4,(¢q) indicates the generalized gradient
of d, at ¢q. From Carathéodory’s theorem there are wi,ws, ..., Wni1 € %q,(q) such
that o, = ZZZ;I apwy, where Z’knjll ar = 1and a, >0 (kK =1,2,...,m+ 1), and
%4,(q) denotes the mixture of the gradient of d, at q. Fix v € T,M \ {o,}. We then
have 0 = (X7 apwg, v) = S0 ap(wg,v). Since o > 0 (k = 1,2,...,m + 1),
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there is a number ky € {1,2,...,m + 1} such that (wg,,v) < 0. As wy, € %4,(q),
there is a sequence {xgko)}ieN C Byg(q) \ Eg, such that lim; . x(k‘)) = ¢ and

lim; oo (grad dp)g:{k()) = wg,. Now M is complete, so for each ¢ € N there is a minimal

geodesic segment 7; : [0,d ( )] — M emanating from p to a:( ©) and hence we obtain
the sequence {~; };en of such geodeblcb. The set S;'~ Vi={u e T,M]||u|| = 1} is compact,
so we can assume, by taking a subsequence of {(dv;/dt)(0)};en C Sgl’l if necessary, that
lim; _, oo (dy; /dt)(0) € S;”_l exists. Set u := lim;_, o0 (dv;/dt)(0). Since lim;_, a:( o) — q,
{7i}iew converges to a minimal geodesic segment o : [0,d,(¢)] = M emanating from p
to g given by v (t) = exp, tu. Moreover, from [39, Proposition 4.8 of Chapter II1] we
have (graddy) o) = (dv;/dt)(dy(z{*)) for all i € N. Note that |[(grad d,) o | =1 for
cach i € N. Since wg, = im0 (grad dp) o) = (dyoo/dt)(dp(q)) and (wko,v; <0, we see
that 0 > (wpy,0) = [[l] 05 £((dyoe /dt)(dy (@), 0), hence Z(—(dyoe /db)(dy(@)),v) < 7/2
holds for all v € T, M, and finally ¢ is therefore critical for d, in the sense of Grove—-
Shiohama.

We next assume that ¢ is critical for d, in the sense of Grove-Shiohama. Fix v €
Sgr~t:={u € T;M |||u]| = 1}. There is a minimal geodesic segment o :00,d,(q)] = M
ernanatlng from p to ¢ such that Z(—(do™ /dt)(d,(q)),v) < 7/2. As eXPy [B, () (0,) 1S 2
diffeomorphism onto B,(4)(¢), we have a unique minimal geodesic ¢, : (—r(q),(q)) —
By () (q) given by ¢, (s) := exp, sv for all s € (—r(q),r(¢)). Also (exp,)~" is a diffeomor-
phism from B,.(4)(q) onto B, (4)(0g), so it follows from [48, Lemma 6.5] that we can choose
a sequence {s;}ien C (—7(q),7(q)) such that lim; ;. s; = 0 and ¢, (s;) € Br(q)(q) \ Eq,-
To simplify notation we set y; := ¢,(s;) for each i € N. Note that lim;_, ., y; = ¢. Since
M is complete, for each i € N there is a minimal geodesic segment n; : [0,d,(y;)] = M
emanating from p to y;. By the same argument above we can assume that {7; };en con-
verges to a minimal geodesic segment 7 : [0,dp(¢)] — M emanating from p to g.
From [39, Proposition 4.8 of Chapter III], (graddy),, = (dn;/dt)(dp(y;)) holds for
each i € N. Now lim;_,o(gradd,),, = (dne/dt)(dy(q)), set w®) := (dns/dt)(d,(q)),
and w™ = lim; ,(gradd,),, € %*4,(q). Since Z(—(do¥)/dt)(d ( )),v) < w/2, [21
Lemma 2.1] shows Z(—w®,v) = Z(—lim;_(gradd,),,,v) < 7/2, and hence we get
Z(w™®) v) > /2. Since v € Sy*~! was arbitrary, for each v € S7"~! we take w®) € %4 (q)
satisfying Z(w(®),v) > 7/2, and we set W = {w(®) € %4 (q)|v € Sy~'}. Then W is
not contained in an open half space of T, M, which implies o, € Conv(W) C ®q,(q).
Lemma 2.16 gives that ¢ is singular for d,,. O

LEMMA 2.20. p is also singular for d, in the sense of Clarke.

PrROOF. Note that d,, is differentiable on B, (p) \ {p}, for the set has no cut
points of p. We first show that xp(p) = Sp'~'. Indeed since all the geodesics are
normalized, [39, Proposition 4.8 of Chapter I1I] gives %4, (p) C ng—y Thus it is sufficient
to prove S~ C x%4,(p). Fix v € S Let 0, : (—r(p),r(p)) = By (p) be a
minimal geodesic defined by o, (t) := exp,tv for all t € (—r(p),r(p)). Let {ti}ien be
a sequence of constants t; € (—r(p),r(p)) \ {0} converging to 0 by letting i — co. Set
x; 1= 0y (t;) for each i € N. Note that z; € B, (p) \ {p}. Combining the Gauss lemma
(cf. [39, (1) of Proposition 2.3 of Chapter III]) and [39, Proposition 4.8 of Chapter III]
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gives that (graddp)s, 1) = (doy/dt)(t;) = (dexp,)svv. Since lim; o (graddy)s, ¢,y =
lim; oo (dexp,)s,0v = (dexp,)o,v = v, We get v € x4,(p), ie., S;”_l C 4, (p) holds.
Therefore 34, (p) = Sj'~!.

Since x4, (p) = Sj' !, ®q,(p) = Conv(S;*~') = {X € T,M ||| X]| < 1} holds, hence
0p € ®q,(p), and finally Lemma 2.16 shows that p is singular for dj, in that sense. O

3. The adjoint of the generalized differential of Lipschitz maps.

In this section we define the adjoint of the generalized differential of Lipschitz maps
between Riemannian manifolds, study surjectivity and injectivity of the generalized dif-
ferential near their nonsingular points, and finally show that the set of all singular points
of the map is closed.

3.1. Definition of the adjoint of the generalized differential.

In this subsection we formulate the notion of the adjoint of the generalized differential
of Lipschitz maps between Riemannian manifolds. Throughout this subsection let M and
N be Riemannian manifolds with dimension m and n and Riemannian metrics (-, - )
and (-, - )y, respectively, F' : M — N a locally Lipschitz map, and Kr(p) the mixture
of the differential of F' at p € M.

Fix p € M. Choose two strongly convex open balls B,.(,)(p) C M and By, (F(p)) C
N satisfying all three properties (i)-(iii) in Lemma 2.2. Let L(Tp,)N,T, M) be the mn-
dimensional vector space of all linear mappings of T,y IV to T, M topologized with the
operator norm || - ||. Consider two nonempty sets

adj(Kr(p)) ={G" € L(TppN,T,M) |G € Kr(p)}

where G* denotes the adjoint of G, and

. . Hzitien C Brp)(p) \ EF such that
{Kr(p)}" = {H € LTLrNTM) | iy 3, = p, Tim 72 o (dF,,)* o TEY) = H*
1—>00 1—00 e

F(p)

where 7" and 7 are parallel transports as in Definition 2.3, and (dF,)* denotes the

F(zi)
adjoint of dF,, at each z;. Note that, from (ii) of Lemma 2.2, each 75((53) cTppyN —

Tz, N is defined in that sense.
LEMMA 3.1.  adj(Krp(p)) = {Kr(p)}*.

Proor. Fix G* € adj(Kp(p)). Since (G*)* = G € Kp(p) by definition of
adj(Kr(p)), there is a sequence {z;}ien C By p)(p) \ Er such that lim; o z; = p and

lim; o0 7'5((;)") odF,, ot? = G. Note that the adjoints of 77 and 7'5((;)") are their inverses
7, and 7'5((5 ?) since parallel transport is an isometry. Fix u € T,M and v € T, N.

The Riesz representation theorem (cf. [38, Theorem 10.1]) then gives

(4, G*(0)) s = <( lim 747 o dFy, o Tgi)<u),v>N

71— 00

N <u’ (zliglo T © (dFy,)" o TF(fi))(v)>Ma
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which implies G* € {Kr(p)}*, and hence adj(Kr(p)) C {Kr(p)}*. Our next claim is
that {Krp(p)}* C adj(Kp(p)). Indeed, for any fixed H* € {Kp(p)}* there is a sequence
{zi}ien C By (p) \ EF such that lim; o 2; = p and that lim; o 7, o (dFy, )* 075((2) =
H*. For any u € T, M and any v € Tp(,) N we have

(u, H* (0))ar = <u (3312 o (dF,,)" OT;’((;’>))(U)>M

— F(-Lz) D >* >
(. (Jim iy 0 AP o2 ) (@),

which implies that H* = (lim; 0 75((;)1 odF,, o7k )*. Since the adjoint (H*)* of H* is
unique by the Riesz representation theorem, lim;_, . 75 F(w‘ odFM oth = (H*)" € Kr(p),
and hence {Kr(p)}* C adj(Kp(p)). Therefore adj(KF( )) ={Kp(p )}* O

LEMMA 3.2.  Let adj(0F (p)) == {g* € L(TrpN,T,M)|g € OF (p)} where OF (p)
is the generalized differential of F at p and g* denotes the adjoint of each g € OF(p).
Then

(i) adj(0F(p)) is a nonempty and compact subset of L(TpyN,Tp,M);
(i) adj(0F (p)) = Conv({Kr(p)}*)-

PrOOF. We first show (i). Since OF(p) # 0, the Riesz representation theorem
guarantees adj(dF (p)) # 0. Take any sequence {g; }ien C adj(0F(p)) where each gf is
the adjoint of g; € F(p). Since F (p) is compact, the sequence {g¢; }ieny C OF (p) contains
a subsequence {g;, }xen which converges to some point h € OF (p) as k — oco. For any u €
T,M and any v € TN we have (u, h*(v))m = (h(w),v)n = ((limp o0 g1, ) (u), V)N =
(u, (limg 00 g7, )(v)) ar, hence limyg o0 g7, = h* € adj(OF (p)). Since {gi, tren C {gi}ien,
and since g7, is the adjoint of g;, , {g; }ien contains {g; }ren as a subsequence converging
to h* € adj(0F (p)), which implies that adj(OF (p)) is compact.

Next we show (ii). Let ¢* € adj(0F(p)) where g € OF(p). From Carathéodory’s
theorem there are g1,92,...,9nm+1 € Krp(p) such that ¢g* = (ZZZ{H a;g;)* where
St g = 1and a; > 0 (i = 1,2,...,nmm + 1). Since g* = Z?:mlﬂ a;gf, and
since Lemma 3.1 gives ¢gf € adj(Kr(p)) = {Kr(p)}* (i = 1,2,...,nm + 1), g* €
Conv({Kr(p)}*), ie., adj(0F (p)) C Conv({Kr(p)}*). The 51mllar dlscussmn shows
Conv({Kr(p)}*) C adj(0F (p)), and hence adj(0F (p)) = Conv({Kr(p)}*). O

Lemma 3.2 justifies the following definition.
DEFINITION 3.3.  We call the set {0F(p)}* := adj(0F(p)) the adjoint of OF (p).

LeEMMA 3.4. {0F(p)}* is a nonempty, compact, and conver subset of L(Tp,)N,
T,M).

PrOOF. This statement follows from Lemma 3.2 and [37, Theorem 17.2]. O
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3.2. Surjectivity and injectivity of the generalized differential near a

nonsingular point.

All notation in this subsection is the same as defined in Section 3.1. First we show
surjectivity of the generalized differential of F' near a nonsingular point when m > n,
and next show injectivity when m < n. Finally we see that the set of all singular points
of F is a closed set in M.

LEMMA 3.5. For any p € M and any € > 0 there is a constant u(p,e) €

0,r(p )) such that 7% o {OF ()} o 1! C U:({0F (p)}*) for all F(x) € By (F(p))
(x € Byp,e)(p)) where 77 o {OF ()} 075((}’) ={rjog" OTF(p)|g € {0F(z)}*} and

UE({ﬁF( )}*) denotes the e-open neighborhood of {OF (p)}* in ﬁ(TF(p)N T,M).
Proor. This is a direct consequence of Definition 3.3. g

ProPOSITION 3.6. Assume m > n. If a point p € M is nonsingular for F, then
there are two constants A(p) > 0 and 6(p) > 0 satisfying the following properties:

(i) Boxp)(p) satisfies (a) and (b) of Theorem 2.1;
(i) F|Byy, (p) 8 @ Lipschitz map from Bax)(p) into By (F(p));

(iii) for anyu € S )= ={w € Tpp) N | |w|| = 1} and any x € Byyp,) (p) there is a vector

F(p
Vi e spmt = {v € ToM|[||ol| = 1} such that (Vi) (g% o TP (W) > 6(p)
holds for all g* € {OF (x)}*. In particular (Vy () , (dF,)* (TF((f))( ) > 6(p) for all
xGBQAp)( )\EF,

(iv) every x € Baxy(p) is nonsingular for F.

PROOF. Fix p € M nonsingular for F. By Definition 2.8, rank(g) = n holds for all
g € OF(p). Since rank(g*) = rank(g) = n for all g* € {0F(p)}*, {0F (p)}* has maximal
rank. Every g* € {3F (p)}* is therefore injective.

Take u € SF( y- Set {0F (p)}*u == {g"(u)|g" € {0F(p)}*} C T,M. Lemma 3.4
implies that {OF(p)}*u is compact and convex in T,M. Since each g* € {0F (p)}* is
injective as we have seen above, o, & {OF(p)}*u holds where o, indicates the origin of
T,M. Since {OF (p)}*u is compact and convex, there is a point a(*) in the boundary
Bd({0F(p)}*u) such that ||a(®)| = dr, v (0p, {0F (p)}*u) > 0 where dr,ps denotes the
distance function of T, M, i.e., dr,m(a,b) := ||a —b|| for all a,b € T,M (z € M). Since
S}zpl) is compact, there is a constant §(p) > 0 given by 6(p) := min{[|a(™|| |w € S}@})}/Q,
and hence dr, r(0p, {OF (p)}*u) = [[a™)|| > 25(p). By this inequality there is a constant
e(p) > 0 sufficiently small such that

dr, 31 (0p, Uz o) {OF () })u) > 3(p) (3.1)

where U,y ({OF (p)}*) is the closure of the e(p)-open neighborhood U,y ({9F(p)}*) of
{0F(p)}* in L(Tp@yN,T,M). Note that U, ({0F (p)}*)u is a compact convex subset
of T, M. Indeed, let B.(,)(6) be a closed ball with centre the origin 6 of L(Tr(,)N,T,M)
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and radius e(p). Since B.(,)(0) and {0F(p)}* are convex in L(Tp,)N,T,M), and since
U:p)({OF (p)}*) = {0F (p)}* + Be()(0), [37, Theorem 3.1] shows that U, ({0F (p)}*)
is a compact convex subset in L(Tr,) N, T, M), and hence U,y ({0F (p)}*)u is also in
T,M.
Fix 2 € B, (p). Since ||g*(u)|| > d(p) for all g* € U, ({OF (p)}*) by Equation
(3.1), and since 7P is an isometry, ||[7F(g*(u))| = |lg*(uw)| > d(p) holds for all g* €
U () ({0F (p)}*), and hence dr, p(0y, T2 (U, E(I,)({GF( )} )u)) > d(p). Since 7P is linear,
TP (U (py({OF (p) }*)u) is a compact convex subset of T, M. There is therefore a point
b € BA(7E (Ue(p) ({OF (p)}*)u)) such that

166D || = di, a1 (00 72 Uy {OF () ) = 8(p). (3.2)

Define a unit tangent vector Vi*) at 2 by Vi) = b2 /| 2)|| € S~ Lemma 3.5
shows that for e(p) as above there is a constant A(p) € (0,7(p)/2) for u(p,e) = 2A(p) :=
2X(p, (p)) such that 7% 0 {0F (2)}* o 752 C Us(y)({OF (p)}*) holds for all z € Bax () (p)-
Lemma 2.2 gives assertions (i) and (ii). Since U, ({0F (p)}*) C U ({0F (p)}*), for
any x € Byy(p)(p) we obtain

{OF ()} 74P (u) C 78 (Usy ((OF (0) 1)) C TuM. (3.3)

Define the line ¢ : R — T, M by £(t) := tVZ(u). Note that ¢ is passing through
TP (Ue(py{OF (p) }*)u). Fix g* € {0F(x)}*. From Equation (3.3) there is a unique con-
stant to > 0 such that

_—
m
to> 67| and  Z(o, £(to), £lto)g" (T () = 3, (3.4)

i.e., l(tyg) is the foot of the perpendicular from g (TF((p))( )) to the line £. Set 6 :=

% -
/(00 6t} 00 g “(rp2) (u)). Note here that 0 € [0, 7/2) because 7 (U, ({OF (p) })u) is
convex in T, M and o, & 78 (U.(p)({0F (p)}*)u). It follows from Equations (3.2) and (3.4)
that

(VI g* () ) = g (rp) (w) cos 0 = [E(to) | = to > (™7 > 6(p), (3.5)

which is assertion (iii).
Furthermore, Equation (3.5) gives 6(p) < (Vi (g* 075((5)))( War < llg* (7—5(5)) (W)l
which shows that every g* € {OF(z)}* is injective for all € Byy(,)(p). Since rank(g) =

rank(g*) = n for all g € OF(x) as x € Bay(p)(p), any point x € Byy(,)(p) is nonsingular
for F. Assertion (iv) thus holds. O

ProposITION 3.7.  Assume m < n. If a point p € M is nonsingular for F', then
there are two constants A(p) > 0 and 6(p) > 0 satisfying the following properties:

(i) Baxp)(p) satisfies (a) and (b) of Theorem 2.1;

(ii) F|B2A(p>(1’) is a Lipschitz map from Baypy(p) into By (F(p));
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(iii) for any u € SP~! :={w € T,M | |w|| = 1} and any & € Bay,)(p) there is a vector
Vi € Sk = {v € TeN | [loll = 13 such that (g o m2)(w), VL )x > 3(p)
holds for all g € OF (x);

(iv) every x € Baxy(p) is nonsingular for F.

PrROOF. Fix p € M nonsingular for F, and u € S]'~!. Set dF (p)u := {g(u)|g €
OF(p)}. Remark 2.7 (ii) shows that OF(p)u is compact and convex in Tr,)N. Since
p is nonsingular for F; 9F(p) has maximal rank m, hence every g € OF(p) is injective,
and op(,) & OF (p)u. Thanks to Remark 2.7 (vi), the same argument as in the proof of
Proposition 3.6 works for OF (p)u. Details are left to the reader. O

REMARK 3.8. We give here three remarks on Propositions 3.6 and 3.7.
(i) Proposition 3.6 is a completely new result.

(ii) Clarke first showed the same statement as in Proposition 3.7 in the case both M
and N are Euclidean spaces of the same dimension, see [8, Lemma 3].

(iii) Without mentioning Proposition 3.7 we applied it in the proof of [26, Lemma 2.21].
We did not give the proof there. It is provided here.

COROLLARY 3.9.  The set of all singular points of F is a closed set in M.

PrOOF. Let Sing(F') be the set of all singular points of F. We will show that
M\ Sing(F') is open in M. Fix p € M \Sing(F'). We first assume m > n. By the property
(iv) of Proposition 3.6 we can find a constant A(p) > 0 such that any point x € By (p)
is nonsingular for I, hence By, (p) C M \ Sing(F'), and finally M \ Sing(F') is open.
By applying that of Proposition 3.7 the same proof works for m < n. O

4. Smooth approximation of Lipschitz maps between Riemannian man-
ifolds.

Working from results in [14], [16], [19], [20], [22], and [41], we define a smooth ap-
proximation of an arbitrary Lipschitz map between Riemannian manifolds. Throughout
this section let M be a compact Riemannian manifold of dimension m, N a Riemannian
manifold of dimension n, dy; and dy the distance functions of M and N, respectively,
F : M — N a Lipschitz map, and inj(M) the injectivity radius of M. Note that
(0,inj(M)/2) C R is not empty because M is compact.

LEMMA 4.1.  There is a finite set {p1,p2,...,pr} C M such that

(I) for each pi € {p1,p2,...,pk} both B, (pi) C M and By, (F(pi)) C N satisfy
the properties (i) and (ii) of Lemma 2.2 for p = p;;

(IT) r(p;) € (0,inj(M)/2) for all p; € {p1,p2,--.,Pr};
(1) M = Ui, Brp) (pi)-

Proor. This follows immediately since M is compact. O
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By applying the Nash embedding theorem [33], N can be isometrically embedded
into the Euclidean space R’ with the canonical Riemannian metric (-, -) where £ >
max{m,n+1}. F can be regarded as a Lipschitz map from M into R?, and hence we set

F:=F:M— NcR.

In the case where N = R, this is not done.
From now on we use the notation inj(M), {B,(p,)(pi)Yi_1, {Bip,) (F(p:))},, and
F in the sense above.

4.1. The local smooth approximation of Lipschitz maps.

In this subsection we define the local smooth approximation of F:M— NCR¢
on each strongly convex ball B,,,)(p;) C M with convolution smoothing.

Fix p; € {p1,p2,...,pr}. Since exp,, Bunjar (0p;) © Binj(M) (0p,) = Binjm)(pi) is a
diffeomorphism, we can define the map F : Binj(ar)(0p,) = N C R? by

F.=Fo exp,,

Binj(ar)(0p;)°

Choose an orthonormal basis egi), egi), e for T, M. Using coordinates
(ygl), yg), . ,y%)) with respect to e§1)7 eg), e on Ty, M, we identify Tp, M with R™.
Let (z1,22,...,2¢) be the standard coordinates of Rf. We then have the coordinate

representation F(*) = (]_-1(1‘)7]_-2(1‘)7 e J—'}“) of F() defined by f;i) = zjo0 F@ for each
j €{1,2,...,£}. Moreover let p(® : Tp,M — R be a smooth function given by

{ o e— 1 0a=lyl® (y € Bi(op,)),

(4) =
P (y) 0 (y € T, M \ ]B%l(opf,))

where the constant « is chosen so that nyT P (y)dy = 1. For an € € (0,inj(M)/2)

the Riemannian mollifier péi) is then defined by pgi)(y) = pW(y/e)/e™ for all y € T, M,
which is a nonnegative smooth function on 7}, M and satisfies

supp p® = BL(0) and / 9 (y)dy = 1, (4.1)
Ty, M

see for instance [20], [28], or [52]. We now define the convolution smoothing of F.

DEFINITION 4.2.  Fix p; € {p1,p2,...,px} and € € (0,inj(M)/2). The map F@)
By poy(pi) — R’ is defined as follows. For any ¢ € B p) (i),

F#)(q) == / P () F O (expy,! g — y)dy
Y

= ( / P () F1 (expyt g — y)dy, .. / P () F (expyt g — y)dy>-
Ty, M Tp, M
(4.2)
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REMARK 4.3. (i) Since

/ o () FL (exp, g — y)dy = / o (et g — ) F) (w)dy
T,, M Tp; M

for each j = 1,2,...,¢ (see for instance [20], [28], or [52]), we have, for any ¢ €
BT(Pi)(pi)’

FP)(q) = / y pl () F (exp, !t q — y)dy = / p (expyt g — y) FO(y)dy.
TP1 T,

Pi
(ii) Fix ¢ € By(p,)(p:) and y € B.(0p,). We see, by Lemma 4.1 (II), that
lexp, q = yll < Ilexpy, all + Iyl < r(pi) + € < inj(M), (4.3)

and hence F©) (exp;i1 q — y) exists. Moreover, since supp pgi) =B.(0p,),
Fodg) = [ )P e, g - g)dy (1.4
Y S BS (OPi )

holds, and hence ﬁg(pi)(q) exists.
(iii) Since each meM pg)(y)}'(i)(exp;il q — y)dy is smooth (see for instance [20], [28],

J
or [52]), F*) is smooth.

(iv) In the case where N = R, the convolution smoothing (4.2) of the Lipschitz function
F: M — R is given by

FP)(q) = / o P (y)(F o expy, ) (expy,! g — y)dy (4.5)
yelp,

for all ¢ € B,(,,)(pi)-

DEFINITION 4.4. For each € € (0,inj(M)/2) let

Ae) == max{Lip(exppi |Br<pi>+e(0m)) |pi € {p1,p2,- - ,pk}} (4.6)

where Lip(exp,, | ) is the Lipschitz constant of exp,, |g

7~(pi)+5(017i) T(pi)JrE(opi), 1.e.,

dar(exp,, u, exp,, v)

[[u =

Lip(eXpm |]Br(pi)+5(opi)) 1= sup { u,v € Br(pi)JrE(opi)a u 7é U} :

REMARK 4.5. Since r(p;) + ¢ < inj(M) for each p; € {p1,p2,..., Dk},

exppi IBT(Pi)+5(OPi

ase | 0.

y is a diffeomorphism, and hence A(e) converges to a positive constant

The next lemma tells us that Fvg(p ) is a local smooth approximation of F on
Br(p1)(p7‘)
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LEMMA 4.6 ([26, Lemma 2.16]).  For each ¢ € (0,inj(M)/2) we have ||ﬁg(pi)(q) -
F(q)|| < e-A(e) - Lip(F) for all ¢ € By (pi) (i € {1,2,...,k}) where || - || is the
Euclidean norm of RY, and Lip(F) denotes the Lipschitz constant of F, i.e.,

dn (F(x), F(y))

Lip(F') := sup { )

‘x,yeM,x;éy}.

Fix p; € {p1,p2,...,prt and € € (0,inj(M)/2). We now construct Jacobi fields on
Binjary(pi) from geodesic variations with the initial point p;. For each ¢ € B(,,)(pi)
we set "1 = {v € T;M||jv|| = 1}. Fix v € S;*'. For § > 0 sufficiently small let
vt (=6,0) = By (p,)(pi) be the minimal geodesic segment defined by c,(s) := exp, sv.
Since cy(s) € By(p,)(p:) for all s € (=4,9), we observe, by the same argument as in
Equation (4.3), that

exp,,’ ¢u(s) — ¥ € Binjan) (0p,) (4.7)

for all s € (—6,6) and y € B.(0p,). Since exp,, (exp, ! ¢y (s)—y) € Binj(ar)(p:) holds for all
s € (—6,9) and y € B.(0p,) from Equation (4.7), for each y € B.(0,,) we can define the

smooth map @ : 0,1] x (=6,8) = Busjan) (pi) by @4 (£, 5) := exp,, tlexpy ! e, (s) — yl.

(v) -

The map ¢, ’ is a geodesic variation with the initial point p; of the minimal geodesic

segment

(v)

@i (t,0) = exp,, t(exp, ' q—y) (4.8)

emanating from <p1(,v)(0,0) = p; and ending at gog(f)(l,O) = exp,, (exp, ' q—y). We get

the Jacobi field

6(,0(U)
(v) — Y
) = =2 (8,0) (4.9)

along <p§, )(t,0), which satisfies the initial conditions J5"(0) = o, and (DJ{") /dt)(0) =

t
(dlexp, ! ¢y (s) — y]/ds)(0). For simplicity of notation we set
qi(y) == (") (1,0) = exp,, (exp, ¢ — y). (4.10)

REMARK 4.7. The differential (dfg(p"))q(v) of ﬁ(m at ¢ is given for any q €
By(p)(pi) and v € S by (dFPV),(v) = fyem(ow D (y)dFy, ) (S5 (1))dy. Indeed,
fix ¢ € Byp,)(pi) and v € S;”_l. Since F : M — N C R’, it follows from the definition
of the differential of smooth maps (cf. [46]), Equations (4.4), and (4.10) that

d

(P oc)(s) = o

o ds

i = o i = v
= [ OwaF (G0 )a= [ i 0 )
Be (Opi) Bs(opi)

(dFPD)g(v) =

[ @ W)y
0 e(0p;)
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LEMMA 4.8.  There is a constant w(M) € (0,inj(M)/2) such that if € € (0,w(M)),

then parallel transport 7 : — 1, 18 defined as tn Definition 2.3 for a
h llel jl(y) oM Ty, )M is defined in Definition 2.3 fi l

y € Be(op,) and q € Byp,y(pi) (1 €1{1,2,...,k}).

PrROOF. We see, by Remark 4.5, that for inj(M)/2 there is a constant w(M) €
(0,inj(M)/2) such that € - A(e) < inj(M)/2 for all € € (0,w(M)). Fix € € (0,w(M)),
and let y € B.(0p,) and q € B,(,,)(pi). Since exp;i1 q =Y € By(p,)+<(0p,) by Equation
(4.3), and since exp, ! ¢ € By, )12 (0p,), Equation (4.10) gives du(q, ¢;(y)) < Ale) -e <
inj(M)/2, and hence there is a unique minimal geodesic segment emanating from ¢ to
qi(y). The map 7.+ TyM — Ty, ()M is therefore defined as claimed. O

4.2. The global smooth approximation of Lipschitz maps.

In this subsection we define the global smooth approximation F. of F using local
smooth approximations and a partition of unity argument.

Since M is compact, there is a smooth partition of unity {t;}*_, subordinate to

{Brp) (pi) 1=y (ck. [48]).

DEFINITION 4.9. Fix € € (0,inj(M)/2). We define the smooth map F. : M — R’
by

k

F(q) =) ¢i(@F"(a)  (q€M) (4.11)

i=1
where each ﬁg(p ) is the local smooth approximation of F on B (py) (Pi)-

The following lemma says that F. is the global smooth approximation of F.

LEMMA 4.10 ([26, Lemma 2.17]).  For each € € (0,inj(M)/2),
IF=(q) = F(g)]| < - A(e) - Lip(F)

holds for all ¢ € M where ||- | denotes the Euclidean norm of R and A(e) is the constant
given by Equation (4.6).

5. Proof of Main theorem (Theorem 1.4).

5.1. Preliminaries.

In this section it is shown that the smooth approximation of a Lipschitz map de-
fined in Section 4.2 is surjective near points that are nonsingular in the sense of Clarke.
Throughout this subsection let M be a compact Riemannian manifold of dimension m,
N a Riemannian manifold of dimension n with m > n, and F : M — N a Lipschitz map.
Note here that we do not assume that N is connected or compact.

Via the Nash embedding theorem [33], we isometrically embed N into Euclidean
space R? with the canonical Riemannian metric (-, -) where £ > max{m,n + 1}. Let
F:=F:M—>NC R?, which is Lipschitz. Moreover we will use the same notation as
in Section 4, e.g.,
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e inj(M) is the injectivity radius of M,

o {B,po (i)}, {Bt(m)(ﬁ(pi)) k_, are families of a finite number k of strongly
convex balls B, (pi) C M, Bt(pi)(ﬁ(pi)) C N satistying (I)—(III) in Lemma 4.1,

o {1;}%_, is the smooth partition of unity subordinate to { B, (pi)}i_1,
o P, B (p) (i) — ﬁg(pi)(Br(pi)(pi)) C R’ is the local smooth approximation of F,
defined by Equation (4.2),

e F.: M — F.(M) C R’ is the global smooth one of F, done by Equation (4.11),
etc.

In what follows let p € M be nonsingular for F , and let A\(p) be the positive constant
as in Proposition 3.6. Fix ¢ € By, (p). We can then choose i € {1,2,...,k} satisfying

q € supp ;. Note that supp; C By (p,) (i)

LEMMA 5.1.  Set €™ (p) := min{r(p;), w(M), A(p)/ Lip(expy, [5,,, (0,,))} where
w(M) € (0,inj(M)/2) denotes the constant as in Lemma 4.8. Then for any y €
B, () (0p;) we have ¢i(y) € Bax(y)(p) where each qi(y) is the point defined by Equation

; . F(p) .o
(4.10). In particular for any y € B (p) (op,) parallel transport TﬁLQi('y)) : TF(I))N —
Tﬁ(qi(y))N along a unique minimal geodesic of N emanating from F(p) to F(q;(y)) is
defined in the sense of Definition 2.3.

Note here that Tg((j_)(y)) is not parallel translation along a line segment of RY joining

the two points.

PrROOF. Fix y € B, (,)(0p,). Since @ (p) < r(p;), the triangle inequality gives

llexp,t g —yll < lexp, b all + Iyl < r(pi) +eP(p) < 2r(ps),

and hence exp, ' ¢ — y € Boy(p,)(0p,). Since g € By, (ps), it is clear that exp,'q €
Bay(p,)(0p,). Note that exp,, |Bm~<m>(0m) is a diffeomorphism, as 2r(p;) < inj(M), see
Lemma 4.1 (IT). We then see, by the triangle inequality, that das(p, ¢:(v)) < dum(p,q) +
dri(g::(y)) < A(p) + €D (p) - Lip(exp,, [y, (0p,)) < 2A(p). Hence we get gi(y) €
Boxp)(p) as claimed. Moreover, since p, ¢;(y) € Bax(p)(p), it follows from Proposition 3.6

(i) that F(p), F(q(y)) € Bt(p)(ﬁ(p)) C N. Along the minimal geodesic of N emanating
from F(p) to F(g;(y)) parallel transport Tg((;)(y)) Ty N = Ty ()N 18 defined as in

Definition 2.3. O

REMARK 5.2.  Since £ (p) < w(M), and since q € B (p,)(pi), from Lemma 4.8

we have parallel transport qu(y) s TyypyM — T, M, as in Definition 2.3, for all y €
B.(i) () (0p;). We use this in the next lemma.

From now on §(p) > 0 indicates the constant as in Proposition 3.6, and for each
x€ Mlet S :={uecT,M||ul| =1} and S%z;) = {v € Tr,y N | |lv]l = 1}.
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LEMMA 5.3 (Key lemma) Fiz e € (0,69(p)). For any y € B.(0,,) and any

u € S;(l) there is a vector V )) S Sm( L such that

((dEPD) (rg @ (V0)), )

(r ql(y)(V(
Y

) @
R =Y0)

> d(p) — Lip(F )( E;H(p :
Y e(Op;

F(q () F(p)

+ swp [la—(rEP  orf@)q >||>

Z/EIBE(UW)
CAARUAI) () (1 (@)
Here Jy Vaw is the Jacobi field, defined by Equation (4.9) for v = 14" (ti(y)) €
(y) V(u
S;"_ , along the geodesic gpy ( (y)))(t 0) given by Equation (4.8) joining p; to ¢;(y).

PROOF. By Lemma 5.1, g;(y) € Bax(p)(p) holds for all y € B.(0p,). Fix @ € S;( 1)

It follows from Proposition 3.6 (iii) for u = T~((q)) (w) € S%zpl) and z = ¢;(y) that for
F(q)
(@)

(r
almost all y € B.(op,) there is a vector Vq( (3/) = qu(%m e Sq o) 1 guch that
i F F ~
Vo) @) (E D O @) = 6(p) (5.1)

where (dﬁqi(y))* is the adjoint of the differential dfqi(y) Ty M — Tx Fas (y))N, and
(-, -)a denotes a Riemannian metric of M. Since N is isometrically embedded into RY,
we see, by the Riesz representation theorem and Equation (5.1), that

o (@) F(p) F(q) (u * F(p) F(q) (-

> 0(p) (5.2)

for almost all y € B.(0p,). For simplicity of notation we set v := Tq’(y)(Vq(qz; ) e St

We then see, by Equation (4.1), Remark 4.7, and the Cauchy—Schwarz inequality, that

((dF)q(v), @)

> —Lip(F) sup H'](v Vq(;zy)H +/ pgi)(yxdﬁqi(y)(v( (y)) >dy (5.3)
yEB. (Opl) BE(Opi)

Moreover, we see, by Equations (4.1), (5.2), and the Cauchy—Schwarz inequality, that
/B ( )p( M) {dEy ) (Vi (y)s 1) dy

(@) ~ F(p) Fa), ~
> - .
2= [ o AE G 1= L0, o @l + 500

> —Lin(F o (P) F(Q) ~ . 4
> —Lip(F) sup = (7, © ) @+ 500 (5.4)
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Substituting Equation (5.4) into Equation (5.3), we obtain the desired inequality. 0

We can apply an argument almost identical to the proof of [26, Lemmas 2.23, 2.24]
and Lemma 5.3 to show the following. We omit the proof.

PROPOSITION 5.4.  There is a constant o(p) > 0 satisfying the following: For any

e S%;ql) there is a vector w(™ € Syt such that for any e € (0,0(p)),

((dF2)g(w™), @) > Z8(p)- (5:5)

COROLLARY 5.5.  If N =R, and p € M is nonsingular for the Lipschitz function
F: M — R, then there are two constants A(p) > 0 and €o(p) > 0 such that grad F, # 0
on By (p) for all e € (0,e0(p)), hence F. has no critical points on By (p)-

PROOF. Let A(p) be the positive constant as in Proposition 3.6. Fix x € By (p)
and u € S(I),(x). By Proposition 5il there is a constant £9(p) > 0 such that there is a
vector w(™ € ST satisfying ((dF.),(w™),u) > &(p)/3 for all € € (0,0(p)). Fix ¢ €
(0.20(p)). Since 72" (w) = (d/dt)|, ), we have 8(p)/3 < {(dF2)o(w™), 727 (u)) =

. Fe(z) ~ ~ ()
<w(u)(Fs)(d/dt)‘ﬁa(z)v (d/dt)lﬁa(w)> = w(u)(Fs) 1= <(grad Fy)a, w(u)>M < H(grad FE)EH?
which shows the first assertion. The second assertion follows from the first one. O

5.2. Proof of Theorem 1.4.

We follow assumptions and notation of Section 5.1. In addition we assume that N
is connected and compact, and that the Lipschitz map F: M — N C R’ has no singular
points on M.

Since N can be isometrically embedded into R, it follows from the tubular neigh-
borhood theorem (cf. [20], [27]) via the normal exponential map expt : TN+ — R’
that there is a constant pg > 0 such that exp is a diffeomorphism from an open neigh-
borhood U,,,(O(TN=)) := {X € TNt ||| X| < po} of the zero section O(TN*1) =
{o, € T,N+ |z € N} onto an open one U, (N) := expt[U,, (O(TN1))] of N in R,
which we will call the tubular neighborhood of N, where o, is the origin of T, N=t.
Since expt |MMO(O(TNL)) is bijective, for any y € U,,(IN) there is a unique point
(z,v) € U,y (O(TN1)) such that y = expt(z,v). For such a pair (y,(z,v)) we have
the smooth projection 7y : U,,(N) — N given by 7n(y) = mn(expt(z,v)) := 2. Note
that the first variation formula yields ||y — nn (y)|| = infzen ||y — || for all y € U, (N).
For any z € N the definition of 7y gives (T, N)+ = Ker(dry)..

Since every p € M is nonsingular for F , there are two positive constants ¢(p) and
eo(p) obtained in Propositions 3.6 and 5.4, which satisfy Equation (5.5). Set d¢ :=
min{d(p) |p € M} and ¢¢ := min{eo(p) |p € M }. Moreover Lemma 4.10 shows that for
1o above there is a constant (o) € (0,inj(M)/2) such that if € € (0,&(0)), then

F.(M) CU,,(N). (5.6)

Set 1 := min{eg,e(po)}. It then follows from Proposition 5.4 for ¢ = p that for any
p € M and any u € S%?pl) there is a vector w(® € Syt such that for any e € (0,¢1),
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(@F.)p(w®), ) = 5o 57)

For any z,y € R’ let Py T,RY — T,R* be the parallel translation along the line
segment in R joining x to y, and let PY := (P;)_1

F(P) (S™
N (p)
vector w € ST such that Z((dFe.),(W), @) < 7/2 holds where Z ((dF.

angle between (dﬁs)p(zﬁ) and U at the origin 0. of T (p)RZ.

there is a

LEMMA 5.6. Fizp € M and e € (0,e1). For any u € P )
(@) w) is the

)p

Fp) ren » _ Fop) s cme
Proor. Fix u € P ((Z))(SF( 1)) By Proposition 5.4, for @ := b (1)9) () (e Sﬁ(pl))

there is a vector w = w(® ¢ Sy~ with Equation (5.7). Since ((dF. )p(W),4) =
(AF2),(@), PED) @), we see 0 < d0/3 < ((dFo)y(@),3) = (dF),(@).@) —
[(dF) () || cos(£((dEz) (@), @), and finally Z((dF.),(@), @) < 7/2. O

Since every p € M is nonsingular for F, rank(g) = n holds for all g € AF(p), and
hence for each ¢ € (0,e1) we see, by Lemma 4.10 and Equation (5.7), that

Im(dFy), mPﬁ(( ))(Ker(dwN) D={onmt (eM) (5.8)

Moreover, by virtue of Equation (5.6), for each € € (0,e1) we can define the smooth map
fo: M = N by

fo(p) = (an 0 Fo)(p)  (p€M).

LEMMA 5.7. For any n > 0 there is a constant £(n) € (0,e1) such that if € €
(0,k(n)), then dn(fe(p), F(p)) <n and Im(dF) ﬁKer(dwN)ﬁE(p) = {Oﬁa(p)} hold for all
pe M.

PROOF. Fix p € M. By Lemma 4.10, lim.jo | Fe(p) — F(p)| = 0, and since
7N (F(p)) = F(p), we have lim. ¢ || fe(p) — F(p)|| = 0. From this for any n > 0 there is a
constant oy (p,n) € (0,e1) such that if € € (0,a1(p,n)), then

I17:0) = F)l < - (5.9)

Fix n > 0. Since N is isometrically embedded into R, lim. o || f-(p) — F(p)|| = 0 also
implies that there is a constant aa(p,n) € (0,e1) such that if € € (0, az(p,n)), then

dy(fe(p) — F(p))
1f<(p) — F(p)|

Let S1(p,n) = min{ai(p,n),a2(p,n)}. Equations (5.9) and (5.10) show that if ¢ €
(Oaﬁl(pv 77))7 then

<. (5.10)

dn (f-(p), F(p)) < n. (5.11)
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For each € € (0,B1(p,n)) let 7. : [0, 0) = U,y (N) be a unit speed minimal geodesic
emanating perpendicularly from f.(p) and passing through F. (p). Equation (5.11) shows
that by letting € | 0, 7. converges to a unit speed minimal geodesic 7y : [0, 9) —
U,,(N) emanating perpendicularly from F(p). Since lim, 10 |F.(p) — F(p)| = 0, we see
lim. o Ker(dmn) () = Ker(dmn) g, - Since Im(dFE)pﬂP;;((Z;))(Ker(dwN)ﬁ(p)) ={op. )}
by Equation(5.8), we see that for n there is a constant S2(p,n) € (0, 51(p,n) such that if

e € (0,52(p,n)), then
Im(dF?), N Ker(drn) 7 ) = {07, () (5.12)

By setting () := min{B2(p,n)|p € M}, Equations (5.11) and (5.12) complete the
proof. O

Fix € € (0,x(n)). Lemma 5.7 shows rank(dthm(dﬁa)p) = n for all p € M, and
hence rank((df;),) = n for all p € M, which proves that f. is a smooth submersion from
M to N. Note that f. is an open map, because f. is locally equivalent to the canonical
projection on some coordinate neighborhood of each point of M, see [46]. Since f. is
continuous, and since M is compact, f.(M) is compact in N. f.(M) is thus closed in
N, for N is Hausdorff. Since M is open in M, f.(M) is open in N. Connectedness of N
shows that f. is surjective. Let K be any compact set in N. By virtue of the compactness
of N, K is closed in N. From the continuity of f- on M, f=!(K) is closed in M. Since
M is compact, f=(K) is also, and hence f. is proper. Since f- is a proper and surjective
submersion between compact, smooth manifolds, Ehresmann’s lemma [11] shows that f.
is a locally trivial fibration, i.e., an Ehresmann fibration. O

6. Proof of Reeb’s sphere theorem for Lipschitz functions (Theorem 1.7).

Throughout this section let M be a closed Riemannian manifold of dimension m,
and we assume that M admits a Lipschitz function F': M — R with exactly two singular
points in the sense of Clarke, denoted by 21,20 € M.

Since 21,29 € M are singular for F', we see, by Lemma 2.16, that o,, € ®p(z;)
(1 = 1,2) where ®p(z;) indicates the generalized gradient of F' at z; (see Definition 2.13).
From the maximum and minimum values theorem we can therefore assume, without loss
of generality, that F(z1) = min, ¢ o F'(z) and F(22) = maxy e pr F(y). For simplicity of
notation let a; := F(z;) for i = 1,2. Note that a1 < as.

LEMMA 6.1.  For any r > 0 with B,(z1) N B.(22) = 0 there is a constant b;(r) €
(a1,az) such that F~1(b;(r)) C B,.(z;) for each i =1,2.

PrROOF. We prove this lemma only in the case of i = 1. Suppose not. There is
then ro > 0 such that for any A\ € (a1,a2), F~'(\) € By,(21) holds. For each n € N
there is z, € F~1(a; + (ag — a1)/2n) such that z,, ¢ B,,(z1), and hence we get a
sequence {Z,}nen of such points x,. Since M is compact, {x,}nen has a convergent
subsequence {x,; }jen. Let  := lim; o @y;. Since F' is continuous on M, we see that
F(z) = limj 00 F(2n,) = limj ;o {a1+(az—a1)/2n;} = a1. Now T # 21, and F/(Z) = a1,
hence Z is a critical point of F', which is a contradiction. O



546 K. KonDo

Fix r > 0 with By.(21) N By(22) = 0. For e € (0,inj(M)/2) let F. : M — R be the
global smooth approximation of F' defined by Equation (4.11).

LEMMA 6.2.  There is an open set V of M and a constant €9 € (0,inj(M)/2) such
that if € € (0,€0), then F=([b1(r),ba(r)]) C V, and F. has no critical points on V.

PrOOF. For simplicity of notation let M’ := F~1([b1(r),ba(r)]). We first show
M’ C V. Since z; and 2z are the only two critical points of F, and since a1 < bi(r) <
ba(r) < az, F has no critical points on M’. It follows from Lemma 2.16 and Corollary 5.5
that for each p € M’ there are two constants A(p) > 0 and &(p) > 0 such that for
cach € € (0,2(p)), grad F. # 0 on B,\(p)( ). Since M’ is compact, there is a finite set
{p1,p2,---,pk} C M’ such that M’ C Ul 1 By, (pi). Since Ul 1 Ba,) (i) is open in
M, setting V := Uf 1 Ba) (pi), we get the first assertion.

We next show the becond assertion. Set €9 := min{&(p1),&(p2),...,&(px)}. Since
F=Y([by(r),ba(r)])) CV = UZ 1 Bxp,)(pi) and grad F. #0on V, F, has no critical points
on V for all € € (0,¢p). O

LEMMA 6.3.  There is a constant €1 € (0,e0] such that if € € (0,e1), then for any
€ (by1(r),ba(r)), E=L([b1(r),b2(r)]) is diffeomorphic to F=1(c) x [by(r),ba(r)].

Proor. Fixi € {1,2}. Since B,.(z;)NV is an open neighborhood of F~1(b;(r)), we
see, by Lemma 4.10, that there is a constant &; € (0,inj(M)/2) such that if € € (0,¢;),
then F(bi(r)) C By(z )m V. Let e, := min{eg,é1,4,}, and fix € € (0,e;). Since
F=Y(bi(r)) € Br(z:)NV, E=1([by(r), ba(r)]) C V holds, and hence we see, by Lemma 6.2,
that F. has no critical points on F=1([by(r), ba(r)]). From this, for each ¢ € [by (r), by (r)],
F=1(t) is an (m — 1)-dimensional compact regular submanifold of M. F=([by(r), by (r)])
is therefore diffeomorphic to F-1(by) x [by(r), ba(r)] by a well-known theorem in Morse
theory ([30, Theorem 2.31], or [31, Theorem 3.1]). Fix ¢ € (by(r),ba(r)). Since F1(s)
and F1(t) are diffeomorphic for all s,t € [by(r),ba(r)], Fo(by) is diffeomorphic to

F1(c), which yields our assertion. O

Now we give the proof of Theorem 1.7. From Lemma 6.1 we observe lim,. o b;(r) = a;
(1 =1,2). Fix ¢ € (b1(r),b2(r)) C (a1,a2). Let r L 0. Lemma 6.3 then shows that M
is homeomorphic to the suspension, denoted by X, of the compact regular submanifold
F=1(c) of M for a sufficiently small ¢ > 0. It follows easily from a result of Brown [3]

g
(see also [10, Introduction]) that ¥ is homeomorphic to the m-sphere for a sufficiently

small € > 0, and M is also. O
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