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DIFFERENTIAL OPERATORS ON MODULAR FORMS
ASSOCIATED TO JACOBI FORMS

MiIN Ho LEE

ABSTRACT. Given Jacobi forms, we determine associated Jacobi-like
forms, whose coefficients are quasimodular forms. We then use these
quasimodular forms to construct differential operators on modular forms,
which are expressed in terms of the Fourier coefficients of the given Ja-
cobi forms.

1. INTRODUCTION

Jacobi forms were introduced by Eichler and Zagier in [4], and they play
an important role in number theory. Jacobi-like forms are formal power
series with coefficients in the ring of holomorphic functions on the Poincaré
upper half plane H which are invariant under a certain action of a discrete
subgroup of SL(2,R), and they generalize Jacobi forms in some sense (cf.
[3], [8]). On the other hand, quasimodular forms, which were introduced
by Kaneko and Zagier in [5], generalize modular forms, and they are closely
linked to Jacobi-like forms. More specifically, each coefficient of a Jacobi-like
form is a quasimodular form, and there is a lifting map from quasimodular
forms to Jacobi-like forms so that the lifting of a quasimodular form has this
form as one of its coefficients (cf. [1], [6]).

Although the derivative of a modular form is not a modular form in
general, there are a number of ways of constructing differential operators
on modular forms. For example, the Serre operator can be considered by
using the Eisenstein series F5, and Rankin-Cohen brackets determine certain
types of differential operators on modular forms. The goal of this paper is
to construct differential operators on modular forms associated a Jacobi
form by using a method of constructing such operators from quasimodular
forms introduced in our earlier paper [7]. To be more specific, we first
determine Jacobi-like forms corresponding to Jacobi forms, so that their
coefficients are quasimodular forms. We then use these quasimodular forms
to construct differential operators on modular forms by using the above-
mentioned method. These operators are expressed in terms of the Fourier
coefficients of the given Jacobi forms.
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2. JACOBI FORMS AND JACOBI-LIKE FORMS

Let ‘H be the Poincaré upper half plane on which the group SL(2,R) acts
as usual by linear fractional transformations. Thus we may write
az+b
cz+d

Vz =

for all z € H and v = (2%) € SL(2,R). For the same z and 7, we set

c
cz+d

Then the resulting maps J, 8 : SL(2,R) x ‘H — C satisfy

(2.1) J(v,2) =cz+d, R(v,2) =

I, 2) =31 Y23, 2), RO, Y'2) =3I, 2Ry, 2) — R, 2))

for all v,7 € SL(2,R) and z € H.

We now consider a subgroup I' of SL(2,7Z) of finite index and choose
nonnegative integers v and p. Then Jacobi forms for I' introduced by Eichler
and Zagier [4] can be described as follows.

Definition 2.1. A holomorphic function ¢ : H x C — C is a Jacobi form
of weight v and index p for I if it satisfies the following conditions:
(i) If J and R are as in (2.1), the transformation formula

(2.2) A2, 3(7, 2) "1 w) = J(, 2)7 2RO 4 (5 )

holds for all v € T and (z,w) € H x C.
(ii) If (p,q) € Z?, the relation

(2.3) d(z,w+pz+q) = 62Wiu(—p2z—2pw)¢(z, w)
holds for all (z,w) € H x C.
(iii) The function ¢ has a Fourier development of the form

oo

<24) gb(z, w) = Z Z C¢(?’L, ,r)627rinz/5627rirw

n=0r2<4un/¢

for all (z,w) € H x C, where ¢ is the least positive integer such that ¢(z +
lw) = ¢(z,w).

We denote by J,, ,(I') the space of Jacobi forms of weight v and index p
for T'.

Remark 2.2. Given a Jacobi form ¢ € J, ,(I'), we set ¢~ (2, w) = ¢(z, —w).
Then for v € T, (z,w) € H x C and (p,q) € Z?, using (2.2) and(2.3), we
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have
“tw) = 6(y2,3(7,2) 7 (~w))
(
(

¢~ (v2,3(7, 2)

-3 ~, Z)u62ﬂiuﬁ(’y,z)w2¢(27 _,w)
-3 5, Z)V627Tiuﬁ(’y,z)w2 ¢— (Z, ,w)7

¢~ (z,w +pz+4q) = ¢z, (—w) + (=p)z + (=9))
_ 627mp(—p22—2pw)¢(z’ —UJ)

_ 627mp(—p22—2pw)¢— (Z, w)
Thus it follows that ¢~ is also a Jacobi form belonging to J,, ,(I).

Let F be the ring of holomorphic functions f : H — C that are polyno-
mially bounded, meaning that there is a constant N > 0 such that

f(z) =0 +[=*)/y"™)

for z € H with y = Im(z) asy — oo and y — 0 (see e.g. [2, §5.1]). We denote
by F[[X]] the complex algebra of formal power series in X with coefficients
in F, so that its elements can be written in the form

O(,X) = 3 o(2) X"
k=0

with ¢ € F for each £k > 0. Given an integer A, we can consider right
actions | and |{ of SL(2,R) on F and F[[X]], respectively, defined by

(f I n)(z) =3(r.2) A f(2)

(25) (@)= X) =3(7,2) e ODD(12,3(7,2) 77 X),
for f € F, ®(2,X) € F[[X]], v € SL(2,R) and z € H.

Definition 2.3. (i) A holomorphic function f € F is a modular form of
weight A for I if it satisfies
fIxv=rf

for all v € T'.
(ii) A Jacobi-like form of weight A for I is a formal power series ®(z, X) €
F[X]] satisfying

(2.6) (@[5 1)(z,X) = (2, X)
for all z € H and v €I
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We denote by My (I") and J,(I") the spaces of modular forms and Jacobi-
like forms, respectively, of weight A for I'.

We now fix a Jacobi form ¢ € J, ,(I'), which has a Fourier development as
n (2.4), and consider the associated formal power series Fy(z, X) € F[[X]]
defined by

(2.7) Fy(z, X) =Y €0()XF,

k=0

where

(28) f]f _ k Z Z 2kC n 7“ 27Tznz/€

n=0r2<4un /¢

for k£ > 0.

Proposition 2.4. The formal power series Fy(z, X) in X given by (2.7) is
a Jacobi-like form belonging to J,(T).

Proof. From (2.4) we see that the power series expansion of the Jacobi form
¢(z,w) in w can be written as

w) =" B (2w,
k=0
where

(29) Z Z 271'27“ n’ T)62m’nz/€

n=07r2<4un/¢

for £ > 0. We consider the corresponding even series given by

(2.10) How) = 2B+ ¢ Zﬁ%

On the other hand, if we set

X = 2mipw?,
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from (2.7), (2.8), (2.9) and (2.10) we obtain

(2
(2.11)  Fy(z,X) = Z mi) kz S r%Cy(n, r)etmina/ x
k= 0 n= 0r2<4,un/€

(o.9]

I DI DI AR IR

k=0 n=0 2<4,un/€

- kzﬂsfk(z)(m) Zﬁgk

= ¢(z,w).
Since ¢ is a Jacobi form of weight v and index p, by Remark 2.2 the same
is true for ¢, and therefore by (2.2) it satisfies

D12, 33, 2) " w) = 3(7,2)" O G (2, w)
for all v € T" and (z,w) € H x C. From this and (2.11)we see that

o N
Fy(v2,3(7, 2) 2X)=¢<vz,d(%2) ! 2m‘u)

~ X
_~ v R(v,2)X
J(v,2)"e ¢<z, \/ 27%)

= 3(7,2) "N E (2, X);
hence Fy(z,X) belongs to J,(I'). O

3. QUASIMODULAR FORMS AND DIFFERENTIAL OPERATORS

Let I' and F be as in Section 2, and let m and A be integers with A >
2m > 0.

Definition 3.1. An element f € F is a quasimodular form for I' of weight
A and depth at most m if there are functions fy,..., f,, € F satisfying

(31) f |)\’Y Zf?“

for all z € H and v € T', where £(v, z) is as in (2.1). We denote by QM*(I")
the space of such quasimodular forms.

Remark 3.2. As was pointed out by Zagier in [9, Section 5.3] and [10,
Section 2], the condition for quasimodular forms given in Definition 3.1 was
suggested by Werner Nahm.
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We note that the functions f, in (3.1) are uniquely determined by f and
that they are in fact quasimodular forms such that

fr € QM5 (T)
for 0 <r < m (see e.g. [1]). Thus by setting
(3.2) S, (f) = fr,

we obtain the complex linear map
S, : QM) — QM (T)
for each r.

Quasimodular forms are closely linked to Jacobi-like forms. Indeed, if the
formal power series

(3.3) U(z,X) =) i(z) X"
k=0

is a Jacobi-like form belonging to J,(I'), then the coefficient function ,,
with m > 0 is a quasimodular form belonging to QM. ,,,(I'). Thus we can
consider the complex linear map

(3.4) Iy« Ju(L) = QM) 5, (1)
defined by
[ (¥(2, X)) = ¥
for \I/(z X) € J,(I') as in (3.3). Furthermore, if &; : QM],, (') —

QM) o;(I') is as in (3.2), using Corollary 3.7 and Proposition 3.10 in

[1], we have
o o 5m)= L

for 0 < 7 < m. The next proposition provides a method of determining a
differential operator on modular forms associated to a quasimodular form.

Proposition 3.3. Given a quasimodular form v € QM{*(I') and nonnega-
tive integers u and o with uw < m, there is a differential operator

i,u : MU(F) — MU+)\—2m—|—2u(F)

on modular forms g?jven by

(3.6) ZZ m—u+s)!(2u+o+A—2m—s—2)!

I(s — p)!
== p!(s —p)!

S— dp
X (Gm—u—i—ﬂp)( P) @ .

Proof. See [7]. O
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We now consider a Jacobi form ¢ € J, ,(I') whose Fourier coefficients
Cy(n,r) € C are as in (2.4), and set

o u (_1)5(27Ti)u—p7,2u—25n5—p
(3.7) Kpwo =" )

u—sgs—p
s=p r2<4un/¢ H

Qu+o+v—s—2)
pl(s — p)!(2u — 2s)!

for nonnegative integers k, p, o and u with p < u. We then define the
associated functions

Cy(n,r).

Eg™ 9 — C
by the series

o0
Fl?m,a(z) _ Z Kg:g,ae2winz/€
n=0
for all z € H. The differential operator on modular forms associated to ¢ is
then described in the next theorem.

Theorem 3.4. Given a Jacobi form ¢ € J, ,(I') and nonnegative integers
u and o, the formula

quau)o- Z F(b’u ’ dzp

determines a differential operator
Dd),u,o : MO’(F) — Ma+u+2u(r)
on modular forms for I

Proof. Let Fy(z,X) be the formal power series given by (2.7), which belongs
to Jx(I') by Proposition 2.4. If II,,, with m > 0 is the map in (3.4), then we
see that the function

ggz = Hm(F¢(Z)X))

is a quasimodular form belonging to QM. ,,, (I'), which satisfies
1
85(m) = 16

for 0 < 7 < m by (3.5). From this relation and (2.8) we obtain

m— jr2m 27

27”’ 2minz /4
(3.8) Z > Azm 2y Cem e /e,
n= 0r2<4un/£
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We now apply Proposition 3.3 by using A\ = v + 2m in (3.6) and setting
Dy = A;, y to obtain the operator

Dqﬁ,u,a : MO’(F) — Ma+u+2u(F)

given by
K (1)¥(m—u+s)(2ut o+ v —s5—2)!
Dd) u,o — Z Z
YUy I(s — )]
por ot pi(s — p)!
dP
¢ \(s—p) =
X (Gm—u+s&in) dop
On the other hand, using (3.8), we have
27m)u Sp2ums 2minz /¢l
(6m u—}-sf Z Z —u+ S) (2u — 28) (14 C(b(na 7")6

n= 0T2<4,Lm/£
for 0 < s <wu < m, so that

(6m—u+s£¢ (5= p) Z Z (27g)u—sp2u—2s

— — u—s
= 0r2<4;m/é u+ s)!1(2u — 2s)lp

() e

for 0 < p < s. Thus we obtain

SQu+o4v—s—2
P, =d Yy 3 ey
s=0 p=0n=0r2<4un/¢

(27r7)u—Pp2u—2s (n

w ST 27rinz/é£
(2u — 25)',u“_5 6) Coln,)e dzP

_ 27T’L = p(Qu +0c+v—85— 2)!r2“_25n5—p
ZZZ Z pl(s — p)!(2u — 2s)pv=s¢s—p

s=0 p=0n=07r2<4un/¢

P
C 2mwinz /¢
x Cy(n,r)e o

— i i i Z (—1)5(27ri)u—p(2u +o0o+v—8— 2)!7’2u_23n5—20
= p'(S - p)'(2u — 23)!MU—s£s_p

p=0 s=pn=0r2<4un/l

P
C 2minz/l
x Cy(n,r)e o

U0 2Nz dv = JU,O dv
_ZZKd) 2 /fdzp :ZFg) (Z)@,

p=0n=0 p=
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where we used (3.7); hence the proof of the theorem is complete. O
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