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SI-A Inversion of /¥ for small ny

For small n;, we can easily invert the 3 x 3 matrix I” to obtain I;;. First, from Eq. (7),
we obtain I¥ = [ + O(ny) for 4,5 = w,[, I'™ = 0v5/On; + O(ny) for i = w,1, and

I"™ =1/ny, + U, + O(ny). Here I has been defined below Eq. (27). We expand I;; as

Lij=1I}; + O(ny) (4,5 =w,1I) (SI-1)

Iin = Ay +0(n}) (i =w,1) (SI-2)

where 2 x 2 matrix {I};}; j—w.1 is the inverse matrix of {I/}; j—w1. In Eq. (SI-2) we can easily
confirm the zeroth order term identically vanishes. The relation > ; L Ph =7 ; I; " =0

then yields

Ay == I3 (0vy/ony). (SI-3)
Jj=w,I
Inverting this, we obtain
Ovy/On; = — > T A; (SI-4)
j=w,I

A (—IfAw + A (i =w)

= (SI-5)
Ag (IgAw = LA (i =1).
Substituting Eq. (SI-5) into Eq.(34) and using Eqgs. (15) and (29), we obtain
gn = (1/n*x1)(Awng — Amny). (SI-6)
Similarly, substitution of Eq. (SI-4) into (21) yields
v = — (V) Ay + VA7), (SI-7)
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where use has been made of Eq. (15). We can readily invert Eqgs. (SI-6) and (SI-7) to have

Ay = n2X1gnv; — nyvp* (SI-8)

Ar = —n?xignvl, — nvpt. (SI-9)
Next, neglecting the terms of order ny, in ), I hif, =1, we obtain

1/Inn =1/m + Upy /ksT + Z Ai(Ovy /On;)

i=w,l

=1/nn + Up /keT — Y 17 AA;, (SI-10)

i=w,l

where Eq. (SI-4) has been used in the second line. Setting n;, = 0 in Egs. (15) and (17), we

have

Z Lyuivs = keTrhy =1/ Z [7nin;. (SI-11)
b,j=w,1 ij=w,1
Substituting Eqgs. (SI-8) and (SI-9) into (SI-10) and using (15) and (SI-11), we obtain

1/ Ly, = 1/ny + U kg T, (SI-12)

where the terms of order n; have been neglected.

SI-B Calculation of 01(1)

In this section we can set n, = 0. From Eq. (25) we find

(Onw/0X1)1, = —n*v},  (On/0X1)r, = n0l. (SI-13)

w
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Then for an arbitrary function w(ny,ny), we have

lim
ni—0

ow ow , Ow
7 = Ny — — - ) SI-14
<8XI>T,p " ong lni—0 ”W”Ianw ni—0 ( )

From Eq. (10), we have (k%)~" = kgT >~ ._ nin; [¥. Substituting w = (k%) into Eq. (SI-

14), we obtain

) 8 I{S —1
Agr_}no ( (332')1 >T,p =kpTny (1 + 20 [T 4 02 I — kgTn2u[0(n2 I5Y) ) Ony]

=nyhiy [0(viny) /0Ny, (SI-15)

where we have defined If% = lim,, o I and IV = lim,, ., 0(81%/0n;) = I;7". This

readily yields

lim (0K%/0X1)1p = —Nywkw|[0(UiNy) /Oy . (SI-16)

ni—0

Similarly, from Egs. (15) and (SI-14), we obtain

. 81)5 . a/{S W W WW
(2, =t i (), bt )< )

O[nw(Ks/2 — v1)]

o . (SI-17)

=kpT KwNy

Using Egs. (18) and (SI-16), we have

d(nywKs/2)
ONy

(5

lim
ni—0

) — kT hu i . (SL-18)
Tp
Substitution of w = Uy, into Eq. (SI-14) yields

Nz .
1, (5, ), = RoT OB = g™, (8119
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where we have defined IM™ = lim,, ,, o(0I™/On;) = lim,, n, 0(01™/Ony) for i@ = w, 1.

Using Egs. (SI-15), (SI-17), and (SI-19), one can calculate C’I(l) in Eq. (41).

SI-C Expressions for salts of general valence numbers

For a salt with general valence numbers, i.e., XY, — aX?' 4+ bY % with b = —aZ,/Z,, the
relation between the the salt density ng and the ion density ny in Eq. (5) becomes ng = nj /N

with N'=a+ b = a(l — Z1/Z3). In this case Eq. (40) becomes

, 0B -N/2 . OUH
=—1 = 1 —) . -2
G mlgo <8ns>T,p kgTny mlglo ( 0X1 )T,p (S1-20)
Furthermore, Egs. (31) and (35) are generalized to
KS = (N/kBT)(UhI — U}tUI//{W) (81-21)
lim g, = nyKs/N, (SI-22)
TLI%O
while Eq. (28) remains unchanged. Then Eq. (42) becomes
o2 Ny 2 _ KN i
o = 2 tim (0ig2)/0X)ry = K2/(2N). (51.23)

an ny—0

SI-D Long-wavelength density fluctuations

We discuss the long-wavelength density fluctuations, which shall make the physical meanings
of x1 and USH (or B) clearer. The Bjerrum length £5 and the Debye wavenumber r are defined

as

(g =¢e*/kgTe, kK =/dmlpn;. (SI-24)
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As in the previous paper,>!

we study equilibrium density fluctuations on the scales larger
than the Debye length 1.

The deviations of the densities from their average values are denoted by dn;,

oni(r) =n;(r) — (n;) (i =w,c,a,h). (SI-25)

where (n;)’s are given by Eqgs. (4) and (5). We expand the free energy functional F defined
in Eq. (43) with respect to dn; about the homogeneous equilibrium values (72;). The second

order term, which governs the density fluctuations, is given by

R 2
82F = % / S° fidnidndr + / €|Z@| dr, (S1-26)

. T
i,j=w,c,a,h

where fij = 0? f JON;ON |ty = ()3 - The probability distribution of the density fluctuations is
proportional to exp[—82F /kgT).

For any fluctuating variables 0A(r) and 6B(r) of zero mean (§A) = (§B) = 0, we define
(04 o0 6B) = / dr (5A(r)5B(0)). (S1-27)

Let 6/21,1 and (53,1 be the Fourier components of §4 and 6B , respectively, where q is the wave
vector. Then we haveS? limg_,o(6A440B_,)/V = (3A 0 §B).

SI-D.1 Fluctuations in electrolyte solvent without solute

We first study the density fluctuations in the electrolyte solvent without the hydrophobic

solute,
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A

Then f in Eq. (43) is replaced by fs(ﬁw, e, a) = f (A, N, Mg, 0). In the previous paper, !
the ion-specific fluctuations in dilute electrolyte solutions have been studied. Here we slightly
generalize the previous theory to a one that is (at least formally) valid for more concentrated

electrolyte solutions.

It will turn out that the following combinations are convenient:

Sp= > widn;, 6X,=n"" (0 — Ona), (SI-28)
0X1 = 12Ny (0fte + 071a) — NidNy). (SI1-29)

Here, 5@ is the volume deviation, 6X , the deviation of the ion molar fraction difference, and
6X; the deviation of the total ion molar fraction. For an electrolyte solvent without solute

Eqgs. (44) and (SI-26), respectively, become

A~

P (s mt) = (g, /2, 71/2) (S1-30)
1 i o o e|Vo|?

2 _ S

O°F = §/ij§wca Z’jéniénjdr‘i‘/ S dr. (SI-31)

where f5 = 82]3/8%875,]-\{%:@”}. Inverting Eqs. (SI-28) and (SI-29), we can express

]

{07 }i—wc.a as linear combinations of gg, 5Xp, and 5 X7. Substituting the result into Zmzqua ffﬁﬁﬁﬁj
and using Eqgs. (45)—(47), we find

Z Ji‘sj(sméﬁj = 5$2/KST + Z 71'3‘5)21'5)2}, (SI-32)

i, i,j=p,1

where the terms proportional to 6¢6X; (i = p,1) identically vanish. We do not discuss the

coefficients v,, and 7,1 as they are not relevant to the fluctuations in the long wavelength
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limit. The coefficient ~y is calculated as

=t () o+ (05/2° Y fi =i Y fal

1,J=cC,a 1=c,a
=kpTn'((0])? "™ + (03,)° L' — 2070, ;"]

—kBTn4A Z Vv

i,j=w,l

—kpTx; . (SI-33)

Here the second line follows from Eq. (SI-30), and the last line from Egs. (SI-11) and (29).

The second term of Eq. (SI-31) is rewritten as

| VO dq 2 21 5% |2
/ S dr:kBT/(27)327r€Bnq 10X g (SI-34)

The long-range Coulombic interaction is bilinear only in 60X », and thus from Eq. (SI-32) we

obtain

<5qu5§£—q> = <5X1q5¢;—q> =0 (SI-35)

(16q|%) = kpTV k5. (SI-36)

Furthermore, as ¢ — 0, the coefficient in front of |(5X oql? diverges, suppressing the fluctua-

tions of 0X 4. Therefore, combining Eqs. (SI-32)—(SI-34), we obtain

(6X106X1) = X1 (SI-37)

(0X,06X,) = (6X,06X) = (6X,00¢) = 0. (SI-38)

where x7 is the solvent composition susceptibility defined below Eq. (26). The fluctuation
variance in Eq. (SI-37) has the same form as the composition fluctuation variance in a non-

ionic binary solvent.5 From Eq. (SI-38), we have (§X, 0 dA) = 0, where §A is an arbitrary
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linear combination of 5q§, 5Xp, and 0.X; (hence, of 07y, 07, and dn,). In particular, setting

§A = 6n; (i = w,c,a), we obtain the well-know relations

(51 0 670c) = (671n 0 60a) = (51 © 6,) (SI-39)

(51 0 6710) = (51 0 67a). (SI-40)

The result in Eqs. (SI-36), (SI-37), and (SI-38) indicates that in the limit ¢ — 0 the proba-

bility distribution of (5ng and (5qu is proportional to exp[—d? f; /kgT] with
02 f5 = (1/2V) |60/ 5 + kuT|6 X%/ x1 | - (SL-41)

Note that the above expression can be obtained by minimizing 6>F in Eq. (SI-31) with
respect to 5qu for ¢ — 0.
For small ion densities, we may expand the local free energy for the electrolyte solvent

~

[ (P, P, M) as™!

o =Fo(i) + ksT Y afn(R)) — 1+ vi(nn)}

kT . 1 L Na a
— EKB + 5 izca Uij(nw)nmj + - (81—42)

In the above, the third term (o< #%) is the DH free energy that arises from the ion density
fluctuations on the scales smaller than the Debye length, where & (without solute) is defined

in accordance with Eq. (SI-24) as

B (Tigs T, T ) = [A700 5 (1) (7o + T10)] /2. (SI-43)

The effective ion-ion (short-range) interaction, which is the counterpart to Eqs. (1) and (32),
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is defined as

off _ 1 vivj (vi)?
Ui =73 (Uij— KWJ) = Uy — HIW , (S1-44)

2,J=cC,a

where Uy = Y Ui;/4. As shown in the previous paper,! U is the key quantity to

i,j=c,a
explain the ion-specificity in the salt activity coefficient, osmotic coefficient, and the deviation
coefficient for the salt partial volume!.

From Eqgs. (46) and (SI-42), the ionic partial volumes in the dilution limit n; — 0 are

given by

U: = kBTﬁwnle( (Z =G, a, I)a (81_45)

where v; = (V. + 1,)/2 and V. (ny) = 0vi(ny)/Ony. For small n, Egs. (SI-42) and (SI-30)

yield
I = 1/kgTn? ky + O(nyg) (SI-46)
I = 1/ng + Un /kgT — k% /167ni + O(ny) (SI-47)
L' =i+ 0(n’?), (ST-48)

where Up and v are defined below Egs. (SI-44) and (SI-45), respectively. We also have
vy =+ O(nII/Q) and v§, = (1 — vng)/ny + O(n?/Q), where the latter follows from Eq. (17).

Substituting these and Eqgs. (SI-46)—(SI-48) into Eq. (27), we obtain

3
1
n [ﬂ — (v 4+ v )ng + :—I (SI-49)

—1
X1 =
Nwnt

with x ™1 = 2—{pk/2+2n Ut /kgT. In the square bracket of Eq. (SI-49), the terms of order
n;‘m have been neglected. Substitution of Eqgs. (SI-28), (SI-29), and (SI-49) into Eq. (SI-41)

1To be precise, the defined in the previous paperS! were Ueg and U, that were twice the present definitions,
ie., U = 208" and U = 2Uy;.
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yields
025 o (1/2V) |[06uq|* /i + kT |Siug|? /21 x | | (SI-50)

where d¢, = n tdn, + v:on. + +vidn, and dn; = dn. + dn,. From Egs.(SI-39) and (SI-50),

we reproduce the previous result for dilute electrolyte solutions,>!

(51 © 6ft) = (01 0 671a) = (Ohe 0 Oa) ~ nyx/2. (SI-51)

SI-D.2 Solute-solute correlation

Now we add a small amount of hydrophobic solute. In accordance with Eqs. (7) and (44),

we have

f =1+ ksThn{In(Ap)}) — 1+ 05 (A, e, Na) ¥

1.
5 U (s, e fra )i+ (S1-52)
where ¢ and U, satisfies
Up (N, n1/2,m1/2) = vp (N, np) (SI-53)
Us L (Ngs 11 /2,11 /2) = USy, (g, 11). (SI-54)

We define the total volume deviation 6g5tot asS?

ot = > VIO + U Gy = 0 + v} G, (SI-55)

1=Ww,C,a

Expanding Eq. (SI-52) with respect to the density deviations d7;, and neglecting the
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terms of order ny, we obtain
> fybiudng =Y frondn; + 62" (SI-56)
i,j=w,c,a,h 1,j=c,a

Here the second term is the bilinear form including dny,,

0 f* = (kT [y + Uy, )0my + 2kgT > 56007, (SI-57)

= w,C,a

with 78, = 063 /0| (s,— - Using Eqs. (21), (34), (S1-28), (SI-29) (SI-32), (SI-33) (SI-56),
and (SI-57), we find

Z oy 5% kBT(6X1+ X19007)2
1%l 1
X1

i,j=w,c,a,h
+ (kBT/TLh + Uﬁg)&flﬁ + ’YPP(SXE,

+ 29,10 X ,0 X1 + 1m0 X 07, (SI-58)

where we have introduced the coefficient 7,4, but it is irrelevant to the long wavelength
fluctuations. Asin SI-D.1, the long-range electrostatic interaction suppresses the fluctuations
of X, for small g. Hence, in the limit ¢ — 0, Egs. (SI-38), (SI-39) and (SI-40) still hold in

the presence of solute. In addition we have <5X , 0 0ny) = 0, or, equivalently,
(7 0 Ofe) = (S © O7ty). (S1-59)

The long-wavelength (g — 0) fluctuations of dy, X1, and 67y, are governed by the prob-

ability distribution proportional to exp[—02f,/kpT] with

52f — (1/2V) [‘5§Z§totq|2 n kBT‘(;XIq + Xlgh5ﬁhq|2
q S

+ |67ing | (ks T [ + US|, (S1-60)
Kkt X1

where the terms of order ny, have been neglected, and Ul has been defined in Eq. (39). The
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fluctuation variance of the solute is then given by
(67 0 0n) = (1/ny + UL JkgT) 1. (SI-61)

This result also follows from Eq. (SI-12) and the well-known relation I, = (67, o dny) (see
also sentences below Eq. (39)). The results in Egs. (39), (SI-60) and (SI-61) are the same
as the previous ones for a ternary mixture composed of a non-ionic binary solvent and a
solute; 3 this is because in the present ionic case the long wavelength fluctuations of 6X , are
suppressed by the long-range Coulombic interaction, and thus in the limit ¢ — 0 the cations

and anions can be treated as a single indistinguishable component. 5154

SI-E  Kirkwood-Buff integrals

Let g;;(r) denote the radial distribution function associated with species ¢ and j. Its space
integral is called the Kirkwood-Buff integral (KBI):% Gy; = 4 [ drr?[g;;(r) — 1]. Since
in Egs. (SI-39), (SI-40) and (SI-59) cations and anions are indistinguishable, the cations
and anions are regarded as indistinguishable, single species when KBIls are discussed in the
literature. 55513 In the present case we define the KBIs for species w (water), I (ion), and
h (solute). For convenience we define dn; = 0n, + 0n,. The well-known relation I;; =
(0m; o dn;) combines the thermodynamics and the KBIs. Integrating the general relation

(01;(r)on;(0)) = nyn;[gij(r) — 1] + n;0;;6(r), we have
Lij = (6f; 0 67;) = nin;Gij + nidy (SI-62)

First we discuss KBIs for the electrolyte solvent without solute. From Egs. (SI-37)—(SI-

40) and (SI-62) (or, from Egs. (29) and (SI-62)), we obtain
X1 = nmyni/n’ + (ngni /n*) (G, + Gl — 2G)- (51-63)
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where G3;’s are KBIs evaluated at nj, = 0. The determinant Ay = det{[};} can be expressed
in terms of KBIs. Hence, The isothermal compressibility % can also be expressed in terms

of KBIs by using Eqgs. (29) and (SI-63). At n, =0, Egs. (15), (29) and (SI-62) yield

of = (nmg,/n'xn) (ng! + Ghy — G (SI-64)
vy = (nfnw/nxn) (n' + G — Ghg)- (SL-65)

For a vanishing salt density n; — 0 we substitute Eq. (SI-49) into (SI-64), and obtain

v = =G+ kgThy, vf =—-GY (SI-66)

wl»

where GY; is the KBI in the limit ny,n; — 0. In the same limit, Eq. (SI-65) correctly
reduces to Eq. (23). These formal results for electrolyte solvents are exactly the same as
those for non-ionic binary fluids,®® but in the present ionic case one needs to be careful
when taking the limit n; — 0 for ion-ion KBI, G§;. For small n; Eq. (SI-51) yieldsShS14
G5~ (2y — 1)/ng ~ UK /4n; nl_l/Q, which diverges as n; — 0; this divergence stems from
the Debye-Hiickel free energy, which is specific to electrolyte solutions.

Now we discuss the KBIs in the presence of a small amount of solute. First, Eqs. (SI-61)

and (SI-62) yield

Ut/ kgT G§
Gun = — i/ f]? = hb (SI-67)
1+ nhUﬁh/kBT 1— nhGih
where G}, = —Uﬁg /kgT is the solute-solute KBI in the limit n, — 0. The relation (SI-

67) shows that KBI Gy, at finite n, noticeably deviates from its dilute limit G, when
|G| ~ n;'; this observation is sometimes not negligible when one attempts to compute

G, from MD simulations of small but finite ny,. Using Eq. (38), we obtain

Ut kT = —G5), = 2B. (SI-68)
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Next, Egs. (SI-62) and (SI-2) yield A; = G5,n; (i = w,I). Substituting this into Egs. (SI-6)
and (SI-7), we obtain

g = (nwnr/n*x1) (G, — Ghy) (SI-69)

v = —(V5ne Gy, + vinuGYy). (SI-70)
In the limit n; — 0, these reduce to
Ks = Z(vah - G?h)a v, = _vah (SI-71)

where use has been made of Eqs. (35) and (SI-49) in deriving the first relation. Finally,
Egs. (33) and (SI-71) yield

U kT = —GY,. (SI-72)

SI-F Debye-McAulay theory and Eq. (52)

Debye and McAulay®'® have studied effective solute-salt (electrostatic) interaction on the
basis of Born theory.5!® The idea is that the effective solute-salt interaction URM is given by
the Born energy difference Augom = UI]?SMnh + O(n?) between a pair of ions in pure water
and that in water containing the solute. One can expand the dielectric permittivity with
respect to ny, € = (1 + Dny, + O(n?)), where €° is the dielectric permittivity of pure water

and D is a coefficient of proportionality. Then from the Born model one readily obtain
UPM = —(kgTlpD/2)(R;' + RY). (SI-73)

In isobaric condition and without salt, meanwhile, the water density varies according to

(Ony/Onn)r, = —Un/Uy as the solute density varies (we can derive this relation as in the
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same manner for Eq. (25)). We thus have n, — nd = —uynyn + O(n?) where n® is the
water density without solute. Since we have assumed the dielectric permittivity explicitly

depends only on n,, we expand &(ny) = €° + (9e/0ny ) (ny — n%) + -+ -. We thus have

w

D = —a. vy, (SI-74)

where a. = nye ' (9e/dn,). Substituting Eq. (SI-74) into (SI-73) and using Eq. (53), we

obtain

Updt = 20407 oy = = 20507 [ K. (SI-75)

The right hand side is indeed the same as K in Eq. (52) with v¢! being replaced by vP.
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