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Preface

In the mid-20th century, N. Kaldor, R. M. Goodwin, J. R. Hicks, and others studied the
autonomous and sustainable economic fluctuations caused by the nonlinearity inherent in
an economy. The research field that emerged can be called either the “theory of nonlinear
business cycles” or the “theory of endogenous business cycles.” A major reason for the
popularity of these studies was the progress made in the theory of nonlinear oscillations,
which was then being actively pursued in science and engineering.

However, the nonlinear oscillation theory—or at least the kind practiced by the economists
of that era—was mainly concerned with relatively simple vibration patterns, such as limit
cycles in a continuous time system. Thus, such studies proved inadequate in identifying
those characteristics of the economy thatraceirrent but not periodicln addition, after
the “microfundations” began to be used widely for research in the latter half of the 20th
century, studies of nonlinear dynamics in economics, which often lacked microfounda-
tions, eventually got sidelined by more mainstream topics in economics.

In stark contrast to the “decline” in use of nonlinear dynamics in economics, research
related to autonomous fluctuations of dynamical systems has been vigorously pursued
since the 20th century in the mathematical sciences as “dynamical system theory.” The
growing interest in a complex nonlinear phenomenon caltebsis a particularly signif-
icant development. The term chaos became popular after the publication of by an article
titled “Period three implies chaos” by Li and Yorke (1975). However, research into the
nature of the phenomenon is even older. The existence theorem of “chaotic invariant set”
was presented in a general and comprehensive manner hotekeshoe mapf Smale
(1967) and a series of homoclinic theorems. However, these studies seem to have ap-
peared too early for economists to take notice.

Against the backdrop of such achievements in mathematics, the importance of com-
plex fluctuations caused by nonlinearity has again begun to be recognized in economics.
At the same time, amid an emphasis on microfoundations, it was shown that the opti-
mal path exhibits either cyclical fluctuations or chaotic fluctuations in an optimal growth
model in the context of dynamic general equilibrium. One of the most prominent works
in this field is an article written by Boldrin and Montrucchio (1986). They have pro-
posed that for any given policy function, there exists an optimization problem such that
the optimal path can become the given policy function. That is, any fluctuation that may
produce chaos would not contradict the optimizing behavior. Meanwhile, there are also
studies using an overlapping generations model. For example, Benhabib and Day (1982)
and Grandmont (1985) proposed the existence of a chaotic competitive equilibrium path.
When the economy is seen as a dynamical system on the interval, it is relatively easy to
elucidate its complexity and identify its characteristics. For this reason, the possibility of
chaotic fluctuations was proposed through various models—including the optimal growth
model or the overlapping generations model-until the 2000s.

The author’s research is part of the theoretical studies of nonlinear dynamics discussed
above. In other words, the author focuses on identifying the characteristics of complex



fluctuation patterns caused by the nonlinearity inherent in an economic model.

With respect to research methods, the author psasewise linearityand piecewise
smoothness the model for analysis. In general, the dynamic characteristics of a partic-
ular model with piecewise features can be understood in depth because analysis becomes
easier. This method allows for analysis of “global dynamics,” which are gener&iigudii
to examine. In particular, in the case where the model is represented by piecewise linear, it
is not unusual that a “complete” understanding of the model's dynamic characteristics can
be attained. Another method uses the bifurcation theory, which has yet gain widespread
acceptance in economics. In particular, the author studieslinension-two bifurcation
phenomenon. This refers to a bifurcation that requires two parameters, rather than one,
for a complete understanding of its structure. In the theory of dynamics, it is known as a
bifurcation that provide information on the global properties. That is, a dynamical system
around the codimension-two point may create multiple attractors and complex behavior
derived from global bifurcation such as homoclinic bifurcation and heteroclinic bifurca-
tion.

The thesis consists of four essays; each of them is independent and self-contained.

In chapter one, we develop a simple, computable overlapping generations model that
exhibits endogenous fluctuations. The key assumption is that a firm can choose from
multiple technologies of production. Since the model reduces to a piecewise linear map
on the unit interval, it allows us to conduct an in-depth analysis of its dynamic proper-
ties. Particularly, this piecewise linearization reveals the ability of the model to exhibit
periodic attracting cycles of an arbitrarily large period as well as non-periodic attractors.
Furthermore, it is demonstrated that the occurrence of periodic patterns is completely
characterized by the rotation number or the “devil’s staircase.”

In chapter two, we investigate the dynamics of a two-dimensional, discrete-time in-
flation model with a piecewise linear Phillips curve and Okun’s law. Piecewise linearity
of the model allows us to derive numerous analytical and geometrical results, which is
difficult to obtained using a smooth model. Next, using a perturbation argument, we show
that, for a large set of parameter values, our model exhibits multiple attractors that coex-
ist with chaotic invariant sets. This implies that without any exogenous shocks, the rate
of inflation and other relevant macroeconomic variables exhibit long-lasting, complicated
fluctuations before they settle down into a periodic cycle or a steady state in the long run.

In chapter three, we extend the model in chapter two to the model which can virtually
reproduce the chaotic fluctuations in the long run. As a result, the model reduces to a
piecewise smooth map, which is tractable enough to analytically investigate the dynam-
ics in depth. To study chaotic behaviors in the model, we adopt two approaches, border
collision bifurcation and Markov property. The border collision bifurcation theory charac-
terizes the routes from a globally attracting steady state to other non-stationary behaviors.
On the other hand, Markov property reveals that the model has the capability to exhibit
chaotic dynamics for much large set of parameter values.

In chapter four, we investigate a discrete-time version of logit dynamics, as applied



to the rock-paper-scissors (RPS) game. First, we show that around the Nash equilibrium
point, an attracting closed invariant curve appears due to the Neimark-Sacker bifurca-
tion. Next, near the resonance point, we find a period-three attracting cycle, which can
be thought of as a counterpart to the cyclically stable set in the RPS game with best re-
sponse dynamics. Moreover, we show that the cycle can coexist with an attracting closed
invariant curve, a period-three saddle cycle, and the attracting or repelling Nash equilib-
rium point. Finally, we use the codimension-two bifurcation theory to specify the set of
heteroclinic bifurcations that destroy coexistence of the attractors.
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1 A Simple Model of Growth Cycles with Technology Choice

1.1 Introduction

Apparently, the overlapping generations (OLG, hereafter) model is one of the most popu-
lar dynamic economic models in the literature. It has been widely used in many fields of
economics. Especially, the OLG setting has been used as a building blastdogenous
growth (or business) cycdlenodels, as is used in this study. The endogenous growth cycle
theory argues that the internal economic excitement, rather than the exogenous shocks, is
responsible for the perpetual fluctuations of the economy. A few prominent examples of
chaotic (i.e., random-looking but deterministic) economic dynamics in an OLG model, in
the early literature, can be found in the studies by Benhabib and Day (1982) and Grand-
mont (1985).

An OLG model used for demonstrating endogenous fluctuations often contains addi-
tional assumptions that make its functional form less tractable. For example, the existence
of indeterminacy was evident in the aforementioned model studied by Grandmont (1985).
Michel and de la Croix (2000) and Chen et al. (2008) demonstrated that an OLG model
with myopic expectations can exhibit chaotic behavior when the utility functioyioand
production function has a constant elasticity of substitution (CES) form.

The study aims to develop an explicit OLG model that is tractable and has rich dy-
namics that would allow the endogenous cycles to emerge in a deterministic way. In fact,
the model provided in this study comprises only of the Cobb-Douglas waitityCobb-
Douglas production technologies. Furthermore, unlike Michel and de la Croix (2000) and
Chen et al.(2008), we do not assume imperfect foresight, such as set myopic expecta-
tions, or employ complicated learning mechanisms to achieve rich dynamic results for the
model.

Instead, we assume that, unlike in ordinary textbook-type OLG models with produc-
tion, a representative firm (or its owner) can choose from multiple production technolo-
gies? In other words, the firm faces a discrete choice proBlbafore it commences the
production of a good. Through this simple case, the study reveals that the firm faces a
binary choice problem that results in the emergence of endogenous cycles induced by
strong nonlinearity. Our model reduces into a simple, first-order piecewise linéar di
ence equation with one endogenous discontinuity, which allows us to provide an elaborate
characterization of the periodic and non-periodic dynamics of the model.

1Some authors argue that the two-period-lived OLG model is not appropriate for studying business
cycles because the time span of even one period in the model is very long for a business cycle. Although
we do not necessarily agree with this criticism, we have considered this factor and preferred using the term
growth cycleinstead ofusiness cycle

2Since we are considering a single or aggregate good market, an individual technology, (in a literal
sense), can be referred to asiadustry. For instance, we can consider the choice between technology 1
and technology 2 to be the same as that between “agriculture” and “manufacture.” Thus, itis also reasonable
to refer to our model as growth model with industrial structural change.

3For discrete choice theory in economics, see Anderson et al. (1992).
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However, it must be noted that the relationship between discrete choice and complex
dynamics has been discussed ifietient contexts in economics. Ishida and Yokoo (2004)
developed a macroeconomic model wherein newly entered firms choose whether to in-
vest in a time-consuming project, giving rise to a piecewise linear dynamic model that
can generate periodic cycles of any arbitrarily large period. Matsuyama (2007) presented
an OLG-type growth model with an endogenous technology switch that is induced by fi-
nancial imperfections; he showed that the model has the ability to exhibit several dynamic
growth patterns including perpetual fluctuations. Asano et al. (2012) focused on a special
case of the growth model of Matsuyama (2007) and showed that the piecewise-linearized
model can exhibit periodic and non-periodic fluctuations. The model presented in this
study is constructed along the lines of the study by Matsuyama (2007) in terms of the
discrete choice. However, our model is simpler than Matsuyama’s model in terms of both
the story behind the modeling and the functional form of the model. Prior to this study
by Matsuyama (2007), lwaisako’s (2002) study presented an OLG model with a technol-
ogy choice; by using a graphical argument, lwaisako suggested the possible occurrence
of several growth patterns including cycles. Iwaisako (2002) investigated a situation in
which investors choose one of the two technologies: constant returns to scale and increas-
ing returns to scale. On the other hand, the present study assumes that all the available
technologies are in the form of the Cobb-Douglas production function. In this sense, the
model presented in this study is simpler than Iwaisako’s model.

Despite the simplicity of our model, results derived from the analysis of the model
seem to be sharper than the earlier related works in terms of the characterization of dy-
namic patterns. A piecewise-linearization, similar to Asano et al. (2012), helps us to
directly apply some useful results borrowed from the studies on the mathematical neuron
models to our model? the employment of this method helps us to conduct a detailed
characterization of the cyclical regime-switching patterns arising in our model.

Particularly, we show that the occurrence of a periodic attractor can be completely
characterized by theotation numberor its visualization, referred to as the devil’s stair-
case, which is the graph of a function that is monotonic but flat almost everywhere. Fur-
thermore, we also show that the set of parameter values for which the non-periodic attrac-
tors appear is very small. In other words, the non-periodic motions in our model cannot
be virtually observed.

The organization of the paper is as follows. Section 1.2 derives the piecewise linear
model by incorporating the technology choice into the double Cobb-Douglas OLG model.
Section 1.3 shows that the model can exhibit periodic as well as non-periodic fluctuations.
Section 1.4 investigates the relationship between the parameters and the periodic patterns
by introducing the rotation number. Section 1.5 concludes the study. Some mathematical
proofs are delegated to appendices.

“Refer to Nagumo and Sato (1972) for their seminal work on the mathematical neuron model. Refer to
the studies by Hata (1982, 2014) for learning about the recent developments in the field.
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1.2 The discrete choice model

We consider a Diamond-type one-sector OLG model that is modified further. Time is
discrete, thatist = 0,1,2,-- -, and the agents live for two periods. A young household
supplies one unit of labor inelastically. We keep the utility functionef the household

as simple as possible; this allows us to assume that it is in the form of a log-linearized
Cobb-Douglas production function, that is,

U(C;/, C?+1) = (1 - S) |Og dt/ + S|Og C?+l’ Se (0’ 1)’ (1)

wherec) denotes the amount of consumption of the young generation born at thé time
andc? ; denotes the amount of consumption of the old generation living at thet tinie
The utility given by (1) is maximized under the following constraints:

cd+s=w and ¢, =rus, ()

wheres;, w;, andry,; are the amount of saving, real wage rate, and real gross rate of return,
respectively. The maximization yields

S = SW. 3
The final goodY;, which is perishable, is produced by the firm. Unlike the common
OLG models, we assume that there &dypes of production technologies wi > 2;
we also assume that, at the beginning of every period, the firm faces a discrete choice

problem related to the choice of technology. For the sake of simplicity, all the technologies
are specified as Cobb-Douglas of constant returns to scale:

Yt:Fi(Kt, Lt):AiKtaiLéLai’ i :1’2’... ’M (4)

whereA; > 0 is the total factor productivity and; € (0, 1) is the capital share of the
production of technology. In the per-capita form, we can write:

yr = fi(k) = Fi(k, 1), (5)

wherey; = Y;/L; andk; = K;/L;. We assume that the owner of the firm, who belongs to the
old generation, chooses technology that earns the highest return. For simplicity’s sake,
we assume that when the highest rates of return are tied among multiple technologies,
then the technology with the smallest index is chosen. Subsequently, the usual first order
conditions with the technology choice are represented by

re = fk, (6)
W = th(kt) - kl fjt(kt)’ and (7)
J = arg 12?3\3'( fi (ko). (8)

The market clearing condition
kI+1 =35, (9)
with the Eq.(3), (7) and (8) generate the dynamic model in the following form:

{ Kir1 = SAL(1 = a)k™ = hy(ky),

Ji = arg max«j<m {Aja’jktaj_l} , and ko > 0. (10)
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1.2.1 Further specifications in the binary choice setting

We focus on the cyclical behavior of the model in a simple setting. We first assume
that there exist only the following two production technologies: technology 1, which is
represented byA(, a;), and technology 2,4, a;). To avoid unnecessary subscriptions,
we rewrite the technology parametersAs (1) = (A, a), for technology 1, and4,, a,) =

(B, b), for technology 2.

We impose some assumptions on the parameters of technologies for making the model
capable of generating cyclical dynamics. To this end, we first derive the threshold value
of per-capita capital stock at which the choice of technology switches. By solyﬂﬁp:

f;(k), we obtain this unique threshold

aA 1/(b-a)
- 58| an
as long as # b. Without loss of generality, we assume that
a<h. (12)
It is evident that (12) implies A
f// k _
ol _1-a (13)
k) 1-D

The situation described by (13) is depicted in Fig.1. Since the grapfiglgfand f;(k),
both of which are negatively sloping, have only one intersectidn-ak, the (13) implies
that technology 1 is chosen fkr< k and technology 2 is chosen flr> k.

Thus, Eqgs.(10) turn into the following equation:

o (T R e
We also find a poink* > 0 such that
hy(K") = hy(k"), (15)
which is uniquely given by o)
NE=




Figure 1. The graphs of;/(k) and f;(k). They have only one intersection lat= k.
A=B=2a=0.5,andb=0.7.

As

k [a@-b)]/*?
K~ lbaoa <1 a7)
by (12), we havek < k*. It must be noted that (k) > 0 fork > 0, we have
k) a
=—<1 1
) b 49

It implies that the graph dfi,(k) cuts that ot; (k) from below atk = k*. This situation is
depicted in Fig.2.

The graphical argument shows that if Eq.(14) has a positive steady state, then it would
be globally attracting. As we are interested in non-stationary behaviors, we examine the
case where Eq.(14) has no positive steady state.elLetO be such thahi(g) = e for
i =1,2. A simple computation shows that

e =[s(1-a)A"*? and e =[s(1-b)BIY"". (19)

It would be stficient for the following inequalities to hold to ensure that Eq.(14) does
not have a positive steady state:
e <k<e. (20)



3-6 T } T T T

10 12 14 16 18 20

Figure 2: The graphs df,(k) andh,(k). The graph oh,(Kk) cuts that ot (k) from below
atk=k*. A=B=2a=05,b=0.7,ands=0.7.

The following lemma shows that the set of parameter values that realize the inequali-
ties given by (20) is not empty.

Lemma 1. Let ab € (0,1) with a < b, B> 0 and se (0,1) be given. Subsequently,
there exist A> 0 and A > 0 with A < A such that the inequalities given by (20) hold for

Ac (AA).
Proof. See Appendix. O

ForA e (A, A), itis evident that every trajectory generated by Eq.(14) eventually en-
ters the trapping interval = [hz(k) hl(k)] and never leaves it. Thus, in order to study the
long-run behavior of the model of this situation, it ifistient to focus on the dynamics
of the trapping intervar .

In what follows, we assume that the parameters are taken as in Proposition 1. It must
be noted thah,(K) < k < hy(k). Lethr : T — T be the restriction of the mappirgto T.
Ash(T) c T, hy is well-defined. Therefore, the goal of this study is to provide a detailed
characterization of the dynamics of the mappmg: T — T.

In order to simplify the analysis of the dynamicstof, we use a variable change via
a homeomorphism (i.e., a continuous, one-to-one, and onto magping)— | = [0, 1]



such that R
log|k/s(1 - b)BK?|
X = ¢(k) =
logb(1-a)/a(l - b)
to obtain a mapping : | — |, which is topologically equivalent tor : T — T, defined
by

(21)

l1+a(x—c if 0<x<c,
Xir1 = T(Xt) = { b(Xt _( é) ) if c< Xtt <1 (22)
where b |og [aA/bB] — log S(1 - b)B
.. =—2log[a —logs(1-
c=c(sA) = (k) = 2 (23)

logbh(1-a)/a(l - b)
Therefore, we focus on the analysis of Eq.(22) in the sequel. It must be noted that the
aforementioned model turnmeecewise lineathrough the variable change, which makes
our model significantly tractable.

It is also worth noting that the graph of Eq.(22) has two branches witrdnt slopes,
aandb, while Ishida and Yokoo (2004) and Asano et al. (2012) deal with a case-df.

1.3 Two types of dynamics

It is interesting to note that Eq.(22) can be identified with a simplified version of Caian-
iello’s equation in the neural networks, whose original model is proposed by Caianiello
to describe the behavior of a “model of brain” or “thinking machine”; this model is stud-
ied by Nagumo and Sato (1972) in detail. Additionally, Hata (2014) comprehensively
analyzes this sort of equation, and we utilize results of Hata’s (2014) analysis for the
mathematical neuron model to study economic growth.

When we investigate Eq.(22), the position of the thresie(ddA) on the unit interval
plays an important role. The position of the threshold characterizes the dynamical prop-
erty of the model. Generally, for a given valuepEq.(22) has either a globally attracting
periodic cycle or a non-periodic attractor. We examine the periodic case in section 1.3.1
and the non-periodic case in section 1.3.3.

First, we show that(s, A) can take any value within the range 19, independently of
the parametera andb.

Lemma 2. For any a b € (0, 1) with a < b and for any ¢ € (0, 1), there exist s€ (0, 1)
and A € (A, A) such that ¢s*, A*) = C".

Proof. See Appendix. |

1.3.1 Periodic dynamics

All propositions in section 1.3.1 and section 1.3.3 can be almost ditedziyved by the
results of Hata (2014).

5In what follows, we provide mathematical formulae ok b, while results of Hata’s (2014) analysis
work for b < a. Thus, we need slight modifications.
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The following proposition ensures the existence of a globally attracting periodic cycle
in Eq.(22).

Proposition 1. For each irreducible fraction pq € (0, 1), there exists a closed interval
A(p/q) c (0,1) such that if ¢s,A) € A(p/q), for any x € (0,1), then the orbit of x
converges to some periodic orbit of period g.

Proof. See Hata (2014), Theorem 4.2 in p.36 and Theorem 10.1 in pp.117-118.0

To be more precise, i€(s,A) € A(p/q), then the Eq.(22) has a globally attracting
cycle of periodg, which visits the interval (&) p times and the intervat(1) g— ptimes.
Later, in the study, we refer to the closed interxép/q) as theperiodic intervalfor p/qg.
Subsequently, we can almost completely grasp the dynamical features of the model by
verifying to which periodic interval the threshattbelongs.

Due to the piecewise linearity of the model, we can exactly calculate the left and right
endpoints of the periodic interval(p/q) as follows. LetA(p/q) = [Lpg, Rpq] and

q

Ppa(W.2) = > wizZPa, (24)
k=1
q

Pi (W2 = Zwk-lipw-l, (25)
k=1

where| | and[] represent the floor and ceiling function, respectively. In other wordss
the largest integer that is not greater thaf©n the other handx] is the smallest integer
that is not less thar. Subsequently, we have

1 Py p(a/b, b)

Lp,q = B—P‘E’q(b, a/b) s (26)

1P p(a/b,b)

Rp,q = BW (27)

See Hata (2014) for more details.

Using EQ.(26) and (27), we can calculate the periodic interval for any fraqgfipre
(0,1). Givenq, we can use lemma 2 to construct the model that has an attracting cycle of
periodq.

Finally, we provide a few important properties of the periodic intengd/q).

Proposition 2. The intervalA(p/q) has the following properties.

1. Let p/g and r/s be irreducible fraction in0, 1) with p/q < r/s. Subsequently,
A(p/q) NA(r/s) = 0 andsupA(p/q) < inf A(r/s).

2. |Upraetoane A(p/9)] = 1.
Proof. See Hata (2014), Theorem 10.1 in pp.117-118 and Theorem 10.7 in p.132.
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Proposition 2 states that the union of all the intervals is disjoint and its Lebesgue
measure equals to 1. However, as shown later, the family of closed intermalsaisover
of the unitinterval. Therefore, one might want to examine the case where thec{alag
does not lie in any periodic interval(p/q). We investigate such a case in section 1.3.3.
1.3.2 Examples

In this section, we provide a few examples for the periodic intervals. Givenl, we
consider the cases(1/g) andA((q — 1)/q9). Subsequently, we have

Pqi(a/b,b) = (a/b)°0
= b,

and

P1q(b,a/b)

q
Z b"‘l(a/b)“‘/m‘l
k=1

q

= > bt

k=1

Moreover, we have

Pg1(a/b,b) (a/b)°p-t

b1,

and

q

Z b"‘l(a/ b)Lk/qJ

k=1

q-1
= (a/b)° ) B!+ (/)b

k=1

P14(b, a/b)

q-2
= Z b1 + (1 + a)b%2.

k=1

Using EQ.(26) and (27), we can derive the left and right endpoints of the int&¢LAd|)
as

b2

Lig = oo (28)
k=1

pa-2
Rl’q = q_2 k_l _2 . (29)
pI b1+ (1 + a)b?




Similarly, by takingp = q — 1, we can calculate the left and right endpoints of the
interval A((g — 1)/q) in the following explicit forms:

L ™ (30)
T T 0214 (14 b)as?
att
R1—l7q = R ak_l‘ (31)
k=1
If we further setg = 3, we have
b2
T T @2
b
R = Toazap (33)
Additionally, we have
a 1+ab
L2 =17 (1+ba 1+(1+bja’ (34)
a’ l1+a
Rz = (35)

“1ra+a l+ra+ad
By lettinga = 0.5 andb = 0.7 and using Eq.(32) through (35), we have
A 1
3
2
Al =
g
Fig.3 (a) depicts the trajectory generated by Eq.(22) wikhA(1/3) for an initial condi-
tion xg € (0,1). On the other hand, Fig.3 (b) depicts the case wheré\(2/3). Indeed,
the trajectory of each case converges to a period-3 cycle. We can also observe that the
cycle visits the interval (@) once within one cycle in case of (a) and twice in case of

(b), depending on the numerator of3land 23, respectively. It must be noted that the
dynamic features described above are independent of initial condijons

[Lis Res] ~ [0.223740.34146],

[Los, Ros] ~ [0.729730.85714].
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X¢=C(s,A)

X4 1

0 A(1/3) Xo 1

(a) The trajectory from initial valugg for c(s, A) € A(1/3).

Xi=C(s,A)

X4 1

9 Yo A@23) 4

(b) The trajectory from initial valueg for c(s, A) € A(2/3).

Figure 3: Trajectories under Eq.(22) far= 0.5 andb = 0.7. In (a), the trajectory con-
verges to the period-3 cycle that visits €D once within one cycle. In (b), the trajectory
converges to the period-3 cycle that visitsOtwice within one cycle.
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1.3.3 Non-periodic dynamics

In this section, we discuss the non-periodic dynamics of our model.
Let

r=[0.1\ [ J A(p/a).

p/gel0,1]nQ

The sef is the remainder obtained from the unit intervalIPby deleting infinite disjoint
closed intervals considered in section 1.3.1.
We can show the following.

Proposition 3. For any a and b witl0 < a < b < 1, the sefl" is non-empty and uncount-
able.

Proof. See Appendix. O

If c(s, A) T, Eq.(22) does not have any more periodic cycle. Let
Q. =(ck"(0.1]),
n=0

where cK represents the closure 8f Subsequently, as shown in Hata (2014, Theorem
7.1in p.76 and Theorem 8.5 in p.9@), is a compact and totally disconnected uncount-
able set, such as a Cantor set. Subsequently, we have the following fact:

Proposition 4. If ¢(s, A) € T, for any xe (0, 1), then thew-limit set of x, i.e.( o Ur, Clt® (X),
equals taQ,.

Proof. See Hata (2014), Theorem 7.4 in p.80 and Theorem 8.5 in p.90. O

We can conclude that, fax(s A) € I', Eq.(22) has global non-periodic attractor; it
implies that once such a threshold value is chosen, then the economy would fluctuate in a
non-periodic manner in the long run fanyinitial condition,.

It should be noted, however, that the Fas extremely “thin.” In fact, we can assert
the following:

Proposition 5. The Hausdgf dimension of the sdtis zero.
Proof. See Hata (2014), Theorem 10.10 in p.139. |

See, for example, Falconer (2003) for the definition of the Haudmnension. Con-
sidering the fact that the Cantor Middle Third set (with Lebesgue measure zero) has a
positive Hausddt dimension, while that of is zero, we may say that the déts much
sparser than the Cantor set mentioned above. It implies that our model cannot virtually
reproduce the non-periodic fluctuations in the long run.
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1.4 Rotation number

We introduce a useful tool for describing the dynamical behavior of our model and inves-
tigate how the parameter valueSext the dynamics of the model. In what follows, we
represent Eq.(22) as,, to emphasize the parameter dependence. Foxan{0, 1), we
define

() = 0 (xe[0,0)),
YT xele1).

Moreover, we also define
&(X) =€o T;b(X).

It is known that, for anyr,, the limit
1 n-1
p(rap) = lim = kZ; &)

exists and is independent of the choicexok (0,1). See, for example, Hata (2014),
Theorem 3.2 in pp.23-24. The valgér,y,) is called therotation numbefof 7,;,. Clearly,
if c(s, A) € A(p/q), then the rotation number equalsfgg. On the other hand, (s, A) €
I', then the rotation number is irrational.

As expected, for the givea andb, we examine the relationship between ti{e,)
and the value, and eventually examine the parameter valsiaadA. In what follows,
we regard the rotation number as a functiort(@ A). In this sense, we define

Ran(C(s. A) = p(7ap)-

It is known thatR,(c(s, A)) is continuous with respect i and its derivative exists and
vanishes almost everywhere. See Hata (2014), Theorem 10.11 in p.140. Taking the con-
tinuity and the result of Proposition 2 into account, we can seeRhgt) is monoton-

ically increasing with respect to the threshald Now, we examine the relationship of

the threshold and the parametessandA. Sincec(s, A) is continuous with respect ®

andA, Ryp(c(s, A)) is also continuous with respect smndA. Moreover, since(s, A) is
monotonically decreasing with respectd@and increasing with respet # we have the
following proposition.

Proposition 6. The rotation number functiong(c(s, A)) is continuous and monotoni-
cally decreasing with respect to s and monotonically increasing with respect to A. More-
over, the partial derivatives of fg8(c(s, A)) exist and vanish almost everywhere.

5The termrotation numberseems odd in this context. This is a terminology originally used in the
dynamical systems theory to characterize the rotating dynamics of a homeomorphism on the circle. The
same concept is referred to irfidrent ways, depending on the contexts, such asxpansion ratén Ishida
and Yokoo (2004) and thaverage firing raten the neuron context (Nagumo and Sato, 1972).
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(b) The graph of rotation number functidp(c(s, A)) with respect toA.

Figure 4: The devil's staircases: the graphs of the rotation number furRti{n(s, A))
fora=05b=0.7,andB= 2. (a)A=22. (b)s=0.7.
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Fig.4 (a) and (b) depict the graph Bf,(c(s, A)) with respect tas andA, respectively.

Fig.4 may invoke the well-known Cantor’s function. However, contrary to the Cantor’s
function, the rotation number function is noblder continuous for any order. In other
words, for anyC, a € R,, there exisk, y € (0, 1) such thatR,p(X) — Rap(Y)| > C|x — y|*.’

In this sense, the rotation number function discussed here should be distinguished from
the Cantor’s function.

Finally, we present our remarks on the rotation number. In Fig.4, we can see the
rotation number 5 between the rotation numbergland 1/3. Itis clear that the mediant
(1+1)/(2+3) implies the number/5. This is reminiscent of the construction of terey
sequencén the number theor§.The following proposition immediately follows from the
continuity and monotonicity of the rotation number function.

Proposition 7. For any two rotation numbers, /g < r/s, there is a rotation number of
the form(p + r)/(q + s) between pg and 1/s.

Precisely, ifR,(c1) = p/q andRyp(cz) = r/s, then there would exist* € (¢, Cy)
such thatR,p(c*) = (p+r)/(q+ s). Letu/v be the irreducible form off{ + r)/(q + 9).
Subsequently, proposition 7 says that if an attracting pegiagicle and an attracting
periods cycle are detected for some threshotdsand c,, respectively, then one will
find another attracting periodeycle between them that would visittimes the interval
(O, c*), corresponding to the regime of technology 1, andu times the interval ', 1),
corresponding to the regime of technology 2.

Remark 1. Here, we briefly discuss the mechanism that generates periodic cycles and
attempt to provide insight into the economic intuition behind the model.

Fig.5 shows the time series obtained from the model with rotation numi@er/ a
low level of capital stock, technology 1, which is characterizedAy), yields a higher
rate of return to capital than that obtained from technology 2, characterizeB, by. (
Therefore, for an initially low capital stock, the owner of the firm chooses technology
1 and the capital stock increases, as in the case of the traditional OLG model with no
technology choice. On the other hand, if the capital stock exceeds some level, technology
2 provides a higher rate of return to capital than that of technology 1. As a result, the
owner switches technology 1 to technology 2.

However, it should be noted that a high rate of return to capital does not necessarily
imply a high level of wage, nor eventually the amount of saving. Indeed, when the owner
changes technology (see box A in Fig.5), the wage rate drops down, which induces a
decrease in capital stock in the next period. Subsequently, if the decrease in capital stock
is suficient, the owner will switch back to technology 1. Hence, the story repeats, and the
capital stock in the economy exhibits periodic cycles.

For rotation numbers that are not %)br %1 persistent fluctuations also occur in the
same way. However, the switches of technology will occur more frequently in such a
case.

’See, for example, Lawrence (1998).
8See, for example, Hardy and Wright (1979) for the Farey sequence.
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Time : t

Figure 5. The time series of capital stokk wage ratew;, and two rates of return to
capital, denoted by} andr? for technology 1 and 2, respectively, for rotation number
6/7.

1.5 Concluding remarks

We have developed a tractable endogenous growth cycle model that is described by a
piecewise linear dierence equation. Nonlinearity generating perpetual fluctuations are
attributed to the choice of technology. Despite the simplicity of the model, its dynamics
are rich enough to generate a cycle of any arbitrarily large period. Moreover, owing to
the results from the study of mathematical neuron models, we can completely specify the
set of parameters for which a specific type of periodic cycle appears. Itis also interesting
that our purely economic model can be linked with the mathematical “brain,” or neuron,
model as well as to the number theory.

We have also shown that the model can exhibit non-periodic behavior for a non-empty
and uncountable set of parameters. Nonetheless, such a set of parameters is extremely
thin, and hence the non-periodic perpetual fluctuations in the long run are relatively patho-
logical in our model. In other words, our model is virtually incapable of reproducing
economic fluctuations that are considered recurrent but not periodic in nature.

However, there might be several ways of extending the model in this study to repro-
duce non-periodic perpetual fluctuations, such astt@ticbehavior. For instance, it is
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possible to smooth the discontinuous map in our model by introducing the “mispercep-
tion” idea of Yokoo and Ishida (2008) and Asano and Yokoo (2019) and thus to determine

if the modified model can exhibit chaos as a typical phenomenon. Alternatively, it would
also be interesting to introduce a continuum of technologies through which the model
might be smoothed without losing strong nonlinearity. These areas could serve as the
focus of future research. We hope that the simple model presented here may be used as
a building block for other potential endogenous growth cycle or business cycle models in
more complex settings.

1.6 Appendix
1.6.1 Proof of Lemmal

Proof. By arranginge, < k andk < e, for A, we have » A< AandA < A, respectively,
where
A = mlI—aB(l—a)/(l—b) and A= m(zb—a)(l—a)/(l—b) B(1-a)/(1-b) (A.1)

with
my = [S(1- b)Y (/)9 and m, = [s(1-a)]V* (b/a)/ 0. (A2)

It remains to show thar, < mi~/4"_ Suppose that this is not the case. Subsequently,
we havem, > m{’"3/0-") or

[S(l _ b)]l/(l—b) (b/a)l/(b—a) > [S(l _ a)]l/(l—b) (b/a)(l—a)/[(b—a)(l—b)]’ (A.3)
implying that
1-b b
et A.4
l1-a z a’ (A-4)
ora > b, which is a contradition. O

1.6.2 Proof of Lemma 2

Proof. Taking (A.1) and (A.2) of Appendix A into account, a simple calculation shows
that, for anys € (0,1), ¢(s,A) = 0 andc(s,A) = 1. By the continuity ofc(s, A) with
respect ta, for anys® € (0,1) andc* € (0, 1), there exisi* € (A, A) such that(s", A*) =
c. m|

1.6.3 Proof of Proposition 3

Proof. The proposition follows from the fact thalhe closed interval0, 1] cannot be
partitioned (in the sense of set theory) into a countably infinite number of non-empty
closed intervals See Sierpgiski (1918) or other mathematical textbooks of topology for
more details.
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The above fact implies that the union of periodic intervals;qco.1jno A(P/0), is not
a cover for the closed interval [0]. Therefore, the sdt = [0, 1]\ Up/qejo.11n0 A(P/0) is
non-empty. Now, suppose that the Eeés countable. For eache T, let{x} be a singleton
set. Subsequently, the union of the set of periodic intervals and the éet loécomes
countable and gives a partition of the closed interval]Qwhich contradicts the above
fact. Thus, the sdt is uncountable. ]
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2 Complex Dynamics of an Inflation Model with a Piece-
wise Linear Phillips Curve

2.1 Introduction

In this study, we construct a simple inflation-unemployment model exhibiting complex
behaviors of macroeconomic variables. The model is composed by simple macroeco-
nomic relations such as the expectations-augmented Phillips curve, static expectations,
and a dynamic version of Okun'’s law, all of which can be found in undergraduate macroe-
conomic textbooks such as Blanchard (1997).

In addition to these traditional relations, we assume that the incorporated Phillips
curve is piecewise linear for the purpose of introducing slight nonlinearity into the model
with all other relations being linear. The nonlinearity of the Phillips curve in a macroeco-
nomic model canféect the qualitative features of its dynamics. The topic of nonlinearity
has a long history in the literature; however, little attention has been paid to nonlinear
dynamics from the viewpoint of the Phillips curve, leaving a dearth of analytical research
to this dfect. Few exceptions include Soliman (1996a, 1996b) and Chiarella, Flaschel,
Gong, and Semmler (2003). Chiarella et al. (2003) introduce a kinked Phillips curve into
a Keynesian monetary macroeconomic model to demonstrate the complex dynamics in
the model using numerical analysis. Soliman (1996a, 1996b) develop similar inflation
model to ours. He introduces a smooth nonlinear Phillips curve, and suggests that the
model generates chaotic dynamics using computer simulations.

Adopting piecewise linearity to the Phillips curve has a distinct advantage over other
types of nonlinearities. In fact, we show in the sequel that the piecewise linearity of the
Phillips curve allows us to derive certain exact analytical results using a direct calculation,
which otherwise could not be obtained when the Phillips curve is assumed to have smooth
nonlinearity. For instance, our two-dimensional model is rigorously shown to have a
transverse homoclinic point (explained in Section 2.3), which implies the existence of a
horseshoe, that is, a chaotic invariant set. However, the same could hardly be shown for
the Soliman’s model, which is equipped with a specific smooth Phillips curve, without
relying on numerical methods.

It is worth emphasizing here that establishing the existence of chaos in a higher-
dimensional model is not impossible buffiiult without computer assistance, even when
the model is completely specified. In fact, the economic literature contains few higher-
dimensional economic models that are analytically established to be chaotic. See Yokoo
(2000) and Chen and Ming (2008) for OLG models; Onozaki, Sieg, and Yokoo (2003)
for a cobweb model; Brock and Hommes (1997) for the heterogeneous belief model;
and Droste, Hommes, and Tuinstra (2002) for a Cournot-type duopoly with heteroge-
neous belief. These economic models are established, in a certain sense, as chaotic when
the systems are two dimensional but close to a one dimensional. However, owing to
piecewise linearity, we can show that, without relying on numerical methods, our model
exhibits chaos as well as other nonlinear phenomena, including coexisting periodic attrac-
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tors when the system is far from one dimensional. In this sense, the model we present in
this study is a tractable exception to the double meaning.

The remainder of this paper is organized as follows. Section 2.2 constructs our model.
In section 2.3, we show that our model can exhibit infinitely many periodic orbits coex-
isting with chaotic invariant sets for a certain set of parameter values. In section 2.4, we
show that our model is capable of exhibiting periodic attractors coexisting with chaotic
invariant sets. Section 2.5 provides concluding remarks. Some mathematical proofs are
delegated to the appendices.

2.2 Model
First, we formalize three macroeconomic relations as in Blanchard (1997).
mn = f(w)+arg, 0<ac<l; (1)
U = —B(G—0n)+Ww, b>0; (2)
O = M-m. (3)

Eq.(1) describes the expectations-augmented Phillips curve. The gap between the actual
inflation raterr; and the expectated inflation ratgis related with the unemployment rate
W through the functiorf. The subscript denotes time that discretely extends from O to
infinity. Eq.(2) represents the dynamic version of Okun’s law. According to this formula,
if the output growth rate is above the natural rate of grogytithen the time variance of
unemployment decreases. Eq.(3) presents the equilibrium condition in the money market.
We assume here that the growth rate of nominal momeis constant over time.

We will call the graph of the functiori the Basic Phillips curve, because if, instead
of Eq.(1), we would relate to u, directly asm; = f(u;), it would represent the Phillips
curve prior to augmentation with expectations. We assume that the Basic Phillips curve
has a piecewise linear form represented by

(4)

—a;U; + b]_ if U < T
f(w) = )
—au+by, if u>T,

wherea; > a, > 0,b; > b, > 0, and

Db
a; —

In addition to these formulations, we adopt a framework of backward-looking expec-
tations for the inflation rate. To focus on the role of nonlinearity in the Phillips curve in

1There have been debates about the shape of the Phillips curve of the United States whether it is convex
or concave with respect to the unemployment level. See, for example, Laxton et al. (1999) about such
debates. Since we merely focus on a set of specific parameter values for the Phillips curve, we assume that
our Phillips curve has convex shape in terms of unemployment for the time being.
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terms of unemployment, we keep the formulation of expectations for the inflation rate as
simple as possible. Thus, we choose the static expectations to describe the dynamics of
the inflation rate, that is, we assume

7T$+1 = Tty (5)
Egs.(1) through (5) can be reduced to the following second-orélereince equation:
Utz = (1+ @ — &) U1 — at + [(b + m(a - 1)], (6)

wherei = 1ifu,i <Tandi=2ifu,1 >T.
Now, we introduce new variables as follows:

w=Cy+T and VY.i=X
with

_ Bl(asbz — ab;) — m(ay — a)(1 - a)]
B a — ’

C

The change of variables transforms equation (6) into the map:

F'( X)H( (1+a—ﬁa)x—ay+1)
1y ,

X

(7)

wherei = 1if Cx< 0 andi = 2 if Cx> 0. We can easily see that the miags invertible.
In fact, the inverse map~! is represented by

() y )
\y —I(x-(1+a-pa)y-1) )

wherei = 1if Cx<0andi = 2if Cx> 0.

In addition, note that the dynamics of (7) directly depends on the paranaetessg,
anda. Other parameters such lag b,, andm influence the dynamics through In this
study, we focus on the case whée< 0, which occurs, for example, when the growth
rate of nominal monewis relatively high.

2.3 Area preserving casew = 1

We begin our analysis drawing on special case whet€l. In this case, the expectation-
augmented Phillips curve (1) with Eq.(5) is representegby,_, = f(u). Since it relates
the change in inflation to the level of unemployment, it is often calleddteelerationist
Phillips curve

In the rest of this paper, we present the nkapsF, to emphasize parameter depen-
dence. For = 1, the mag~, becomes

Fl:(;),_)((Z—ﬁaa);—y+l)’ ®)
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wherei = 1if x> 0 andi = 2 if x < 0. For each point in the plane, the Jacobian deter-
minant of the map (8) is unity. In this case, the map is referred to as an area preserving
map.

Now we deal with a more specific case. We assame 3,a, = 1, andB = 1. Then,

the map (8) is given by
= [ X X -y+1

The overline ofF represents the restrictions of the parameter values. This specific map
(9) is well studied by Aharonov et al. (1997).

Figure 1: Fixed point, periodic points of period four, and an orbit for some initial condi-
tion of the map (9).

Fig.1 depicts the fixed point, periodic points of period four, and an orbit for some
initial condition of map (9). We briefly discuss the features of these orbits.

Fig.1 illustrates the polygonal regions and that an orbit wandering on the plane in a
complex manner avoids the polygonal regions. The dynamic behaviors on these polygonal
regions, however, turn out quite simple. The map (9) has a fixed po@ét ?) LetJ be
a Jacobian matrix of map (9). In the neighborhood of the fixed pdiistgiven by

J= ( _11 _01 ) (10)

1The fixed point and periodic orbit depicted in the figure are neither an attractor nor a repeller.
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and thus,J® = Id. It is easy to see that the maximal neighborhoo@%o%), on which

J3 = Id, is a triangle with vertices at (D), (0, 1), and (Q0). Therefore, all points within

the triangular regions, except the fixed point, have period 3. The map (9) has the periodic
points of period four at (3-1), (-1, 3), (-3,-1), and £1, —3). LetJ, be a Jacobian matrix

of the fourth iterate of the map (9). In the neighborhood of the point13, for instance,

J4 is given by

w=(4 5) a1)

and thusJ§ = Id. Therefore, all points in the neighborhood of each periodic point have
period 24.

On the other hand, it can be slightlyfiitult to understand the dynamics outside of
the polygons. Here, we provide an elementary and geometrically intuitive proof of the
occurrence of chaotic behavior. More specifically, we attempt to find a transverse ho-
moclinic point, which is a point on which the stable and unstable manifolds of a fixed
point intersect transversely. If such a point exists, then according to the Bi&hwale
homoclinic theorem, there exists a “horseshoe,” that is, a chaotic invariant set. See, for
example, Guckenheimer and Holmes (1997) for more details.

Proposition 1. The map F given by (9) is chaotic. In fact! Ras a transverse homoclinic
point and therefore a horseshoe.

Proof. First, we can easily check that the miphas a period four saddle cycle that
consists of periodic pointg; = (1,1), p> = (-1,1), ps = (-1,-1) andps = (1, -1) such
thatpi,; = F(p) fori = 1,2, and 3 andp; = F(ps). Let A be the set bounded by the
threshold lineyy = -2x+ 2,y = —x+ 1, andx = 2 with x > 0. And letB be the set
bounded by the threshold lings= 1x + 1 andy = 2 with x < 0. See Fig.2. Minor
consideration shows that the fourth iteraté-afestricted toA, Ff}v is given by

X 3X+y-3
Fl‘;:(y).—»( —xiz ) (12)
Similarly, the fourth iterate oF restricted toB, Fr‘B, is given by
4 . XV [ x-y+ 1 (13)
B \y -X+2y-2 )

Now, we calculate the stable manifoldfg®* and the unstable manifold& of the
fixed pointsp; (i = 1,2,3,4) for F*. A simple calculation shows that"(p;) crosses
the line segmeny = —-2x + 2 atc = (%ﬁ V5 - 2). However, (12) maps the poict

to F(0) = (12, 25%) e B, which implies that(p;) does not kink up tc~(c) from

2 2
p:. Since the slope oW3(p,) is ‘F5T‘1 W(p,) transversely intersects with/*(p,) at
pr = (2— V5, -3+2+/5). Thatis,p, € W¥(p1) "WS(p,) is a transverse heteroclinic point.
See Fig.2.
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By the same argument, together with the symmetric nature of the map, we can see that
WH(p2) NW3(ps), WH(p3s) NW3(ps), andW(ps) "W3(p;) each has a transverse heteroclinic
point. Take a dis®"Y c WY(p,) such thatp, € D"Y. Take another disBY c WY(p,)
such thatp; € DY. Then, by successive application of Paligeemma (see e.g. Palis and
de Melo (1982), especially, Corollary 1, p.85.), we can see that fibicently largen,
F4"(DHY) contains a dis®YY which is suficiently C-close toDY. This says that there
is a transverse intersection\df(py) N W3(py). |

e

B

Wsloc(pZ)

Figure 2: Formation of a transverse heteroclinic pgint W (p1) N Wg.(p2). Dotted
lines represent the thresholds of the fourth iterate of map (9).

Fig.2 presents the local unstable manifalf}.(p:1) and local stable manifold&} (p.).

Here, with the help of computer simulation, we are able to observe the structure that
generates complex dynamics. Fig.3 depidp;) andW!(p;) (i = 1,2, 3,4). The invari-
ant manifolds form a complicated structure called homoclinic tangles, which are accom-
panied by the Smale’s horseshoe.

Finally, it should be noted that the long-run behaviors of macroeconomic variable are
gualitatively dfferent depending on initial conditions. Since our dynamical system is
area-preserving, there are no attractors. Therefore, depending on the initial contidions,
one trajectory can be periodic while the other is chaotic even in the long run.
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Figure 3: Stable and unstable manifolds of periodic points of map (9) (The invariant
manifolds transversely intersect infinitely many times and form homodfieieroclinic
structures that induce chaotic behaviors.)

2.4 Dissipative case o # 1

In the previous section, we analyzed the area preserving case. Although there are some
interesting dynamical features, such a case may be regarded as somewhat pathological
in economics. Indeed, some properties in the area preserving case disappear with slight
perturbation of degree. In this section, we analyze the case where 1. In particular,

we focus on the case where degrees slightly perturbed from unity. As a result, we
demonstrate the coexistence of periodic attractors and a chaotic invariant set.

_As in the previous section, we lai = 3, a, = 1, andB = 1. In this setting, the map

F, is represented in the following two parts:

F—;:(X)H(ax—a’y+l) (14)
y X
if x<0and
F—;:(X)H((Q—Z)X—ay-l—l) (15)
y X
if x> 0.

25



The following propositions demonstrate the coexistence of an attracting fixed point
and periodic cycle whose period is larger than one.

Proposition 2. For « < 1, but syficiently close tdl, the mapF, given by (14) and (15)
has an attracting fixed point.

Proof. See Appendix. O

Proposition 3. For @ < 1, but syficiently close tdl, the mapF, given by (14) and (15)
has an attracting period-four cycle.

Proof. See Appendix. |

Note that since the periodic points in the propositions are hyperbolic, the propositions
are true for &, ap, ) suficiently near (31,1). More importantly, the horseshoes shown
in the previous section persist for arg(a,, 8) suficiently near (31, 1) owing to hyper-
bolicity. Accounting for this fact, we summarize propositions 1 through 3 as the following
theorem.

Proposition 4. Let C < 0. If (o, a1, a,8) ~ (1,3,1,1), anda < 1, then map F given by
(7) has multiple attracting cycles and chaotic invariant sets.

The proposition impliesransient chaosThat is, even if a trajectory ends up converg-
ing to an attracting cycle, it may continue to fluctuate in a complicated manner for a long
time. Fig.4 (a) and (b) depict a time series that converges to an attracting fixed point and
an attracting period-four cycle, respectively. In both cases, we observe complex transient
motions in the early stage.

Remark 1. Even if C > 0, we show the same result as the theorem above using proofs
similar to those for propositions 1 through 3. In such a case, we find that an attracting
fixed point, attracting period-five cycle, and chaotic invariant sets coexist. However, we
omit such a case because it significantly increases the length of this paper.

26



1.2 T T T T T T T T T

X g X x
»
1 F ISABA i
x x %X
X
x x x
x x %
x  x < x %
x
08 = . L5 .
. M "
X X x x
- x‘soe?‘x s
x
x
x
0.6 | ; 4
x
x
. M
x X
&
Xx
- x X
. x x
%
x %
M %
R x
X
% S«
x
x x
02} - -
. x
X
x x )
x % <
X
o x o oxx % il
x 2 2
x X x % e
% PR e x
*
0 - LK o X Xx x .
X X X
x SRR o X .
x So X T Xk T %
x x b M

_0-2 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

t

(a) Unemployment levels that converge to an attracting fixed point.

6 T T T T T T T T T
B
4 F . ]
b 1% 20 0000smaoascooonad
2 - -
0 L -
- " X W
X x ;Wx( M»;xxx xx o {x&xifx:fiw):&wwm
o2k O i
" % x
x B¢ x
R
. BT T MR-
al « IRt 8
= x XX
6t 4
_8 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500
t

(b) Unemployment levels that converge to an attracting period-four cycle
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anda = 0.95.
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2.5 Concluding remarks

In this study, we introduced a piecewise linear Phillips curve in a simple inflation—unemployment
model to show that it exhibits rich dynamics. Piecewise linearity allowed us to visually
capture the geometric structure that generates complex behaviors.

More specifically, we first found that our model is an area preserving map for some set
of parameter values. In this case, the model exhibits infinitely many periodic and chaotic
orbits.

Next, we showed that the model close to the area preserving case has coexisting peri-
odic attractors with transient chaos because of the Smale’s horseshoes. This implies that
a trajectory with its initial point near a horseshoe may converge to a periodic (including
period one) attractor but exhibits complicated transient fluctuations. If exogenous shocks
are added to the model, the complicated behaviors inherently induced by the chaotic in-
variant sets might be more persistent. However, since we cannot ignore such exogenous
effects in the real economy, our findings can, to a certain extent, explain the mechanism
of non-stationary and complex behaviors of macroeconomic variables.

Finally, we point out that our model is expected to generate another type of chaotic be-
havior. In fact, computer simulations by the author suggest that the model exhibits strange
attractors for other sets of parameter values. We, however, leave for future research.

2.6 Appendix
2.6.1 Proof of Proposition 2

Proof. Clearly, the mag, has a fixed poin(1 1). Now, we can easily check that the

_ 323

Jacobian matrix oF; has conjugate complex eigenvalues
~1+iv3
/1172 = 2 .

For a smoothr dependence of the eigenvalues, the Jacobian matﬁ_g also has conju-
gate complex eigenvalues farsuficiently near 1. In addition, the Jacobian determinant
of F! isa < 1. Therefore, the absolute value of the eigenvaluesislessthan1l. O

2.6.2 Proof of Proposition 3
Proof. Recall that the map; has periodic points in period four at
(3,-1),(-1,3),(-3,-1),and ¢1,-3).

We expect that the periodic points corresponding to those of theFmagist for  suffi-
ciently near 1. In fact, we directly calculate such a point because of linearity.
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Recall matrix (11). The Jacobian matrix B_f restricted to the neighborhood of the
point (3 —1) has conjugate complex eigenvalues

1+ivV3

12 = 2 >

whereF" represents the-th iterate of the mag-. For a smoothr dependence of the
eigenvalues, the Jacobian matrixrff restricted to the neighborhood of the point43)
has conjugate complex eigenvaluesdasuticiently near 1. The straightforward calcula-
tion shows that the Jacobian determinanEgfestricted to the neighborhood of the point
(3,-1) isa* < 1. Therefore, the absolute value of the eigenvalues is less than 1. O
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3 Chaotic Dynamics of a Piecewise Smooth Overlapping
Generations Model with a Multitude of Technologies

3.1 Introduction

There is no doubt that the overlapping generations (OLG, hereafter) model is one of the
most popular dynamic economic models in the literature. Especially, the OLG setting
plays an important role in constructing an endogenous growth (or business) cycle model,
which exhibits, without external shocks, a perpetual periodic or chaotic (i.e., random-
looking but deterministic) fluctuation. In early literature, a few prominent examples of
such perpetual fluctuation in an OLG model can be found in the studies by Benhabib and
Day (1982) and Grandmont (1985).

Matsuyama (2007) presents an OLG-type model of credit cycles induced by finan-
cial imperfections; he shows that the model has the capability to exhibit several dynamic
growth patterns, including perpetual fluctuations. Asano et al. (2012) focus on a special
case of the model by Matsuyama (2007) and show that, in such a case, the model can
exhibit periodic and non-periodic fluctuations. lwaisako (2002) investigates a situation in
which investors can choose from among two production technologies—constant returns
to scale and increasing returns to scale—and shows several dynamic patterns such as per-
petual fluctuation and permanent economic growth. It should be noted that, in the above
studies, each model can eventually reduce to a one-dimensional map with discontinuity.
In these models, the set of parameter values for which a complex fluctuation can appear is
extremely “thin” even if there exists a complex fluctuation theoretically. In other words,
the chaotic motions cannot be observed virtually.

Along this line of discrete choice in an OLG model, Umezuki and Yokoo (2018)
construct an explicit OLG model in which the firm faces a binary choice problem related
to the choice of technology (represented by the Cobb-Douglas production function of
constant returns to scale). Similar to the above studies, our model can eventually reduce to
a piecewise linear map with discontinuity. Such piecewise-linearization, similar to Asano
et al. (2012), helps us to directly apply to our model some useful results borrowed from
prior studies on mathematical neuron models. The employment of this method completely
characterizes the existence and occurrence of periodic fluctuations in the model. However,
the model also cannot virtually reproduce complex fluctuations, because it has a small set
of parameter values for which there exists non-periodic fluctuation in the model.

Of course, we can frequently obsenvenperiodic, complex fluctuation of economic
variables in the real world. Therefore, it is natural that, along this line, we develop a
model that can virtually reproduce the chaotic fluctuations in the long run. Especially,
this study aims to extend the model in Umezuki and Yokoo (2018). To do this, our idea is
to smooth the map with discontinuity through some modifications. If this new piecewise
smooth map has flicient nonlinearity, we can easily conjecture that the model has the
capability to generate observable complex fluctuations.

It must be noted that the approach to smooth the discontinuous model has been dis-
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cussed in context. Yokoo and Ishida (2008) introduce imperfect observability, which
they call misperception. It is represented by a parameterized random variable in the state
variable to smooth Ishida and Yokoo’s (2004) piecewise linear model with discontinu-
ity, which is a macroeconomic, but not an OLG, model with discrete choice. Asano and
Yokoo (2019) also adopt this idea into the model in Asano et al. (2012) and investigate
the chaotic dynamics. However, in general, the abovementioned smooth model with im-
perfect observability is too general to investigate its dynamics in detail. Indeed, these
studies make a somewhat strict assumption about misperception, in which the model can
reduce to a piecewidamear map. Although such linearization gives us depth and clear
results about the complex dynamics of the model, there is a tfidbleoveen tractability

and generality in this method.

On the other hand, in this study, we use a more primitive and intuitive way to smooth
Umezuki and Yokoo’s (2018) piecewise linear map with discontinuity. There is only one
modification: we assume that the firm facesomtinuouschoice problem of technology
rather than a binary choice problem. As a result, we can transform, without additional as-
sumption, a piecewise linear model with discontinuity into a continuous piecewise smooth
model that can virtually reproduce the chaotic motion and is tractable enough to inves-
tigate such a fluctuation. In this sense, our model can cope with both generality and
tractability. Matsuyama (2013) and Matsuyama et al. (2016) adopt the same method,
which assumes a continuous choice instead of discrete choice, to smooth the discontin-
uous model in Matsuyama (2007). However, our model is simpler than Matsuyama’s in
terms of the story and motivation behind the modeling.

To study the complex dynamics in continuous piecewise smooth maps, we adopt two
approachesborder collision bifurcationand Markov property That is, we obtain two
different characterizations of chaotic dynamics in the model. The first approach includes
a bifurcation that occurs in piecewise smooth, piecewise linear, and piecewise non-linear
maps. This theory reveals the bifurcation from a globally attracting steady state to other
non-stationary behaviors using only local information in the system. Especially, we can
completely characterize the bifurcation from an attracting steady state to another non-
stationary attractor, such as periodic cyclesbaotic bundles Gardini et al. (2008)
and Matsuyama et al. (2016) use the border collision bifurcation theory to investigate
the chaotic dynamics in their models. Second, we find that our model can have a special
property—a Markov property for some sets of parameter values. If the model has such
a property, we can easily establish and characterize its complex dynamics. Yokoo and
Ishida (2008) and Asano and Yokoo (2019) find the Markov property in their piecewise
linear models to analyze the chaotic dynamics. Therefore, from a technical viewpoint,
our model has an advantage against the preceding models because we can characterize
the chaotic fluctuations in the model using twéfelient approaches.

The remainder of this paper is organized as follows. Section 3.2 re-examines the OLG
model with a binary choice of technologies. Section 3.3 derives the piecewise smooth
model by introducing a new assumption, a multitude of choices in the technologies, into
the OLG model with a binary choice setting. Section 3.4 describes the border collision bi-
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furcation theory characterized by routes from the globally attracting steady state to other
non-stationary cycles, including chaotic fluctuation. Section 3.5 reveals that the capabil-
ity of the model has a Markov property for some set of parameter values. Section 3.6
concludes the study. Some mathematical proofs are delegated to the appendices.

3.2 The model under binary technology choice

In this section, for the reader’s convenience, we re-examine the base model of this study.
(See Umezuki and Yokoo (2018) for more details.) We consider a Diamond-type one-
sector OLG model that is modified further. Time is discrete, thats,0,1,2,---, and
the agents live for two periods. A young household supplies one unit of labor inelastically.
We keep the utility functiony, of the household as simple as possible; this allows us to
assume that it is in the form of a log-linearized Cobb-Douglas production function, that
is,

u@,cy) = (L-9logc! + slogcy,;,  se(0,1), 1)

wherec! denotes the amount of consumption of the young generation born at, tame
cy,, denotes the amount of consumption of the old generation living atttimg. The
utility given by Eq.(1) is maximized under the following constraints:

d+s=w and ¢, =ruS, 2)

where s, w;, andry,; are the amounts of saving, real wage rate, and real gross rate of
return, respectively. The maximization yields

S = SW. (3)

The final good,Y;, which is perishable, is produced by the firm. Unlike the common
OLG models, we assume that there are two types of production technologies. We also
assume that, at the beginning of every period, the firm faces a discrete choice problem
related to the choice of technology. For simplicity, all the technologies are specified as
the Cobb-Douglas of constant returns to scale:

Y, = Fa(Ki, L) = AKZLI?  and
Y, = Fp(Ky, L) = BKPLI,

whereA, B > 0 is the total factor productivity, and @ a < b < 1 is the capital share of
the production of technology. In the per-capita form, we can write

Y = fi(k) = Fi(k., 1), (4)

wherey; = Y;/L, ke = K¢/L¢, andi € {a, b}. We assume that the firm’s owner, who belongs
to the old generation, chooses technology that earns the highest return. For simplicity, we
assume that when the highest rates of return are tied among two technologies, technology
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1 characterized bya( A) is chosen. Subsequently, the usual first-order conditions with the
technology choice are represented by

o = f(k), (5)
we = fy(k) - kefj(k), and (6)
J = argjgpa%;d,-’(k{). (7)

The market clearing condition,
k{+1 = S9 (8)
with Egs.(3), (6) and (7) generate the dynamic model in the following form:

[ sAl-akt 0<k <k
Kira = { sB1-bkP k< k, ©)
where AqL/6-a)
A a
k= [@] . (10)

It is clear that if EqQ.(9) has a positive fixed point, it would be globally attracting. As
we are interested in non-stationary behaviors, we examine the case where Eq.(9) has no
positive fixed point. The following lemma shows that there is a parameter set for which
Eq.(9) has no positive fixed point.

Lemma 1. Let ab € (0,1) with a < b, B> 0, and s€ (0,1) be given. Subsequently,
there exist A~ 0 and A > 0 with A < A such that map (9) has no positive fixed point for

Ac (AA).
Proof. See Umezuki and Yokoo (2018). O

Finally, by defining a new variablg as

_ log |k/S(1 - b)BK]

= 11
X~ logb(l—a)/a(l-b)’ (11)

Eq.(9) can reduce to the following piecewise linear map on the unit interval:

3 _J1+ax-c if 0<x<c,
X1 =T04) = { b(X - ©) if c<x <l (12)
where 1| b | 5
~—log [aA/bB] —logs(1 - b)B

c= ofs A) = b g[aA/bB] —log (1 - b) (13)

logh(1-a)/a(l - b)
It is interesting to note that Eq.(12) can be identified with a simplified version of

Caianiello’s equation in the neural networks, whose original model is proposed by Ca-
ianiello to describe the behavior of a “model of brain” or “thinking machine”; this model
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is studied by Nagumo and Sato (1972) in detail. Additionally, Hata (2014) comprehen-
sively analyzes this type of equation, and we utilize this author’s analysis results for the
mathematical neuron model to study economic growth.

When investigating Eq.(12), the position of threshe(gl A) on the unit interval plays
an important role. The position of the threshold characterizes the dynamical property
of the model. Generally, for a given value @fEq.(12) has either a globally attracting
periodic cycle or a non-periodic attractor.

The following lemma shows that threshal(, A) can take any value within the range
of (0, 1), independently of parameteasandb.

Lemma 2. For any ab € (0,1) with a < b and any ¢ € (0, 1), there exist s€ (0, 1) and
A" € (A, A) such that ¢s*, A*) = c*.

Proof. See Umezuki and Yokoo (2018). O
Now, we restate the existence of a periodic orbit in the model.

Proposition 1. For each irreducible fraction pq € (0, 1), there exists a closed interval
A(p/q) c (0,1) such that if ¢s, A) € A(p/q), for any xe (0, 1), the orbit of x converges
to some periodic orbit of period q.

Proof. See Hata (2014), Theorem 4.2 on p.36 and Theorem 10.1 on pp.117-11&

Thus, we can almost completely grasp the periodic dynamical features of the model by
verifying to which closed interval threshottbelongs. Moreover, owing to the piecewise
linearity of the model, we can exactly calculate the left and right endpoints of the closed
interval A(p/q) for any p/g. See Umezuki and Yokoo (2018) for more details on this
point.

Next, we can consider the following set:

r=po [J Awpa.

p/gel0,1]nQ

Setl is the remainder obtained from the unit intervalIPby Deleting the infinite closed
intervals. Ifc € I', Eq.(12) has a non-periodic attractor.

Proposition 2. If ¢(s, A) € T, for any xe (0, 1), thew-limit set of x; thatis(\;"q Uren Clt€ (X),
is some compact and totally disconnected uncountable set on the unit interval.

Proof. See Hata (2014), Theorem 7.4 on p.80 and Theorem 8.5 on p.90. |

In the proposition, & represents closure of s&t We can conclude that, fafs, A) €
I', Eq.(12) has global non-periodic attractor; it implies that once such a threshold value
is chosen, the economy would fluctuate in a non-periodic manner in the long run for
anyinitial condition,. However, the fact is that sétis extremely “thin.” The Hausdér
dimension of sel" is zero. This implies that this base model cannot virtually reproduce
non-periodic fluctuations in the long run.
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3.3 The model under continuum technology choice

In what follows, we modify the base model examined in the previous section to construct a
simple, tractable, OLG model with technology choice to virtually reproduce non-periodic
fluctuations in the long run.

To do this, we make only one modification. We assume that the firm faces a continuum
of technologies. That is, there is a continuum of production functions,

Y = Fo(Ke L) = AKPLE?, e e [ab],

and the firm can choose this before the production of a good. Here, we also assume that
the parameter of total factor productivity, givenAaandB in the binary choice setting, is
constant through all technologies.

Therefore, we face the dynamic model in the following form:

kt+1 = S'A(l - a)lqya (14)
@ = arg max.cap {Acky Y}, and k> 0.
It is easily shown that is given by
a k <es,
@={ —phe, it es <ks<ed, (15)
b, eb <k
Subsequently, we have the following piecewise-smooth dynamic model:
B(1-a)k?, kk <es,
kr =1 B(1+ ol )k ™, if e3 <k<ed, (16)
B(1 - b)k?, et <k,
whereg = sA
By defining a new variablg = logk;, Eq.(16) turns out to be
hi(yr) = ay: + logB(1 - a), o= -1,
Yo = h(y) = { he(y) = log(1+ 3) +logB -1, if -2 <w<-¢  (17)
ha(yt) = by + log (1 - b), —% <M

Fig.1 depicts the graph of map (17), which has a fixed poifi —1).
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Figure 1: The graph of Piecewise smooth map (17), which has a fixed pc('mgjpr%).
a=07,b=0.85,an®p = 4.

The graphical argument shows that if Eq.(17) has a fixed poiien -2 | or [~ £, ),
it would be globally attracting. Elementary algebra shows the following proposition that
detects the set of paramefee sA for which the model exhibits the globally attracting
steady state.

Proposition 3. Let

1 1-
B(u,v) = —1_\/eXp(——u u)’ O<uv<l

For any a< b, if 8 < #*(a. a) or #(b. b) < 8, map (17) has a fixed point dp-eo, -2 | or
[—%, oo), respectively.

Here, it should be noted that, for aay b, we haves*(a, a) < 8*(b, b).

As we are interested in non-stationary behaviors, we examine the case wherein Eq.(17)
has a positive steady state on the inter&ai,—%). That is, we mainly focus on the
following case:

B(a.a) <p<p'(bb).
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Let us further classify the model. It is evident that every trajectory generated by (17)
eventually enters the trapping interdal= |hy(-1), hl(‘i)] and never leaves it. Thus, to
study the long-run behavior of the model in this situation, it ifisient to focus on the
dynamics of the trapping intervdl, It must be noted that, depending on parameter values
a andb, we face the following two scenarios.

a-b (1-Db)
1 If —— > |
ab ~ 9(1-a)
e If B*(a,a) < B < B*(b,a), thenT contains the right threshold only.
o If B*(b,a) < B < B*(a,b), thenT contains all the thresholds.

e If B*(a,b) < B < B*(b,b), thenT contains the left threshold only.

a-b (1-Db)
2. If W < |Og(1_a)
e If B*(a,a) < B < B*(a,b), thenT contains the right threshold only.

e If B*(a,b) < B < B*(b,a), thenT contains no thresholds.

o If B*(b,a) < B < B*(b,b), thenT contains the left threshold only.

, theng*(b, a) < B*(a.b). We have the following cases:

, theng*(a, b) < 8*(b.a). We have the following cases:

If T contains only the right (left) threshold, the model can be regarded as a unimodal
map. On the other hand, T contains both thresholds, the model reduces to a bimodal
map on the unit interval. Finally, if contains no thresholds, the model can be regarded
as a monotonically decreasing map, which can have a periodic cycle at most period two.
It is reasonable that we omit such an insignificant case.

As we will see later, both unimodal and bimodal maps in our model are capable of
generating chaotic behaviors. We investigate the chaotic dynamics of the unimodal and
bimodal cases in sections 3.4 and section 3.5, respectively.

3.4 Chaotic dynamics : Border collision bifurcation

In this study, we adopt two approaches to investigate the chaotic behaviors in the model.
In this section, we deal witlborder collision bifurcationto investigate the dynamical
property of the unimodal case. In this case, we can locally, but almost completely, char-
acterize the bifurcation from a globally attracting steady state to non-stationary behaviors;
that is, bifurcation from a globally attracting steady state to a periodic cyclebaatic
bundle Roughly speaking, a one-dimensional piecewise map may undergo border colli-
sion bifurcation when the 45 degree line touches the graph of the map at its non-smooth
boundaries. Therefore, in our model, border collision bifurcation occurs Wiesceeds
B*(a,a) as well a3 approacheg*(b, b). To avoid increasing the length of the paper, we
focus on the former case, in which the model can be represented by a single peaked uni-
modal map. Of course, the same analytical method is adopted for the latter case, in which
the model can be represented by -&haped unimodal map. In section 3.4.1, we briefly
discuss some mathematical results for border collision bifurcation. In section 3.4.2, we
adopt the results to our OLG model with technology choice.
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3.4.1 Some mathematical results from border collision bifurcation

All results in this section follow from Nusse and Yorke (1995).
Before we examine the piecewise smooth map (17), we consider the following piece-
wise linear map:

Fouvs = { T e (18)

wX+1 0<X

with 0 < v; < 1 andv, < —1. For convenience, let
D= {(Vl, Vz) 0<vi <1 and vy < =1}

Note that the above map is typologically conjugated with the following map:

| ovix+pu x<0
F’“‘_{,vzx+u 0 < X, (19)

for all u > 0, which undergoes border collision bifurcation whea 0.
First, we state the existence of the periodic orbit in map (18).

Theorem 1. (Nusse and Yorke, 1995)
For integer m> 2, let

11—yt
— . 1-m 1
Pm = {(Vl,vz) eD:i-v << m}
"1 "1

If (v1,v2) € P, F,,.,, has a period-m attractor. Moreover, the set
{X: w-limit set of x is not the period-m attractpr

Has Lebesgue measure zero.

Proof. See Nusse and Yorke (1995). |

_,ym-1 )
Let yn, be the intersection of, = —v}‘m andv, = % Note that, for any integer
i ™™
Mm>> 2, vm:1 < ym- Moreover, ify; < yy for someN,

L (mr1)-1 _om-1
_ ) 1-v; < _yAm 1-v]

1 (m+1)-1 (m+1)-2 1 m-1_ . m-2
V]_ - Vl Vl vl

for anym < N. Therefore, the family of setB,, is pairwise disjoint. Fig.2 depicts the
P,, P3, P4, andPs on the ¢4, v2)-plane.
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Figure 2: Set$>,, P3, P4, andPs on the ¢4, vo)-plane. If ¢1,v2) € Py, map (18) has an
attracting periodk cycle.

Next, it is reasonable that we examine the case whergjm) € D\ Jmso Pm = Z.
That is, if (r1,v2) € Z, mapF,,,, has a chaotic attractor in the sense that there exist no
periodic attractors, and, for any the trajectory ofx has a positive Lyapunov exponent.
Hereafter, we call sef the chaotic region Moreover, if(v?, vg) € X, we call such a pair
the chaotic pair.

We discuss the chaotic region for more details. (Iy%ivg) be any given chaotic pair.

DefineL (v‘l’) for the intersection of the vertical line and chaotic region, that is,
L(v?) = {(vl, Vo) EX vy = vg}.

Let m be the integer for which the “top” of the componenth(fvg) that contains{vﬁ, vg)
is the boundary of se,. Moreover, letCy (v9) be this component df (13). It is clear

that there are two cases wherép vg) is bounded or unbounded. Fig.3 depicts some
examples of seC,, on the ¢4, v,)-plane.
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Figure 3: Some examples of 98¢, on the {1, v,)-plane. Set€,(v,), Cz(v) andCy(vy)
are bounded, while sét,(vgr) is unbounded. Note thdt(vg) = Cy(vg) andL(v,) =
C2(V|_) U C3(V|_) @) C4(V|_) U....

As we will see later, in our model, we only have to consider the case whereir2
andCp, (12) is unbound. Therefore, we simply defiGg (v9) asC (12). Considering this,
we state the existence of the chaotic orbit in map (18) as follows.

Theorem 2. (Nusse and Yorke, 1995, with some modificatitns
Let (v1,v2) € C be a chaotic pair and assume th@at, v,) € C(v1). There exis{vy,v,) €
C(v1) and(vy, 72) € C(v1), for whichv < ¥ < —v;* such that the following hold.

1. If ¥ < v, < =v{*, map F,,, has a2**1-piece chaotic attractor for somex 1 (depend-

ing onvy and,). In addition, ifv2 < $ (V5 - 1), then k= 1.

2. If v < v, < ¥, then F,,, has a two-piece chaotic attractor.

3. If v, < v, then F,,, has an one-piece chaotic attractor.
Proof. See Nusse and Yorke (1995). O

We have seen the periodic and chaotic dynamics generated from border collision bi-
furcation on the piecewise linear map (18). The following theorem translates the above re-
sults to general border collision bifurcation results for piecewise, smooth, one-dimensional
nonlinear maps.

IHere, we only consider the case whergir: 2 andCy, (v?) is unbounded.
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Theorem 3. (Nusse and Yorke, 1995)
Let G: R x J — R be a piecewise smooth map. Assume that G has the isolated crossing
fixed-point property a{Xo, 1o). Let m> 2 and k > 2 be any integers. Define, =

H G : G
liM g5 52 (X, o) @ndv, = limyx, 92(X, wo). Then,

(i) if (v1,v2) € Pn, G exhibits border-collision bifurcation from a fixed-point attractor to
a period-m attractor a{x, u) = (Xo, to)-

(i) if (vi,v2) € Xk, whereXy = Int{(v1,v,) € X : F,,,,has a k-piece chaotic attractpr
G exhibits a border-collision bifurcation from a fixed point attractor to a k-piece
chaotic attractor at(x, u) = (Xo, o)-

Proof. See Nusse and Yorke (1995). O

The property called théolated crossing fixed-point propertyay be a somewhat
unfamiliar notion; however, it is not an unusual property. Indeed, our model has this
property and can be adopted to Theorem 3.

Proposition 4. Map (17) has the isolated crossing fixed-point propertfyag) = (—g,ﬁ*(a, a)).
Proof. See Appendix. O

3.4.2 Border collision bhifurcation on the OLG model.

In this section, we detect the periodic and chaotic dynamics generated from the border
collision bifurcation in our model.
We now consider the following unimodal map:
oy _ | ay) = ay +logp(1 - &) Ve < —5
Vis1 = h(yy) = { ho(y) = log(1 + )%) +logs -1 _% < )Z < _%. (20)

As we have seen in Proposition 4, map (20) has the isolated crossing fixed-point prop-

1

erty at(y,p) = (—a,ﬁ*(a, a)), and therefore we can adopt Theorem 3 into the model. Now,

we have the following:

vy = lim a—h(x,ﬁ*(a, a)=a and (21)
y1-1 0y

2

oh a
= lim —(x.p’ =-—
ve= lim gy P (BA) = -1

(22)

It should be noted that, in our model, we cannot takeind v, independently. Fig.4
depicts line
2
V1

Vo =

(23)

B 1- V1 ’
on the ¢4, v2)-plane. We have only to examine the parameter set;0¥4) on this line.
In the figure, the left white circle represents intersections of two lines, —1 and (23).
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On the other hand, the right white circle represents intersections of two ﬁf\%,—v—ll
and (23). The/; coordinate of the left and the right white circles are givenvbgndv**,
respectively. Subsequently, we easily see that #5 ~ 0.618, and/** ~ 0.682 which
is a root of the equatio + v; — 1 =01in [0, 1].

2
Figure 4: Linev, = —=- on the ¢1v2)-plane. Fora > v**, our model has the capability
to generate chaotic dynamics induced by border collision bifurcation.

First, we can immediately state the periodic cycle in our model.

Proposition 5. If a € (v*,v**), our model exhibits border collision bifurcation from an
attracting fixed point to a period-two attractor &, 3) = (—1/a,5%(a, a)).

We now examine the chaotic dynamics in the model, which is the main focus of this
section. It is easy to see that that our model exhibits the chaotic attractarfovr**.
Moreover, we see that we have to only consider §g(8) for a > v**, which are un-
bounded. According to Theorems 2 and 3, we expect that the model exhibifsEicte
chaotic attractor for somle > 1 (depending om; andv,), a two-piece chaotic attractor,
or a one-piece chaotic attractor.

Fortunately, Sushko et al. (2015) comprehensively analyze the border collision bifur-
cation in piecewise linear map (18). Their results are too technical to refer to all of them
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here; however, we need to refer to a few results to investigate the chaotic dynamics in our
model. Now, we define the following sets:

Q]_ = {(Vl,Vz) eEX: V]_V% -Vt Vv < 0},

Q= {(Vl,Vz) eX: Vlvg -Vt vy > O,V%V:z3+ Vi —Vy < O}, and

Q4= {(vl,vz) eX: v§v§+v1—vz > O,V‘lsvg—v1+vz < O}.
Subsequently, we have the following.

Theorem 4. For k = 1,2, and 4, if (v1,v2) € Qk map (18) has the k-piece chaotic
attractor.

Proof. See Sushko et al. (2015). O

Fig.5 depicts the set®,, Q,, andQ4 on the ¢4, v,)-plane. Black circles represent the
2

intersections of line, = —1f—1V1 and the boundaries @ (k = 1,2, 4). Thev; coordinate
of these intersections, representedtiyando**, are as follows:

e o ~ 0.705 is a root of the equatioff — v3 + 2v2 — v, = 01in [0, 1].
e 0™ ~ 0.724 is a root of the equatio + v — v, = 0in [0, 1].

Now, we can completely characterize the chaotic dynamics generated from border
collision bifurcation in our OLG model.

Proposition 6. For map (20), we have the following three scenarios of bifurcation from
the attracting fixed point to a chaotic attractor.

1. For a € (v**, o), our model exhibits border collision bifurcation from the attracting
fixed point to a four-piece chaotic attractor @t 8) = (—1/a,5*(a, a)).

2. For a € (o, 0™*), our model exhibits border collision bifurcation from the attracting
fixed point to a two-piece chaotic attractor @ g) = (—1/a,5*(a, a)).

3. For a € (o*, 1), our model exhibits border collision bifurcation from the attracting
fixed point to an one-piece chaotic attractor(gtB) = (-1/a,8(a, a)).
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Figure 5: Classification of the chaotic region. Depending on the valagafr model ex-
hibits four-piece, two-piece, and one-piece chaotic attractors that relate to réjidds
andQq, respectively.

On ak-piece chaotic attractor, the trajectory goes through each interval ééry
period. Of course, when a trajectory returns to the same interval, it never takes the same
value. Interestingly, when observing such a trajectory, one may regard the trajectory as a
k-cycle with random noises. Fig.6 (a) depicts the bifurcation diagram of map (20) respect
to B, where the model has the capability to exhibit four-piece chaotic attractor. Fig.6 (b)
depicts time series obtained from map (20) with four-piece chaotic attractor.

In this section, we observed the chaotic dynamics wigere (8*(a, a),58*(a, @) + €)
and, eventuallyg € (B8*(b,b) — ¢,8°(b,b)). In other words, we have investigated the
beginningandend of the chaotic dynamics in the OLG model with technology choice.

In the next section, we examine the case whereirBtisenot suficiently neas*(a, a) or

(b, b).
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(a) Bifurcation diagram of map (20) with respecigo
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(b) Time series obtained from map (20) with four-piece chaotic attractor.

Figure 6: Panel (a) depicts the bifurcation diagram of map (20) respgciviberea =
0.684 € (v**,0™"). Panel (b) depicts time series obtained from map (20) with 0.684
andg = 2.06.
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3.5 Chaotic dynamics : Markov property

In this section, we show that our model has Markov propertyfor some sets of param-
eters, wherein the model can reduce to a bimodal map on the unit interval. If the map has
such a property, we can easily reproduce chaotic dynamics. In what follows, we assume

_— > Iogua)l and g*(b,a) <B < p*(ab),

where the model can be reduce to a bimodal map on the unit interval.

To simplify the analysis of the dynamics, we first use a variable change to reduce our
model to the bimodal map in the unit interval.

By defining a new variable as

_ Yi+1-logp(l-b)
~ log(1-a) —log(1-b)’

Eq.(16) can be transformed into the following piecewise smooth map:

fL(Xt) =1+ a(Xt - HL), X <0,
X1 = f(Xt) = ¢(Xt), 0L < X% < 0R, (24)
fr(%) = b(X — 6r), Or <X,
where
1
g(%) ]i .
X) = lo [ , with
H)= 108 Ty g - 1)
B 1-a
A = log 1-D)
g(x) = Ax +logp(1l-h),
and
o - _(1— a) + alogp(1-b)
L - /la >
(1-b)+blogs(1-b)
b = - .
Ab
Now, we briefly discuss some property of map (24). It is easily shown that
do(X a’
do(X b?
(fi(x) Or) =-1—%

Moreover, we have the following.
Proposition 7. Map ¢(x) is a monotonically decreasing and concave functiofrdg).
Proof. See Appendix. O

Therefore, the derivatives af have lower bound—% and upper boundr%1 for
X € [QL, GR]
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3.5.1 Mathematical definition of the Markov property

First, we give some mathematical definitions of the Markov property. See, for example,
Boyarsky and @ra (1997) for more details. Lét= [0,1] andy : | — | be a map on

onto itself. LetP be a finite partition of andly (k = 1,2,...,n) be subintervals of the
partition. Moreover, lety, be the restriction of to I,. Now, we can define the following.

Definition 1. If eachyy is a homeomorphism from dnto some connected union of subin-
tervals I, theny is said to be Markov. Partitios is said to be a Markov partition with
respect tay.

To examine complex dynamics in the piecewise smooth map, we also need to discuss
the following property. Here, lei be a piecewise smooth map, which is not necessarily
Markov, and let" be ann-th iterate of ma. Then, we define the following.

Definition 2. If there is an integer re 1 such thatnf |%| > 10n each | whenever the
derivative exists, thew is said to be eventually expanding.

It is readily seen that the eventual expansion implies that the map has no attracting
periodic cycles and exhibits chaotic dynamics with long-run observability.

3.5.2 Markov partition on the OLG model

We first show that our model (24) can exhibit the following periodic cycle for some set of
parameter values:

0= f>0) < f?(0) =6, < f40)=6r < f(0)=c < f3(0) = 1. (25)

Fig.7 depicts the graph of map (24) with the periodic cycle (25). We can show that such a
specific cycle implies chaotic dynamics.
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Xi+1

Figure 7: The graph of map (24) with a period-5 Markov paritiar= 0.8, b ~ 0.902 and

B ~ 6.507.

Proposition 8. (Observable chaos on a perid@dMarkov partition)

There exist aand & with < Oa. < ag < 1. If a € (a., aR), there exists k& (a, 1) and
B > 0such that for(a, b, 8), we have a periodMarkov partition of the unit interval with
respectto f. Moreover, f is eventually expanding and thus exhibits observable chaos.

Proof. To calculate the period-5 cycle given by (28),anddr must solve the following

equations,
fr(1)=6r and fr(fL(0))=06L.

A straightforward calculation shows that

—iex— b +1_b and
I

(b - a)(ab+ 1)(1+ b)
A= o .

First, we check that

bt 1-Db

. 1
ﬁ(b,a)<—exp— 1+b+T

1-b

48

] <p'(ab).

(26)

(27)

(28)



We see that the inequality

*(ba)<iex — i_kl;b
F 08 < TR eI T 5
holds if and only if 0< ﬁ Thus, clearly, this inequality holds. Moreover, we see that
the inequality

iex — £+ﬂ’ <B(ab)
1 b |Tip T B [P
holds if and only if logi=2 < 2212 | et
1-b a-bl+b
m(0) =log— and ny(b) = ————

It is easily seen thaj;(b) is a monotonically decreasing and concave function jiJO
Moreover, we have

d"jéa) _ —1;6‘ <0 and (29)
d?npa(a)  2(a+2)
w2 -0 (30)

Therefore, there exists> 0 such that for ang € (0, 1), 7,(b) is a monotonically decreas-
ing and convex function fdp € (a — €, a + €). Note thaty;(a) = n,(a) and

dni(a) _ 1 dra(a) _ 1+a
b - 1-a M g T

Considering the concavity af; and convexity of;, for neighborhood, if

1 l1+a
- <=7 sa+a’-1>0,
l1-a as

there exister < a such that log=2 < &b for b € (a,a). Leta, ~ 0.755 be a root of
the equatiora® + a> — 1 = 0 in (0, 1). We conclude that i € (a, @), then inequality (28)
holds.

Next, we examine Eq.(27). Let

o) = 10g 22 and go(r) - B0+ DA+D)

Clearly, ¢1(a) = ¢»(a), and we can easily see thai(b) is a monotonically increasing
convex function and limy, ¢1(b) = c. Moreover, we have

a2
w2(1) = 2(1a2a) textboundedfor a€ (0,1) and

des(a) a*+a’+a+1
b - " > 0.
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Therefore, if

dpr(@ 1 a+a’+a+1
db  1-a ad

¢1(b) intersects withp,(b) at least one poinb € (a,1). Leta ~ 0.857 be a root of the
equationa® + a* - 1 = 0 in (0, 1). We conclude that i& < &, there existd € (a, 1) such
that, fora andb, Eq.(27) holds.

Letar = min{a, &. Now, we can state that & € (a, ar), there existd € (a, 1) and
B > 0 such that for4, b, 8), we have a period-5 Markov partition of the unit interval with
respect tof .

sa+at-1<0,

Finally, we show thaff is eventually expanding. Lét = [0,6.],1> = [6.,6R]. |5 =
[6r.C], I4 = [c, 0], andly be an interior of.. Note that every poirt € U:ﬁzl I will visit I,
at least once every fourth iteration. Therefore xar Ji_; I,

(Y (0] = &°1¢'] =

9

l-a
and if :
— 5 f—
‘ 1_a>1:>a +a-1>0, (32)
map f is eventually expanding. Since we can easily check whethet a, inequality
(31) holds, which completes the proof. O

Proposition 8 can be immediately extended to a more general case of a period)(2
Markov partition forn > 1.

Proposition 9. (Observable chaos on a perig@n + 3) Markov partition)

For any n € N, there exist g3, and an.3gr With 0 < ay3. < &nsr < 1. Ifa e
(8zn+3.L, @ns3R), there exists k& (a, 1) andg > 0 such that for(a, b, 8), we have a period-
(2n + 3) Markov partition of the unit interval with respect to f. Moreover, f is eventually
expanding and, hence, chaotic.

Proof. See Appendix. |

3.6 Concluding remarks

Based on the model studied by Umezuki and Yokoo (2019), we develop a piecewise
smooth OLG model. By assuming a continuous choice instead of discrete choice of the
technologies, the model has the capability to exhibit several dynamic growth patterns,
including chaotic dynamics, which cannot be observed virtually for the model in Umezuki
and Yokoo (2019). Moreover, in spite of its generality, the model is tractable enough to
analytically investigate such complex dynamics in depth.

First, by using the border collision bifurcation theory, we investigated the routes from
a globally attracting steady state to other non-stationary behaviors. Then, we completely
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characterized the chaotic dynamics around the bifurcation point; that is, we detected four-
piece, two-piece, and one-piece chaotic attractors. Second, we calculated the parameter
values for which the model has the Markov property. Then, we characterized the chaotic
dynamics, which are fierent from those in the case of border collision bifurcation. How-
ever, one might argue that sets of the parameter value, for which the map is Markov, are
too restricted. For future research, it is a natural task to cheakbustnessf the chaotic
dynamics by characterizing the dynamics near the parameter values for which the map is
Markov.

Finally, it should be pointed out that, compared with the output elasticity for capital
(or labor) estimated in the real world, parameter vamagsdb, for which the model can
exhibit chaotic dynamics, are relatively high. Although the intuition behind this remains
unclear, from the technical view point, it could be explained by considering an inverse
problem as follows. In this study, we assume that the total factor productivity of the
technology, represented 18y is constant for all technologies. However, in general, we
can consider diierent total factor productivity for each technology. In that case, the model
has more flexibility, and various new problems might appear, including the following. “A
set of which type of technologies is needed to reduce the model to a continuous piecewise
linear map?” “For a given piecewise smooth map, is there a set of technologies such that
the model can be reduced to the given piecewise smooth map?” “If so, what features does
the set of technologies have?” In the future, we hope that our model is investigated more
deeply with additional settings without losing its tractability and generality.

3.7 Appendix
3.7.1 Proof of Proposition 4

Proof. For a general statement of the isolated crossing fixed-point property, see Nusse and
Yorke (1995). Map (20) has the isolated crossing fixed-point propel(tygaﬂ*(a, a)) if
the following conditions hold.

1. There exists{(—i,ﬁ) : B € Jo, Joisan open interval containingj(a, a)}, and for any
B € Jo, map (20) is not dferentiable at the poirt-,5).

2. The set{(x(8).8) : h(x(8)) = x(B). € Jo} is a continuous curve and intersects curve
{(—é,ﬁ’) B e JO} transversally a(—% )

3. Forp e Jo, G2 > 0fory < -2 and {2 < 0 fory > —1. Moreover, the left limit
limy,_1 <52 and right limit lim,, s <2 exist.
_1
4. h(—i) is a smooth function g8 € Jy, and fors = g8*(a, a), % > 0.

It is obvious that map (20) satisfies these conditions. O
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3.7.2 Proof of Proposition 7

Proof. We easily show that

dp(x) 1
dx — g([g(¥) -1’

Sincea > 0 andg(6r) = —% < 0,9(x) < O for [6., 6r]. Therefore, we have

de(x)
dx

< 0.

Moreover, we have
o9 _ A[2909 1]
dx  g(x)?[g(x) -1
for x € [0, 6r]. This completes the proof. O

<0,

3.7.3 Proof of Proposition 8

Proof. First, we show that there exists the following 2 3 cycle:

0= f2"30) < f™}0) = 6, < F2"2(0) =g < --- < T™3(0) < f(0) < 1 = f™2(0).
(A.1)
To calculate the cycle given by (A.1), anddr must solve the following equations:

fR(1)=60r and f3(f.(0))=6..
A straightforward but tedious calculation shows that

1 b"A 1-Db
B = T exp- —

1-b m + b and (AZ)
(b-a)(1+ab")z]_b*
A= 22+l : (A-3)
First, we check that
. 1 b"a  1-b .
B(b,a) < 1% exp— [Zﬂzob" + T] < pB*(a,b). (A.4)
We see that the inequality
. b"A 1-b
ﬁ (b,a) < 1_bexp—|:m + T]
holds if and only if
bn
0< /l(—zﬂzobk) .
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Clearly, this inequality holds. Moreover, we also see that the inequality

P B CLEE ] *(a,b)
R S R
holds if and only if logi=2 < %’zkb—ﬁbk Let
1-b . a—bZp b
n.(b) = log 1_a and 1(b) = “ab b

It is easily seen thaf;(b) is a monotonically decreasing and concave function jdJO
Moreover, we have

dia(a) _ Zped

b - a2z <0 and (A.5)
@)  (L+n)(1+a™) +257  (n—k+ 1)a
dtﬁ - ap+3 > O' (/\-6)

Therefore, there exists> 0 such that for ang € (0, 1), ,(b) is a monotonically decreas-
ing and convex function fdo € (a — €, a + €). Note thaty;(a) = 772(a), and

dp@ _ 1 o die(@) | Zed
db 1-a db a2’

Considering the concavity af, and convexity of;; for neighborhood, if

k
1 G

n+2 n+1
1—a< = sa“+a~-1>0,

— n k J—
there exist®r < a3 such that log=2 < %’Zkgﬁb for b € (a, am.3). Letas.s, be a
root of the equatio@™?2 + a™1 — 1 = 0 in (0, 1). We conclude that if € (231, @n43),

inequality (A.4) holds.

Next, we examine Eq.(A.3). Let

(b— a)(1+ ab)x]_ b¥

l1-a N
¢1(b) = log 1°b and ¢(b) = a2p2n+1

Clearly,p1(a) = ¢2(a). We can easily see that(b) is a monotonically increasing convex
function and lim_; ¢1(b) = c. Moreover, we have

a2
(1) = lei# textboundedfor a€ (0,1) and
22n+1ak
dpa(8) _ 240 2.
db a2|’l+3
Therefore, if ’
dpi(@) 1 Zﬁﬂgla 2n+3

= < X S>a"+a®™?-1<0,

db l1-a azn+3
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¢1(b) intersectsps(b) at least one poinb € (a, 1). Let &3 be a root of the equation
a™3 4+ a®™2 - 1=0in (0 1). We conclude that i& < &,,3, there existdb € (a, 1) such
that, fora andb, Eq.(27) holds. Lebtan,zr = min{ag,s, &n:3}- NOw, we can state that
if a € (azns3L, ani3r), there existd € (a, 1) andp > 0 such that forg, b,5), we have a
period-21 + 3 Markov patrtition of the unit interval with respect fo

Finally, we show thatf is eventually expanding. Ldi (k = 1,2,...n-1) be
subintervals of the periodr2+ 3 Markov partition and* = [0, 6g]. Moreover, letl, be
an interior ofl,. A minor consideration shows that every point UL, I will visit 1* at
least once everyr2+ 2th iteration. Therefore, fax € UK, Iy,

2n+2y/ 2n+1 47 23
|(F22) ()] = & 1g'| >

o

l1-a
and if
a2n+3
- >1=a""+a-1>0, (A.7)
l-a
map f is eventually expanding. We can easily see thabifs;, < a, inequality (A.7)
holds. This completes the proof. O
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4 Bifurcation Analysis of the Rock-Paper-Scissors Game
with Discrete-Time Logit Dynamics

4.1 Introduction

The rock-paper-scissors (RPS) game is a well-known three-strategy game. In a static set-
ting, this game has only one Nash equilibrium in a mixed strategy. The paper investigates
the RPS game from an evolutionary viewpoint, with particular emphasis on the dynamic
behavior departing from the Nash equilibrium play.

One of the main tools in evolutionary game theory is replicator dynamics. See, for
example, Weissing (1991), among others, for a comprehensive analysis of RPS replica-
tor dynamics. It is known that depending on the pgay@lues, the (simplest possible)
continuous-time version of the RPS replicator dynamics can be capable of convergence
to the Nash equilibrium (when the game is “good”), infinitely many cyclical orbits, or
convergence to the heteroclinic cycle (when the game is “bad”). It is also known that the
discrete-time version of RPS replicator dynamics can exhibit more complicated dynamic
behaviors such as an attracting closed invariant curve, due teetmeark-Sacker bifur-
cation, on which typically higher-periodic or even quasi-periodic motions arise. In both
cases, the replicator dynamics can fail to converge to the Nash equilibrium.

To capture the long-run evolutionary dynamics out of the Nash equilibrium play,
Gilboa and Matsui (1991) examine the RPS game in the settingestf response dy-
namics They provide a new solution concept, called a cyclically stable set (CSS), and
show that such a solution always exists. Moreover, they claim that in a large population
game, the CSS is a more appropriate solution concept to the RPS game than the Nash
equilibrium.

In empirical research, RPS cycles are often observed in natural sciences. See, for in-
stance, Sinervo and Lively (1996) and Kerr et al. (2002). In contrast, very few examples of
such cycles are found in social sciences. However, Xu, Zhou, and Wang (2013) observe a
mean cyclical frequency in laboratory experiments on the RPS game. They compare their
frequency data with the theoretical results obtained fabatrete-time logit dynamigs
which is the focus in this study, and show that the two sets of data agree.

Here, the logit dynamics (also known as logit-response dynamics) introduced by
Blume (1993) is a version of the perturbed best response dynamics. The perturbations
represent some kind of “noise” such as piywise, errors in the players’ perception of
the paydf or errors in the players’ performance of the best response. For foundations of
deterministic or stochastic perturbations, see Barend Weibull (2003) and Sandholm
(2010). In the literature of evolution in games in various settings including logit dynam-
ics, noise is often used to select the set of long-run outcomes. These long-run states,
calledstochastically stable statdsee, among others, Kandori et al (1993)), are charac-
terized by the set of states with positive probability in the limiting invariant distribution
as noise vanishes. 8$-Ferrer and Netzer (2010) develop a characterization of stochas-
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tically stable states for logit dynamics in games, with arbitrary specification of revision
opportunities.

The logit model has several advantages over other evolutionary dynamics in games.
First, the logit choice has a good microfoundation from the random utility model. Second,
it is easy for the logit model to fully account for the magnitude of suboptimal fisySee
Al6s-Ferrer and Netzer (2010) and references therein for discussion of these points. Third,
from a technical viewpoint, the introduction of perturbations to the pure best response
dynamics can avoid intractabilities that may arise when we have to deal with pure best
response dynamics in the form of dfdrential inclusion in continuous-time settings or a
set-valued map in discrete-time settings.

Considering the empirical evidence and the aforementioned advantages, we find it
worthwhile to comprehensively investigate the RPS game in the discrete-time logit dy-
namics. We, however, deviate from the most common approach of characterizing the
stochastically stable states for vanishingly small noise. Instead, we take an approach
complementary to the literature of stochastic evolution by characterizing the dynamic
properties of evolution for a level of noise that is not negligible. If we think of noise or
the limit of rationality of agents as inevitable in the real world, it can be useful to study
the dynamics far from the limiting cases.

In a continuous-time setting, Hommes and Ochea (2012) usédpEbifurcationthe-
orem to show that logit dynamics for the RPS game can generate a limit cycle. We will
investigate the RPS game with discrete-time logit dynamics to show that the model can
generate richer dynamics than in a continuous-time setting. First, we will show that, when
the parameter value representing the players’ rationality exceeds some critical value, our
model can exhibit an attracting closed invariant curve around the Nash equilibrium, due
to the Neimark-Sacker bifurcation. In addition, we will also examine another type of bi-
furcation, calledstrong resonancevhich leads to more complicated dynamical patterns.

Persistent fluctuations due to Hopf or Neimark-Sacker type bifurcations are not unfa-
miliar to economists. However, strong resonance seems to have attracted little attention
in economic literature, even though it usually accompanies a Neimark-Sacker bifurcation.
The strong resonance we examine here is categorizeadadimension-twdifurcation,
which is a bifurcation that needs two parameters to capture the overall bifurcation dia-
gram. One motivation to studying codimension-two bifurcations is that they are local
bifurcations, but provide information on tlggobal properties of the dynamics. In other
words, a discrete-time dynamical system around the codimension-two point may create
multiple periodic cycles and complex behaviors derived from homoclinic bifurcations or
heteroclinic bifurcations, which are usually categorized as global bifurcations.

Our model can generate strong resonance when theffpagloe of losing the game
is close to the payb value of a tie. To study strong resonance in our model, we adopt
two approaches, a direct analysis and a flow-approximation-based analysis. In the direct
analysis, we give an elementary proof of the coexistence of the attracting or repelling
fixed point corresponding to the Nash equilibrium, an attracting closed invariant curve, a
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period-three attracting cycle, and a period-three saddle cycle near the resonance point. In
the flow-approximation approach, we exploit a technique that approximates the original
discrete-time system using ordinaryfdrential equations. This approximation technique
provides information on both local and global dynamics, most of which cannot be ob-
tained from studying only the original discrete-time system. As a result, we specify that
near the resonance, our dynamic RPS game exhibits a heteroclinic bifurcation, which
causes the closed invariant curve to disappear.

The remainder of this paper is organized as follows. Section 4.2 introduces a discrete-
time version of logit dynamics and applies it to the RPS game. Section 4.3 gives pre-
liminary results, which are used in the sections that follow. Section 4.4 shows that the
Nash equilibrium in our model undergoes a Neimark-Sacker bifurcation, giving rise to
an invariant closed curve. Section 4.5 discusses periodic cycles near the resonance, and
Section 4.6 characterizes the set of global bifurcations in our model. Finally, Section 4.7
concludes the paper. Some mathematical proofs are delegated to appendices.

4.2 Model

In Section 4.2.1, we will define a discrete-time version of logit dynamics, and in Section
4.2.2 we apply it to the RPS game.

4.2.1 Logit dynamics

Consider am-strategy population. We assume that, given an opponent’s mixed strategy
in time t defined byo, € R", the probabilityo-it+1 of a player choosing strategyn time
t + 1 is defined by the following formula, called thagit choice

i expB(Aai)i)

= , i=1,...,n, 1
T = T expBAT) )

whereA is a representation matrix of the gam@g; represents theth component of

the vectorAo, andg is the intensity of choice, which represents the rationality of players.
Note that if3 = 0, each strategy is chosen with a uniform probability 6f.1f 8 — oo or,

in other words, if agents become more rational, the logit choice is known to converge to
the best response correspondence. Another interpretatgmdiich is more common in

the literature of stochastic evolution in games, is that it represents the inverse measure of
the level ofnoise by which players tremble the strategy. Agjoes to infinity, the noise
vanishes. See e.g. Sandholm (2010) and Bersend Weibull (2003) for derivation of this
formula.

Suppose that a fraction of the playerss picked at random and switches to the logit
choice to their opponents’ strategies, and that the remaining players continue their current
strategies. Then, we can define the discrete-time logit dynamics, according to Fudenberg
and Levine (1998), as:
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Definition 3. (Discrete-time logit dynamics )

expB(Aay)i) i

=, expBAT)) -oif, 1€(0,1]. (2)

i
O =0p+ A4

4.2.2 RPS game with logit dynamics

The RPS game is a game with three strategsess,, andss, wheres is a unique best
response t@.q, fori = 1,2, ands; is a unique best responsedp In this study, we will
use the following simple paybmatrix:

0 1 -e
A=l -e 0 1 |, eck 3)
1 - O

The winning player receives paffainity, while the losing player receives pdjee. If
there is a tie, then each player receives a ffayio0. The RPS game is said to geodif
€ < 1, andbadif € > 1. Now, the logit dynamics in (2), using (3), lead to

X X+ A{f1(X,y,2) — x}
[y}H[yM{fz(x,y,Z)—y}], (4)

7 z+ A{f3(x,y,2) — Z}
where
- _ Vi (X, y’ Z)
fI(X’ y’ Z) - V]_(X7 y’ Z) + V2(X, y, Z) + V3(X’ y’ Z) ,
with

V(X Y,2) = exp(B(Y - €2),
Va(X, Y, 2) = exp(B(—ex + 2)),
Va(X, Y, 2) = exp(B (X — ey)).

By substitutingg = 1-x-y, we can reduce the map in (4) to the following two-dimensional
map:

X X+ A{fi(Xy,1 - Xx-Yy) - x}

. 5

(y)H(y+a{fz(x,y,1—x—y)—y} ®)

A fixed point of the logit dynamics is calledagit equilibrium In general, logit equilibria

do not coincide with the Nash equilibrium. Owing to the symmetric property, however,
the map (5) has the fixed point’(y*) = (1/3,1/3), independent of the parameter values,
coinciding with the Nash equilibrium. Therefore, we hereinafter simply call the point
(x*,y*) = (1/3,1/3) the Nash equilibrium.
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4.3 Stability of the Nash equilibrium

Let J(x, y) denote the Jacobian matrix of the map (5). Themvaluated at the fixed point
(1/3,1/3), is given by

J(l 1)_ 1+2|3Be-1]  1aB(1+e) ©)
33) | -3Bl+e 1-a[iB+1])
with non-real, conjugate complex eigenvalues

1-€ 1+e
AB £1
6 243

wherei = V-1. A simple calculation shows that if

p2(B) = (1= 1) -

B,

C3(1-)(1-€) +3y31R2- D1+ €2+ (1-¢)?
B 21(1+ € + €2)

ﬂ ﬁC’ (7)

then the Jacobian matrix has a pair of eigenvalues with modulus equal to unity. Moreover,
we have

d
EBVJ(BCN > 0.

Therefore, foiB # B. (B = Bc), the fixed point (13,1/3) of the map (5) is hyperbolic
(non-hyperbolic, respectively).

By applying the Hartman-Grobman theorem for maps (See e.g. Quandt (1986)) to the
above expression, we immediately obtain the following proposition.

Proposition 1. (Stability of the Nash equilibrium)
The fixed point of the map given (B) is an attractor if3 < . and a repeller if3 > ..

4.4 Neimark-Sacker bifurcation

For all parameter values) evaluated at the fixed point (3, 1/3) has conjugate com-
plex eigenvalues. Therefore, we can expect that our model undergoes Neimark-Sacker
bifurcation, which creates a closed invariant curve around the Nash equilibrium on which
periodic or quasi-periodic dynamics occur.

Before the main result in this section, we will briefly review the Neimark-Sacker bi-
furcation.

Theorem 1. (Neimark-Sacker bifurcation (e.g., Hale and Kocak (1991)))
Let

F:RxR>>R%  (8,X) = F(8,%)

be aC* map depending on a real parameteand satisfying the following conditions:
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1. F(B,x*) = x* for B, near some fixef;

2. DF(B, x*) has two non-real eigenvalug&) andu(B), for 8 nearg., with |u(8.)| = 1;
3. gl >0;

4. Fork = 1,2,3, and 4u(B.) is not a primitivek-th root of unity (i.e.u*(8.) # 1)*.

Then, there is a smoogidependent change of coordinates bringinto the form
F(B.X) = (8. %) + O(IXI1),

and there are smooth functioa), b(5), andw(B) so that in polar coordinates, the func-
tion 7 (8, X) is given by

0 0+ w(B) + bB)r? |

Supercritical case: [&(8;) > 0, then there is a neighborhotof the fixed poinix* and
a constany > 0 such that, fot8 - Bc| < vy andx® € U, thew-limit set of x° is x* if 8 < 3¢
and belongs to a closed invaria@t curveI'(8) encirclingx* if 8 > B.. Furthermore,
I'(Bc) = 0.

Subcritical case: 1&(8;) < 0, then there is a neighborhotdof x* and a constant > O
such that, foig — B¢| < y andx® € U, thea-limit set ofx? is x* if 8 > 5. and belongs to a
closed invarian€?! curvel’(8) encirclingx* if 8 < 8.. Furthermorel'(8;) = O.

( r )H( K@) - a(B)r®

The codficienta(s) is calculated as follows. See Hale and Kogak (1991). Now, we
introduce new variableg = x — x*. We can consider a map,f/) — F(8,y) which has a
fixed point at the origin. ClearlypF (g, 0) has non-real, conjugate complex eigenvalues
u(B) andu(B) with |u(B.)| = 1. Then, we can assunteto have the following form near
the origin:

— ([ Rew) —-Im(u) \[ y1 G1(Y1, Y2)
y = F) ‘( Im(u) Ref) )( Y )+( Galys. Y2) ) )
Then,
_ —2
a= Re[(llﬂflﬁzo + %|§11|2 + |€0a” — Re(éa1), 9)
—H
where

&0 = % {(Gl)X1X1 - (Gl)XZXZ + 2(G2)X1X2
+i [(GZ)X1X1 - (GZ)XZXZ - Z(Gl)Xlxz]} 4

1This somewhat strange condition is related to another type of bifurcation, which we examine in the
next section. We will briefly review this condition later.
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{(G)xxs + (Gi)xx, +1[(G2)xxy + (G2} »

{(Gl)xlxl - (Gl)xzxz - 2(G2)X1X2
[ [(GZ)Xlxl - (GZ)X2X2 + Z(Gl)Xlxz]} ’

&1 =
o =

+ Ol Bl

and

1
&n = 1_6 {(Gl)xlxlxl + (Gl)X1X2X2 + (GZ)X1X1X2 + (GZ)X2X2X2
+i [(GZ)X1X1X1 + (GZ)X1X2X2 - (Gl)X1X1X2 - (Gl)szzxz]} .

Here the term@;),, denotes the partial derivative Gf with respect ta;, and so on. All
the partial derivatives above are evaluated at the origin.

See Kuznetsov (1995) for a treatment of this bifurcation, especially the calculation of
the codficienta(s;) in a complex map setting and a complete proof of the theorem.

Thus, we obtain the following proposition.

Proposition 2. (The existence of a closed invariant curve)
Let

z=(0,1) and
Q={(eD1l>ed=1-V3(1-¢)/3(1+¢)).

If (e, 1) ¢ zU Q, the map given bgb) exhibits a supercritical Neimark-Sacker bifurcation
atB = B.. That is, for > 8. and small|3 — S|, the map given by{5) has an attracting
closed invariant curv&(B) encircling the Nash equilibrium.

Proof. See Appendix. O

Fig.1 (a) illustrates the phase diagram on tkegy)-plane forg = 3 < S, recalling
thatx denotes the share of , say, “rock” apdenotes that of “paper”. Fig.1 (b) illustrates
the diagram fop = 4 > B.. Of course, depending on the parameter values, the dynamic
behavior on the closed invariant curve will change. It can be periodic or quasi-periodic in
the topological equivalence to the rational or irrational rotation on the circle, respectively.
Contrary to the continuous-time logit dynamics studied by Hommes and Ochea (2012),
who show that a limit cycle appears only if the game is bad, our discrete-time model can
generate cyclical behavior around the Nash equilibrium not only in a bad game but also
in a good game.
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(a) Trajectory converging to the attracting fixed point corresponding to the Nash
equilibrium.g = 3 < ..
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(b) Trajectory converging to the attracting closed invariant curve generated by
the Neimark-Sacker bifurcatioB.= 4 > ..

Figure 1. Trajectories of the RPS game with logit dynamicsfer0.8, andi = 0.5.
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4.5 Dynamics near the resonance: Multiple cycles

In this and the next section, we will analyze the case of strong resonance, which is a
different type of bifurcation than in the previous section. Strong resonance occurs when
condition (iv) of Theorem 1 is not satisfied. This condifieequires the eigenvalues,
andyu, not to cross the unit circle on the complex plane at the point8)(for k = 1,
(-1,0) fork = 2, (-3, +) for k = 3 and (01) fork = 4.

Here, we will focus on the case where condition (iv) of Theorem 1 is not satisfied at
k = 33. That is, the eigenvalues cross a unit circle on the complex plane at the point

(—%, i‘/;) Since we focus on the specific casekef 3, we say that a dynamical system

whose Jacobian matrix at the fixed point has eigenvalygs= et% satisfies the reso-
nance condition. See e.g. Arrowsmith and Place (1994) for more technical details related
to the resonance in discrete-time dynamical systems.

In Sections 4.5.1 and 4.5.2, we will directly analyze the system in (5) asea
parameter family of maps to show the existence of two types of period-three cycles. In
Section 4.5.3, we will explain the appearance of the cycles. Finally, in Section 4.5.4, we
will show the coexistence of cycles near the resonance.

4.5.1 Period-three attracting cycle

In what follows, we will assuma = 1, for simplicity of calculation. In addition, we will
first investigate the special case where 0, that is, the case where a losing player and
a player in a tied game get the same pgydhese parametric restrictions will be relaxed
somewhat using a perturbation argument. Note thaBfers. = 3, the Jacobian matrix
of the map (5) has eigenvalugs, = ety

In this subsection, we will detect an attracting periodic cycle far from the Nash equi-
librium. First, we will show the existence of the cycle.

Lemma 1. For 8 = ., the map given by (5) has a period-three cycle.

Proof. Let f; : R? — R? denote the map (5) arfg; : R? — R? be the third iteration ofy
(i.e.,Fg = 19). Moreover, leti(i = 1,2, 3) be

Vi={(xyly=x}, Vo={(xyly=-2x+1}, and Vz={(Xy)lx=-2y+1}.

It is easy to show thal; mapsV; to V;,, fori = 1,2 andV; to V;. ThereforeVy, V,, and
Vs are each invariant undéiz. Now, we can focus the analysis on the one-dimensional

2Suppose that the Jacobian matrix in Theorem 1 has eigenvalues of the: ferrexp@2izA) with
i = V=1 and a rational numbek = p/q (irreducible). We say that weak resonance occugs:if5 and that
strong resonance occurgji 4.

3Condition (iv) of Theorem 1 is satisfied kt= 1, 2 for any parameters in our model (see the proof of
Proposition 2 in Appendix A). Moreover, we do not discuss the case where condition (iv) of Theorem 1 is
not satisfied gt = 4, i.e., €, 1) € Q, because it seems to be less interesting. Indeed, in such a case, computer
simulations show that our model displays quite similar dynamics to those of the standard Neimark-Sacker
case.
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dynamics. Letp; be the restriction of4; to Vi. Then, we can show that(x; 8) has the
following properties:

1. 01(%B) = 2% B) = p3(=2x + 1;8) andpa(=2x + 1;8) = ¢3(X; B);

2. ¢1(0:8) > 0,¢1(3:8) < 3, ands (3:8) = &;

3. p)(x,B) > 0;

4, go'l(%;ﬁc) = 1 andy; (%;ﬁc) <0.
The second argument in the brackets indicates the dependence of par@méterse
properties, together with the continuity @f(x;8), imply that ¢1(X; 8.), ¢2(X;B:), and
p3(—2x + 1;8.) each cross the 45 degree line from above with a positive slope and at the
same point. Thereford;,, has three fixed pointsx; = (X, X), X2 = (x,—2X + 1), and
X3 = (-2X+ 1, X), wherex < 3.

Sincefj restricted tdv; has no other fixed point than the Nash equilibriumdes g,
the fixed pointx; corresponds to a period-three cyclefpf |
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0.5

1/3

b1

(a) The graph of the map (x; Bc) for B = f.

1/3

0 X 1/3 1

(b) Period-three cycle on the,fy)-plane forg = .

Figure 2: One-dimensional magp(x; ;) has the fixed poink and, therefore, the original
map has a period-three cycle corresponding to the fixed point 0,1 = 1.
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Fig.2 (a) shows the graph ¢f(x; 8.), and Fig.2 (b) depicts the periodic points on the
(%, y)-plane. Note that the property (i) and the monotonicityppimply thatx;, x,, and
X3 belong to the same period-three cycle.

Next, the following lemma gives the stability result of the fixed paint

Lemma 2. Fori = 1,2 and3, the fixed poink; in Lemma 1 is a hyperbolic attractor.
Proof. See Appendix. O

Taking a smooth ¢, 1)-dependence of the map (5) into account, we can combine
Lemma 1 with Lemma 2 to obtain the following proposition.

Proposition 3. (The existence of a period-three attracting cycle)
For syficiently smallg — ;| and(e, 1) near(0, 1), the map given by (5) has a period-
three attracting cycle.

4.5.2 Period-three saddle cycle

As we will show in Section 4.6, it is generally accepted that if a discrete-time dynamical
system satisfies the resonance condition, then all nearby dynamical systems in the two-
parameter space (excluding the codimension-two point) have a period-three saddle cycle.
Here, we will give an elementary proof of the existence and stability of the periodic
cycle. This enables an intuitive understanding of the mechanism of the appearance of a
period-three saddle cycle around the codimension-two point.
First, we will show the existence of the cycle.

Lemma 3. For syficiently small|g — g.| # 0, the map given by (5) has a period-three
cycle near the Nash equilibrium.

Proof. Differentiatingy;(1/3;5) with respect tg8, we obtain

9, (1/3;)
aﬁ B=Pc

Conditions (ii) and (iv) of Lemma 1 and the intermediate value theorem imply that the
mapei(X; B) has a fixed poinkg, for 8 > B¢, andx,, for 8 < B, in the neighborhood of
x = 1/3. ThereforeF; has a fixed poinkg = (Xr, Xr), for g8 > B¢, andx, = (x., x.), for
B < B, near the Nash equilibrium. By the same argument as Lemma 1, the fixed point
corresponds to a period-three cycle of the map (5). ]

> 0.

Fig.3 displays the graph af,(x;8). Fig.4 depicts the periodic points on the ¥)-
plane.
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(b) Period-three cycle on the,(fy)-plane forB < ..

Figure 3: The mapi(x; 3;) has a fixed poinkg for 8 > B. andx,_forB < B.: e = 0,1 = 1.
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(b) Multiple periodic cycles fop < .

Figure 4: For stliciently small|g — B¢| # 0, the map (5) has two period-three cycles.
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The following lemma gives the stability result of the fixed poixgsandx, .
Lemma 4. The fixed pointgg andx, in lemma 3 are hyperbolic saddle points.
Proof. See Appendix. |

Using a similar perturbation argument to that in the previous subsection, we can sum-
marize the above results in the following proposition.

Proposition 4. (The existence of a period-three saddle cycle)
Fix B8 such thats — S| is syficiently small, but positive. Then, f¢¢, 1) syficiently
near (0, 1), the map given by (5) has a period-three saddle cycle.

4.5.3 Another look at the appearance of the period-three cycles

We have seen two types of period-three cycles in Sections 4.5.1 and 4.5.2. Here, we will
explain the mechanism through which these period-three cycles occur.

Fig.5 (a) displays the graphs @f(x; B) for the parameter valugs= 2.6 andg = 2.78.
Fig.5 (b) shows the bifurcation diagram @f(x; 8) with respect tg3. This implies that
there is some parameter valgieat which the map,(x; 8) undergoes #&ld bifurcation
giving rise to two fixed points and x,_, which correspond to a period-three attracting
cycle and a period-three saddle cycle of the map (5), respectively. The fixedxpoint
approachex* = 1/3 asp increases t@., and coincides withx* at8 = .. Whenpg
exceedg., the fixed pointxg > 1/3 occurs.

4.5.4 Coexistence of cycles

Finally, we will briefly review and summarize the propositions on the existence of cycles
investigated in the previous sections.

For all parameter values, the Nash equilibri(%n%) is a fixed point. Moreover, the
fixed point is an attractor wheh< S, and a repeller whef > .. Proposition 2 ensures
the existence of an attracting closed invariant curve énr)( # zandB > B.. From
Propositions 3 and 4, we have a period-three attracting cycle and a period-three saddle
cycle for some values o&(B, 1) suficiently close to (03, 1).

We can summarize Propositiong2]3, and 4 in the following proposition.

Proposition 5. (The coexistence of cycles)

For (e, 1) # (0, 1) and syficiently near(0, 1), the map given by (5) has the following
cycles:
Case |l ;B < Bq;
An attracting fixed point, a period-three attracting cycle, and a period-three saddle cycle.
Case ll .5 > Bq;
A repelling fixed point, an attracting closed invariant curve, a period-three attracting
cycle, and a period-three saddle cycle.
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(a) The graphs of map;(x; 3.) for parameter value8 = 2.6 andg =
2.78.
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(b) Multiple periodic cycles foB < .

Figure 5: At parameter valug ~ 2.7455 < 3 = B, the mapyi(X;B:.) undergoes a

fold bifurcation, giving rise to two fixed points. In panel (b), the solid curves correspond
to attractors (an attracting fixed point for the horizontal line and a period-three attracting
cycle for the parabolic line) and the dotted curves correspond to non-attractors (a repelling
fixed point for the horizontal line and a period-three saddle cycle for the parabolic line).
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C

To develop intuition regarding the mechanism of the coexistence of cycles described
in Proposition 5, we will provide a graphical explanation. Recall that the Jacobian matrix
given by (6) has non-real, conjugate complex eigenvalues, denotgdas .,

l1-¢€ d+e
p12(8) = (1-2) - 5 B '2—\/\,—%/1,3-

Fig.6 depicts the unit circle on the complex plane and the neighborhood of the point

(—%, —‘/75) Now, suppose thak(1) is suficiently near (01).

T
AA2+iV32 O

05

Im
o
T

-05 |

Figure 6: For €, 1) near but not on () andB < B, eigenvalueu,(B) lies on area A,
which is case | of Proposition 5. Fog, (1) near but not (01) andg > B, u2(B) lies on
area B, which is case Il of Proposition 5.

We can summarize the possible positions of the eigenyal(®* on the complex
plane as follows:

“Because of conjugacy of eigenvalygs(p), it suffices to examine one of them.
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For €, 1) # (0,1) andB < B, u2(B) lies on area A.
For €, 1) # (0,1) andB > B, u2(B) lies on area B.

For €, 1) # (0,1) andB = B, u2(Bc) lies on the unit circle between areas A and B.

W bR

For €, 1) = (0, 1) andB # B, u2(Bc) lies on the dotted line.
5. For €, 2) = (0,1) andg = B, 112(Bc) coincides with the poinf-3, —VT@).

Note that, for the parametric restriction that= 0, u,(8) never lies on areas C and D.
Proposition 5 therefore describes cases (i) and (ii). Due to the smgatiB)-dependence
of the eigenvalues, the result of Proposition 5 is robaghinst perturbation of the param-
eters €, 4,5).

In any evolutionary game dynamics, the occurrence of a period three cycle in the RPS
game is not surprising. Indeed, the RPS game in discrete-time best response dynamics
exhibits a period-three cycle. It is new to the literature, however, that an attracting period-
three cycle is shown to coexist with an attracting Nash equilibrium or attracting closed
invariant curve in the RPS game in the discrete-time logit setting, which is not observed
in discrete-time best response dynamics. Figs.7 (a) and (b) display the coexistence of
attractors on thex(y)-plane. The coexistence of attractors implies that there are multiple
long-run outcomes that are typical in the sense that each long-run state attracts trajecto-
ries from a large set of initial conditions in the state space. In other words, each long-run
outcome can be reached with a positive probability when the initial conditions are ran-
domly chosen. Interestingly, our results show that the long-run outcomegsaliatively
different in terms of the dynamic properties. For example, one trajectory converges to a
steady state and the other one settles down to a cyclical behavior.

One might be interested in the basins of attraction of attractors and their boundaries.
Fig.8 represents the basins of attraction of the attracting period-three cycle and the attract-
ing closed invariant curve. The latter corresponds to Fig.7 (b). Fig.8 and Fig.7 (b) reveal
that the stable manifolds of the period-three saddle cycle form the boundary of the basins
of the attractors.

Finally, we will give some remarks on the goodness or badness of the game. In
continuous-time (simplest possible) replicator dynamics, the RPS game is known to be
good if and only if the Nash equilibrium is a global attractor. In continuous-time logit
dynamics, the limit cycle around the Nash equilibrium appears only if the game is bad,
as Hommes and Ochea (2012) show. Based on our findings, the rich dynamic features
investigated in this section occur when the pyalue of losing is close to zero, which
is the payd value in the tie. In short, we have found that at least in such limiting good
games, the interesting dynamic phenomena summarized in Proposition 5 can be observed.

SHowever, as we have seen so far and will see below, most results given in Proposition 5 such as the
existence of the attracting Nash equilibrium, an attracting closed invariant curve, or the coexistence of such
attractors will disappear as noise vanishes, i.e3 @ses to infinity. In contrast, the attracting period-three
cycle will persist for larges.
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Figure 7: Trajectories of the RPS game for fixed parametets0.1, and1 = 1. (a)

B = 2.8 < B.. One trajectory converges to the attracting period-three cycle, and the
other one converges to the attracting Nash equilibriumg ®)2.85 > B.. One trajectory
converges to the attracting period-three cycle, and the other one converges to the attracting
closed invariant curve surrounding the repelling Nash equilibrium.
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Figure 8: Basins of attraction of the attracting period-three cycle and the attracting closed
invariant curve. A trajectory starting from the shaded regions converges to the attracting
period-three cycle represented by open circles. In contrast, a trajectory starting from
the white region converges to the attracting closed invariant curve surrounding the Nash
equilibrium (1/3,1/3). The solid circles represent the period-three saddle cyele.
0.1,2=1andB = 285> g..

4.6 Dynamics near the resonance: Global dynamics

In this section, we will use the codimension-two bifurcation theory to derive the bifurca-
tion set near the resonance, providing some implications of the global bifurcation in our
model. Specifically, we will exploit the flow-approximation technique, which transforms
the original map into a unit-time shift along the orbits of certain autonomous ordinary
differential equations at resonance parameter values. This allows us to determine infor-
mation about the global dynamics, which is not available when studying only the original
map. See Arnold (1977), Arrowsmith and Place (1994), Kuznetsov (1995), and Whitley
(1983) for more details.

As in the previous section, we assume 1, for simplicity of calculations. Moreover,
let

a=(ep) and a¢=(0,3).

It is known that the third iteration of the map with the resonance condition generally
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allows for flow approximation. First, we will derive theffrential equation that approx-
imates the original map. By applying the lemmas in Kuznetsov (1995) to our model,
straightforward but tedious calculations give the following lemmas:

Lemma 5. For all a syficiently neara., the map given by (5) can be transformed into
the complex form

{ - To(0) = (@) + B(@)Z + C@)2ieP + 01, (10)
where
B(e) = B | V3(€ - 1) - (€ + 4e + 1)
12 :
and
Cla) = —'f—; [(63 — 1)+ V3(® + 26% + 2¢ + 1)i] .

Lemma 6. The third iteration of the map given by (10) can be represented fow all
syficiently neara. in the form

T3(Q) = pi(0) + O(Z1,

wherep!, is the flow of the planar system

¢ = V(@) + By(@)2 + Co()CIZ, (11)

wherev, B;, and G are smooth complex-valued functionswi(a;) = O,

B.(a0) = 3a)Blad) = i and
81

Ci(ac) = -3 B(Olc)|2 + BNZ(Q’C)C(Q’C) = 4

Let ¢(a) andy(a) denote the real and imaginary parts/(t), respectively. Then, we
have

¢(@) = 3logu(a)l and
Y(a) = 3argu(a) (mod 2r).

See, for example, Kuznetsov (1995) for more detail on this point. Therefore, in our model,
we can represemi(a) andy/(a) in the forms

s) = 3Blofyeterd “62;”1 and (12)
Yla) = n+3arcta@. (13)
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Moreover, let

¢ = k(a)n,
with

k(a) =

.argBs(a)
[Ba(@) exp(' 3 )

Then the system in (11) becomes

Ci(@)

|Bl(a)|2'7|"|2‘ (14)

i = [p(e) + iy(a)]n +7* +

Takingn = v + iw, we obtain

(15)

¥ = g(a)V - (@)W + V2 = w2 + [by(a)V - Ca(@)w](V? + wP)
W = Y(@)V + (@)W — 2vwW + [C1(a)V + bl(a/)W](Vz + Wz)’

where

_ Ci(a)
by () = Re[lBl(a)lz] and

Ci(@) ]
Ba(@)i?]|

Ci(a) = |m[

First, we will examine the local dynamics of the system in (15). Clearly, the system in
(15) always has a trivial equilibrium at the origin. L&i(x, y) denote the Jacobian matrix
of the system. Thenl,, evaluated at the trivial equilibrium, is given by

¢la) —v(a) )
J. (0,0) = , 16
0.0 ( Wa) 4(@) (10)
with eigenvalue(a) + iy(a). The equilibrium is an attractor #(a) < 0 and a repeller
if #(a) > 0. Moreoverp,(a.) = —1, by calculation, and the non-degeneracy condition

is satisfied. This implies that the trivial equilibrium undergoes a supercritical Hopf bifur-
cation at the bifurcation curw«a) = 0, which can be explicitly represented by

3
VeZ+e+1

Note that fora = a., no limit cycle appears becaugér;) = 0. In addition to the trivial
equilibrium, it is known that forr # a., there are three nontrivial equilibria, which are
always saddles. Needless to say, the trivial equilibrium of the system in (15) corresponds
to the Nash equilibrium, and the Hopf curve corresponds to the Neimark-Sacker curve.

ﬁ:
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Moreover, the saddle equilbria correspond to the period-three saddle cycles mentioned in

Section 4.5.2.
Next, we will discuss the global dynamics of the system in (15), which are the main
focus of this section. It is known that the system in (15) has the bifurcation curve

H={0:0=-Zut 4 o).

at which the limit cycle disappears as a result dfegeroclinic bifurcation That is, for
parameter values on the cue stable and unstable manifolds of saddles coincide simul-
taneously, forming a heteroclinic cycle. See, for example, Arrowsmith and Place (1994)
for more details. Using formulae (12) and (13) dn¢r.) = —1 to solveg = —%;02, we

can obtain thepproximatecheteroclinic curve in the following form:

2
3 exp[f—l5 (n +3 arctan‘/é(;zl)) ]

€e—

Vet +e+1

Fig.9 displays the bifurcation diagram of the system in (15).

(17)

ﬁ:
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Figure 9: Bifurcation diagram of the system in (15). A stable limit cycle appears when
we cross the Hopf curvik from below at a point that is not a resonance p&ntMore-
over, when we cross the heteroclinic cuiethe limit cycle disappears as a result of a
heteroclinic bifurcation.

Now, we can translate the above results into the original map. In general, instead
of the heteroclinic bifurcation curvel, the original map may possess a more complex
bifurcation set. This is because the stable and unstable invariant manifolds of the sad-
dle periodic points can intersect transversally, forming homoclinic or heteroclinic tangles.
The existence of so-called Smale’s horseshoes created by the homoclinic or heteroclinic
tangles gives rise to chaotic invariant sets. See e.g. Whitley (1983) and Arrowsmith and
Place (1994) for the occurrence of chaos for discrete two-dimensional dynamical systems.
However, our discrete-time model seems to exhibit the dynamics similar to continuous-
time counterpart in (15), owing to the symmetric property, and neither homoclinic nor
heteroclinic tangles are formed. Fig.10 displays the stable manifolds, computed numeri-
cally, of the periodic saddle points of the map (5).

From Fig.10, we can expect that whenever the stable and unstable manifolds of the
saddles intersect, they completely coincide and form saddle connections. Once saddle
connections occur, the closed invariant curve generated by the Neimark-Sacker bifurca-
tion disappears. In Fig.11, we can see that the closed invariant curve suddenly disappears
at the parameter valygy, ~ 2.87682, which is computed numerically. On the other hand,
using the formula for the heteroclinic curve given by (17), we can obtain the theoretical
value of the heteroclinic bifurcation #s~ 2.87654. Indeed, the calculated valg is
very close to the theoretical value of heteroclinic bifurcation.
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(a) For parameter values in area Il of Fig.9.
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(b) For parameter values in area Il of Fig.9.
Figure 10: The stable manifolds of the saddle periodic points: €a).1, 8 = 2.85. There

is an attracting closed invariant curve around the Nash equilibriunme €0.1,5 = 2.9.
The case where the attracting closed invariant curve disappears.
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Figure 11: Bifurcation diagram near the resonance with respgctte: 0.1, 1 = 1. When

B > B ~ 2.65474 (fold bifurcation) an@ < B. ~ 2.84747 (Neimark-Sacker bifurcation),

we can observe the coexistence of the attracting fixed point and the period-three attracting
cycle. On the other hand, whgh> 3. ~ 2.84747 ang3 < By ~ 2.87682 (heteroclinic
bifurcation), we can observe the coexistence of the attracting closed invariant curve and
the period-three attracting cycle.

4.7 Concluding remarks

We examined a discrete-time version of logit dynamics applied to the rock-paper-scissors
game, where the level of noise is not negligibly small or the rationality of agents is not
required to be extremely high.

First, we demonstrated that our model can exhibit non-stationary behaviors around
the Nash equilibrium due to Neimark-Sacker bifurcation. More importantly, we showed
that our model is capable of exhibiting other dynamic patterns near the strong resonance.
As a result, we demonstrated that near the strong resonance, an attracting closed invari-
ant curve generated by the Neimark-Sacker bifurcation coexists with periodic cycles of
different stability types. To some extent, our findings, including the coexistence of attrac-
tors, may explain how dlierent initial conditions make the long-run outcome$edent in
terms of a dyanamic patterns, not only quantitatively but also qualitatively. Moreover, we
specified the set of a global bifurcation of the approximated system, although the analyti-
cal computation of such a set is, in general, not an easy task. It is reasonably conjectured
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that the set of the global bifurcation of the approximated system can be identified using
that of the original discrete-time system.

Finally, our model can generate more complex dynamics than those demonstrated
here. In fact, our computer simulations, not presented here, suggest that the model can
exhibit chaotic dynamics for other sets of parameter values. It would be interesting to
study possible complex dynamics, which we leave for future research.

4.8 Appendix
4.8.1 Proof of Proposition 2

Proof. Clearly, the map (5) satisfies condition (i) of Theorem 1. Moreover, we checked
that conditions (ii) and (iii) are satisfied in Section 4.3. Since the imaginary part of the
eigenvalueu(B) is not zero for any parameter values, we need only check whether con-
dition (iv) is satisfied ak = 3,4. The primitive 3rd and 4th roots of unity are given by

—5 + i=> and=i, respectively. Recall

1-€ d+€

pra = (L= - gAp=i—ip

For the 3rd root, let

(1—1)—1:% - —% and (A1)
1+e V3

(o] - . A.2

25 T 2 #2)

Solving Eq. (A.1) for3; and substituting it into Eqg. (A.2), we obtain
1-1)=(2- e

This equation is satisfied if and only if
(e, )=z (0,1).

Similarly, we can show that the equations for the 4th root,

1—6/1
6’8°

1+e€

23

0 and

1-2-

ABe
are satisfied if and only if
() eQ {(e)1>e1=1- V3(1-¢€)/3(1+e)).
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Next, in order to determine the stability of the invariant curve, we need to check the sign
of a(8;). We can transform the map (5) into the following form

X X
(Y)HA(Y)'l‘G(X,Y), (A.3)
where
1-¢€ 1+¢€
1_/1_— C - C
e el
1+e/w (1_/1)_1—6/w
2\/@ c 6 c
and

{ RG0GY) + A go(X,Y) + (1 - )X — A X
G(X,Y)—( 23 /Elgl()(:/éY)+(1—/l)Y—fl3 o )_A( )

Y
Moreover,g:(X, Y) andg(X, Y) are of the following forms:
(XY)
X,Y) =
V) = R+ (X Y) + ()’
(X, Y
%(X.Y) = 259

vl(x’ Y) + VZ(X’ Y) + v3(xv Y) ’
with

3 3)

WX, Y) = v, (2Y+ % VEX Y+ 2 —VEX - Y + 1)
UsingG(X, Y) and formula (9), we can compu€s.) to obtain
sgn@(Bc)] = sgNPBc(e* + 2€° + 3€® + 2e + 1) — 3Re)(1 - €°)

+3V3IM(uy)(€® + 262 + 2¢ + 1)], (A.4)
which is positive ife > 1. Furthermore, substituting

Re@(8d) = (1~ 1) ~ <16

IM(ua(Be) = %gwc,

and

_3(1-)(1-€) +331R2- D)1+ €2+ (1-¢)?
Pe = 21(1 + € + €9) ’

into Eq.(A.4), we obtain

sgnp(B.)] = sgn[2(1- A)(1 - €)(1 + 2¢ + 3¢ + 26> + €%)

+3V312- DA+ €)2+ (1 - (1 + €)% + € + 2e + 1}],

which is positive ife < 1. Therefore, for any parameter value§3.) is positive. This
completes the proof.

O
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4.8.2 Proof of Lemma 2

Proof. A straightforward calculation shows that the Jacobian matrikoévaluated at
(%, X) has the following form:

Ip(X)  0p(X)
( g5(¥) D) ) e-3)

Therefore, (B.1) has the eigenvaluggx) + o5(x), with eigenvectof(1, 1), andds(x) —
0s(X) with eigenvectof(-1,1). Note thaty (X, B;) corresponds td; (X) + op.(X). More-
over, from the argument in Lemma 1, we have '(X, 8c) = 95,(X) + 05.(X).

First, we will show the hyperbolicity of the fixed poirtof ¢(x,3;). Suppose that
95.(X) + 05.(X) = 1. Then, we have

4exp(3) = exp(3— 6X),

by calculation, and thus,

5, (X %) = (é g) # (X —2X+ 1). (B.2)

However, this contradicts the fact that mgpmaps §, X) to (x, -2x + 1). Therefore, we
haveds (X) + 0p.(X) # 1.

Moreover, we can easily show thaj, (x) — 0z.(X) > 0, 94,(X) > 0, andog,(x) > 0, for
X < 3. These results imply that

1> 9p,(%) + 5.9 > 9.0 — 25.(X) > 0.

4.8.3 Proof of Lemma 4

Proof. Clearly, 95(x.) + 0(X.) > 1 andds(Xg) + 0s(Xg) < 1 . Moreover, we can easily
check thatl, (%) - 0p (%) z 1, for 8 = .. Sinceds(X) — 0s(X) is positive and a monotone
increasing function fok, we have

ﬁlg(XL) + Qﬂ(XL) >1> ﬁlg(XL) - QB(XL) >0 and
Ip(XR) — 0p(XR) > 1 > F5(Xr) + 0p(Xr) > O.
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