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CESARO ORLICZ SEQUENCE SPACES AND THEIR
KOTHE-TOEPLITZ DUALS

KuLpip RAJ, RENU ANAND AND SURUCHI PANDOH

ABSTRACT. The present paper focus on introducing certain classes of
Cesaro Orlicz sequences over n-normed spaces. We study some topo-
logical and algebraic properties of these spaces. Further, we examine
relevant relations among the classes of these sequences. We show that
these spaces are made n-BK-spaces under certain conditions. Finally,
we compute the Kéthe-Toeplitz duals of these spaces.

1. Introduction and Preliminaries

Let w, £, £p, {1, c and co represent the spaces of all, bounded, p-absolutely
summable, absolutely summable, convergent and null sequences = = (zy)
with complex terms, respectively. The zero element of a normed linear
space is denoted by 6.

The space of all complex sequences £,(0 < p < 00) such that Z |xg|P < oo,

k
known as the space of p-absolutely summable sequences. The space ¢, for

p > 1 is complete under the norm defined by ||z| = (Z |xk]p)% and for
k

o0
0 <p<1,¥,is a complete p-normed space, p-normed by ||z|| = Z |z |P.
k=1
A BK-space (X, ||.||) is a Banach space of complex sequences = = (xx), in
which the co-ordinate maps are continuous, i.e., |2} — x| — 0, whenever
|z"™ — x|| = 0 as n — oo, where 2™ = (x}) for all n € N (see [33]).
Let (X,].]]) be a normed linear space and A is a scalar-valued sequence
space, then the vector-valued sequence space or X-valued sequence space
A(X) is defined by

AMX) ={(xg) : xp € X for all k € Nand ||z|]| € A}

Clearly, A\(X) is a linear space under coordinatewise addition and scalar
multiplication over the field of scalars of X. Similarly, if X is a Banach
space, then /,(1 < p < oo0) is a Banach space with the norm given by
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lzll = D llxll?)
k=1

Cesaro sequence spaces Cesp, 1 < p < 0o, were introduced for the first time
in 1968 in connection with the problem of finding their duals, which was
posed by the Dutch Mathematical Society [1]. Shiue [27] and Leibowitz [14]
studied the basic properties of these spaces. In 1974, Jagers [11] found the
dual space of Ces,, [15].

The Cesaro sequence spaces is defined by

o0 n 1
1 =
Ces, = {xz (o) ¢zl = (D2 - D lanl)” <0, 1< p < oo}
k=1

n=1

B =

and

1 n
Cesoo = {x = (xg) : |20 = sup — Z |z | < oo}.
T k=1
It was observed that £, C Ces,(1 < p < 00) is strict, although it does not
hold for p = 1. Nag and Lee [22] defined and studied the Cesaro sequence
space X, of non-absolute type as follows:

9] 1 n L
X, = {x:(xk):H:UHp: (Z)ﬁzwk’ )p < 00, 1§p<oo}
n=1 k=1
and

1 n
Xoo =< = (x1) : xoo:sup‘— a:k’<oo}

{ ) ol = up] ;3
The inclusion Ces, C X,, 1 < p < oo is strict. Orhan [23] defined and
studied the Cesaro difference sequence spaces X, (A) and X (A) by replac-
ing x = (zg) with Az = (Axy) = (z — xg+1), k = 1,2, ... and proved that
for 1 < p < oo, the inclusions X, C X,(A) and Xoo C Xoo(A) are strict.
In fact, Orhan [23] used C) instead of X,(A) and Cu instead of X (A).
Further, Orhan [23] also defined and studied the following sequence spaces

Op(A) = {x = (xg) : Z (%Z \Akap <oo, 1<p< oo}

n=1 k=1

and

1 n
Ox(A) =Sz = (x)) : sup — Z |Axy| < o0 p.
n2171k:1
He established that for 1 < p < oo, the inclusions Op(A) C X,(A) and
Cesp C Op(A) are strict.
Mursaleen et al. [19] studied the Cesaro difference sequence spaces which
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were defined as

o0 n
X, (A%) =2 = (z) : ’1 Aka’p<oo,1§p<oo}
) o) LY
and
2 1~ 12

Xoo(A?) {x (:L’k)ig nkzlA ack’<oo}7
where A2z, = Az, — Azpyq.
For uniformity of the literature, henceforth, we shall write ), instead of X,
and C instead of X .
Let E and F be two sequence spaces. Then the F' dual of E is defined as
EF = {(z}) € w: (zpyr) € F for all (y) € E}.
For F' = {1, the dual is termed as a-dual (Koéthe-Toeplitz dual) of E and
denoted by E%. If X C Y, then Y C X°.
For more details about Cesaro-type summable spaces and K&the-Toeplitz
dual one can refer to ([3], [20], [21], [22], [28], [29], [31], [32]).
The concept of 2-normed spaces was initially developed by Géhler [6] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak [18].
Since then, many others have studied this concept and obtained various
results, see Gunawan ([7], [8]) and Gunawan and Mashadi [9]. Let n € N
and X be a linear space over the field of real numbers R of dimension d,
where d > n > 2. A real valued function ||-,--- ,-|| on X" satisfying the
following four conditions:

(1) ||(x1, 22, -+ ,x,)|| = 0 if and only if 1, x9, - ,x, are linearly de-
pendent in X,
(2) ||(z1, 2, ,xy)|| is invariant under permutation,
(3) |(ax1, 22, -+ ,xn)|| = |af ||(z1, 22, - ,2zp)|| for any o € R, and
(4) H(x"i_l‘lvx?v'” ’xn)” < H($7I2" o 73:71)” + ||($,,$2,~ o 7‘7:71)”
is called an n-norm on X and the pair (X, ||-,--- ,||) is called an n-normed

space over the field R.
As an example, we may take X = R" being equipped with the n-norm

||(z1, 22, ,zn)||E = the volume of the n-dimensional parallelopiped spanned

by the vectors x1,x2, - - ,x, which may be given explicitly by the formula
H(xl?x?? o 7$H)HE = |det($ij)|a

where x; = (zj1, Tig, -+, Tin) € R™ for each i =1,2,--- | n.

Let (X,||,---,:]|) be an n-normed space of dimension d > n > 2 and

{a1,a9,--- ,a,} be linearly independent set in X. Then the following func-

tion ||, -+, ||loc on X" ! as defined by

H(xlaw%"' axn—l)Hoo :maX{H(.Tl,LUQ,"' 7xn—laai)|’ D= 1727"' an}
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is called an (n — 1)-norm on X with respect to {a1,as2, - ,a,}.
A sequence (zy) in an n-normed space (X, ||, -+ ,-||) is said to converge to
some L € X if

lim ||(zp — L, 21, ,2p-1)|| =0 for every z1,---,zp,-1 € X.

k—oo
A sequence (z) in an n-normed space (X, ||-,--- ,-||) is said to be Cauchy
if

lim ||(zx — xp, 21, -+, 2n—1)|| =0 for every z1,---,2,1 € X.

k,p—o0

If every Cauchy sequence in X converges to some L € X, then X is said
to be complete with respect to the m-norm. A complete n-normed space
is said to be n-Banach space. For more details about sequence spaces and
n-normed spaces (see [2], [24], [25], [26]) and references therein.

An Orlicz function M : [0,00) — [0, 00) is a continuous, non-decreasing and
convex such that M (0) =0, M(z) >0 for z > 0 and M(z) — o0 as z —>
oo. If convexity of Orlicz function is replaced by M (z+vy) < M (x)+ M(y),
then this function is called modulus function. Lindenstrauss and Tzafriri
[13] used the idea of Orlicz function to define the following sequence space,

EM:{x:(xk)Ew:iMprk‘) < 00, forsomep>0}
k=1

is known as an Orlicz sequence space. The space £ is a Banach space with

the norm
oo
2] = inf{p >0 ZM(M) < 1}.
k=1 P

A sequence M = (M) of Orlicz functions is said to be Musielak-Orlicz
function (see [16], [17]). A Musielak-Orlicz function M = (Mjy) is said
to satisfy As-condition if there exist constants a, K > 0 and a sequence
c = (cx)72, €1} (the positive cone of I') such that the inequality

Mk(2u) < KMk(u) + ck

holds for all k € N and u € RT, whenever My (u) < a.

The notion of difference sequence spaces was introduced by Kizmaz [12],
who studied the difference sequence spaces oo (A), c(A) and ¢o(A). The
notion was further generalized by Et and Colak [4] by introducing the spaces
loo(A™), ¢(A™) and co(A™). Let n, m be non-negative integers, then for
Z = ¢, co and l, we have sequence spaces

Z(A7) = {a = (wx) € w : (Al'ay) € 2},
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where Az = (AMzy) = (AT Lz, — A" try ) and AY = 2, for all k € N
which is equivalent to the following binomial representation

m _ - _1\v m
An T = ZO( 1) ( v >xk+m}-
Taking n = 1, we get the spaces £ (A™), c(A™) and co(A™) studied by Et
and Colak [4]. Takingn = m = 1, we get the spaces o (A),c(A) and ¢o(A)
introduced and studied by Kizmaz [12].

Let (X, ||-,---,-||) be an n-normed real linear space, w(n — X) denotes X-
valued sequence space. Let M = (M;) be a sequence of Orlicz functions
and u = (ug) be a sequence of positive real numbers. Then we define the
following sequence spaces for every nonzero zi, ..., 2, € X;

CP(M’% Anmv H? 7”) -

1 ‘ ukAZliL‘k p
7-277217"'72’/71—1 < 00,
! k=1 P

{(xk) cw(n—X): iMZ(
=1

for some p > O},
COO(Mvuv A?T? Hv T 7”) -

%

1 up A’z
‘; kz 771)'217 "'7ZTL—1H) < 00,

{(:ck)EM(n—X):SIZ;pMi< )

for some p > 0},
gP(Mauv Anmv H7 7”) =

1%

{(l‘k) cwn—X): iMk<H

k=1

p
y Rl eees Zn—l”) < 09,

for some p > O},
OP(M7U> Anmv Ha T 7”) =

)

= 1 ur Al p
k k
{(xk) cwn—X): Ele(Z g Hin,zl,...,zn_lH) < 00,
1=

k=1 P

for some p > 0}
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and

OOO(Mvu’ A?) Hv 7”) =
1 < [ up AT
{(:ck) cwn—X): supMi<g Z HLprlxk,zl, ...,zn_1H> < o0,
(]
o

for some p > O}.

Lemma 1.1. [30] (a) Let 1 <p < oo. Then
(i) The space C, is a Banach space, normed by

= (S

(ii) The space O, is a Banach space, normed by

ol = (Z ;mrp)

(iii) The space €, is a Banach space, normed by

) 1
ol = (3 lawl?)”
k=1

(b) (i) The space Cx is a Banach space, normed by
7
HxH-—Sup‘ > |
k=1
(i) The space O is a Banach space, normed by

1 )
2]l = sup — > [,
i

k=1

Definition 1. An n-BK-space (X, |.,...,.||) is an n-Banach space of real
sequences = = (x) in which the co-ordinate maps are continuous.

Let us consider a few special cases of the above sequence spaces:

(¢) If M;(xz) == forallie N, then we have

CP(M’U7Anm7 H? H) ( H 7”)7 Coo(Mvua A?? Hﬂ 7H)
:Coo(ua A?T:H'? ) H)v (M u, Am Hv 7”) :ep(u7 Anm7H7 7'H)7
(M u, A | H): (A ) and O (M, AT [l )
Oclut, AT |-+ -],

(i) If u = (ur) =1 for all k € N, then we have
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CP(M’U7A;??H ) 7H):CP(MaA:1n7H7 ||) ( y Uy Zlv||7 7“)

COO(M7Am || ’ 7'”)? ZP(M7U7AZL7 ||> ”) l ( ?Anma || a'||)7
Op(M,u, AT |- -+ 7'|\)=Op(M,Anm,||w- ) amd One(M SOYAVGH DR
_OOO(M7AZL’|| st 7“)

The following inequality will be used throughout the paper. Let p = (pi)
be a sequence of positive real numbers with 0 < p, < sup, pr = H and let
K =max {1,271}, Then for the factorable sequences (aj) and (by) in the
complex plane, we have

(1.1) |ag, + bi[P* < K(|ag]P + [bg[*).

Also |a|P* < max {1, |a|”} for all a € C.

The main purpose of this paper is to introduce and study certain classes of
multiplier sequences of Cesaro-type defined by a sequence of Orlicz functions
over n-normed space. We make an effort to study completeness and some
interesting inclusion relations between these spaces. Finally, we compute
the Kothe-Toeplitz duals of these spaces.

2. MAIN RESULTS

Theorem 2.1. Let M = (M;) be a sequence of Orlicz functions and u =
(ug) be a sequence of positive real numbers. Then the classes of sequences
CP(M’ u, Azlv H’ T H)v COO(M7U’ Azlv H’ T H)’ EP(M’U7 Azlv ||7 T H)’
Op(M,u, ATV |-+, -|) and Oco (M, u, AT ||, -+ ,+]]) for 1 < p < oo are

linear spaces over the real field R.

Proof. We shall prove the result for the space Op(M, u, A7, ||, -
for the other spaces, it will follow on applying similar arguments.
Suppose z = (x1), y = (yx) € Op(M,u, A7, ||-,--- ,-||) and a, 5 € R. Then
there exist positive numbers p1, p2 such that

> 1 : up A" xy p
ZM”L(*'ZHin’ZI’""Z”_I D < 00, for some p; >0
i=1 L= 1

: a”) and

and

s 1< | upA™ p
ZMi(fZHM72’1""7zn—1D < 00, for some py > 0.
— i 4= 2

Let ps = max(2|alp1,2|B|p2). Since M = (M;) is a non-decreasing and
convex so by using inequality (1.1), we have
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> ZH““"”W”B A )

i—1 P3

e’} 7 7
up A’y R Ay p
<> Mi(lal jHTg,zhm,zHH +163 j)\p—;y,zl,...,zn,lu)
i=1 k=1 k=1

00 %
1 up Al p
< KZMZ<; Z H%azla "'7zn71H)
=1 k=1
i

1 up A P
+ KZM (; Z Hik p: yk,zl, ...,Zn_1H>
k=

1

T ="

< Q.

Thus, oz + By € Op(M,u, A7, ||-,- -+ ,+||). This proves that O,(M,u, AT?,
|-+ ,+]|) is a linear space. O

Theorem 2.2. Let M = (M;) be a sequence of Orlicz functions and u =
(ug) be a sequence of positive real numbers. Let 1 < p < oo and the base
space X is an n-Banach space. Then

(i) The space Cp(M,u, AT, ||-,--- ,-||) is an n-Banach space, n-normed by
|zt 22, - - 2oy Muamy =0 if xt, :c2 -+, 2™ are linearly dependent and
- (IWANGE P\ 5
:Z”xkazla"' Zn— 1||+< T 1”1y Rn 1H )
k=1 - P
for every z1,...,zn—1 € X zfx x2,-- ,x" are linearly independent.
(ii) The space O (M, u, AT - H) is an n-Banach space, n-normed by
|zt 22, - - - 2o, (M,u,amy = 0 if b 22, - a™ are linearly dependent and
m e’} % 1
1 up Ay, P\ 5
— Z ”xka 21yt 7ZTL71|| + (Z MZ; Z Hina Z1y eeey ZTL*].H ) ?
k=1 i=1 k=1 P
for every z1, ..., zn—1 € X if xt, 2%, --- 2" are linearly independent.

(1ii) The space £,(M,u, A ,H) is an n-Banach space, n-normed by

ol

|zt 22, - - - s 2oy (Mo, amy = 0 if b, x2, .- 2" are linearly dependent and

m o0 1
up A x) P\ 3
— Z ”gjk’zl’ e 7Zn71|| + (ZM]CHT’H’ZJ, ...,Znilu )P
k=1 k=1
for every z1, ..., zn—1 € X if b, 2%, --- 2™ are linearly independent.
(b) (i) The space Coo(M,u, AT ||-,-+- ,-||) is an n-Banach space, n-normed
by
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|zt 22, - - - ;T o (Mou,amy = 0 if b, 22, - x" are linearly dependent and

m %

1 ukAmmk

= Z ||l’k, Zlyt 7Z'n71|| + SupMZ - Z 771; Z1ly ey Bn—1||»

k=1 ! k=1 P
for every z1, ..., zn—1 € X if b, 2% --- 2™ are linearly independent.
(ii) The space Ooo(M,u, A" ||-,- -+ ,-||) is an n-Banach space, n-normed by
|zt 22, - s T 00 (Myu,am) =0 if o1, 22, -, x" are linearly dependent and

m 7

1 ukAmxk
— Z kaa 21y 7ZTL—1|| + sup MiT Z Hina 21y eeey Rn—11||»
i G p

k=1 k=1
for every zq, ..., zn—1 € X if b, 2% .-+ 2" are linearly independent.
Proof. 1t is easy to show that the spaces Cp(M, u, AT, |-, ,||), Op(M,
U, Anmv ||> ) ”)a Ep(Mv u, A?T? ”a ) H)a COO(M,U, Anma Ha R H) and
Ooo (M, u, A ||, -+ ,+]|) are n-normed spaces under the n-norm as defined
above.
Now, we prove the completeness for the space Coo (M, u, AT, ||-,- -, -||) only.
The other parts can be proved in a similar way.
Let (%)%, be a Cauchy sequence in Coo (M, u, AT ||, -+ ,-||), where z° =
(xf) = («f,25,...) € Coc(M,u, A, ||-,-- ,-||) for each s € N. Let € > 0 be

given. Then there exists a positive integer ng such that

|z — ) w?, o W o (Mou,amy < €
for all s,t > ng and for every w?, ..., w" € Coo(M,u, AT ||-,--- ,-||), we have
m [
1 up A™ (25 — at
Z||xi—$§€,zl,...,zn_1||—i—supMi fz n (2 k),zl,...,zn_lH <e€
k=1 ‘ L=t P

for all s,t > ng and for every z1, ..., z,—1 € X. This implies

m
Z llzs — @k, 21, oy 20 || < €
k=1

L5 Ay —eh)
P

and sup M; ,zl,...,zn_lH <€
i

for all s, > ng and for every 21, ..., 2,1 € X. Hence, ||zf—2%, 21, ..., 2n_1]| <
€ for all k =1,2,...,m and for every z1,..., 2,1 € X.

Therefore, (z7) is a Cauchy sequence for all £ = 1,2,,...,m in X, an n-
Banach space.
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Hence, (z7) converges in X for all k = 1,2,...,m. Let lgn x;. = xy, for all
S [o.¢]

k=1,2,,...,m. Next, we have
1 ZZ: u AR (g — )
) p

sup M; 7217--'yzn71H <€,
(2
for all s,t > ng and for every zi,...,2,—1 € X. This implies for every
Zlyeny 21 € X
i t
1 Z up A (g — )

M; ||~
p

i 7Z17"'7Z’n—1H <e¢,

for all s,t > ng and i € N.

Thus, (A)'z7) is a Cauchy sequence in Coo(M, u, ||-,-- - ,-||) which is com-
plete. Hence, (A]}x}) converges for each k € N.

Let 811)1120 Al'xy, =y for each k € N. Let k = 1, we have

m
. . m
@0 Jim ATt =t S (0 )evi =
v=0
we have
(2.2) lim zf =z, for k=1+nv, forv=1,2,....,m — 1.
S5—00

Thus, from equation (2.1) and (2.2), we have Slg(r)lo x] ., exists. Let S11)1101o Tl =
Z14m. Proceeding in this way inductively lim xj, = xj exists for each k € N.
$§—00

Now, for every z1,...,2p—1 € X

m m
lignz lzg — oh, 21, ey 2 || = Z |lzf — K, 21, o 2n—1]| <€,
k=1 k=1

for all s > ng. Again, using the continuity of n-norm, we find that for every
21y .00y Zn—1 € X
1 <~ up At upAM gt
M| YT =Tk iy ATk

7 t—o0
el P P

3 RLlyeees anlH <€

for all s > ng and 7 € N. Hence, for every z1,...,2,-1 € X

)

1 up Alr? — up Al
sup M; f_z kn Tk k2 k,2’1,-~-,2’n—1H < ¢ for all s> nyg.
: k=1 P
Thus, for every w?,...,w"™ € Coo(M,u, AT ||-,--- ,-|))

% — 2, w?, o W o (Mou,amy < 2€ for all s > ny.
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Hence, (2°—2) € Coo(M,u, AT ||, -+ ,-]]). Since Coo (M, u, AT |-, )
is a linear space, so we have for all s > ng, z = 2*—(2° —x) € Coo (M, u, AT,
|-+ ,-]|). Hence, Coc(M,u, AT ||-,--- ,-||) is complete and as such is an
n-Banach space. O
Corollary 2.3. The spaces Cp(M,u, AT, ||-,- -+ ,-||); Coo (M, u, AT |-+ ,-]]),
EP(M7U7AZ7'7 ||? e "H)? OP(M7U7Anm7 ||> T 7”) and OOO(Maua Anm7 ||7 T 7”)

for 1 < p < oo are n-BK-spaces if the base space X is an n-Banach space.

Theorem 2.4. Let M = (M;) be a sequence of Orlicz functions and u =
(ug) be a sequence of positive real numbers. Then Z(M,u, A™ 1 ||-,--- ,-||) C
Z(Mau7 A?’ ||7 o 7”) (Z’fl geneml Z(M7u7 Az’m ||7 T 7”) C Z(M7U7Anma
|- ,-) fori=1,2,....m —1) for Z = Cp,0p,{p, Cos and O.

Proof. We shall prove the result for the space Z = C), only and others can
be proved in the similar way.

Let = (x) € Cp(M,u, A7~ ||-,---,-|]), 1 < p < co. Then for every
NONZero 21, ..., 2n—1 € X,

(2.3) iM(

Now, we have for every nonzero z1,...,2,-1 € X

1 i ukAﬁ_lxk
l p

p
7217"'7271—1“) < 00.
k=1

i
wup Ay
M’L( %ZTH)Z].)"WZTL—].H)
1 ! ukAZlflxk
by AR L
Zk:l P
1 : ukAmfl.’L'k
ol A ),

It is known that for 1 < p < oo, |a + bP < 2P(|al’ + |bP). Hence, for

1 ! up Al P
1< p < o0, Ml( 7 Z S B "'aznle)

k=1 P
1 : ukA?_lmk p
S 2P{MZ< fziazla"'vzn—lH>
i p
k=1
1 : ukAm_lxk 1 p
+ Mz( ;Z TLp + 7217"‘7271—1“) }
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Then for each positive integer r, we get

r 7
1 ukAmxk p
51M1<’Z E ——n = ,21,...,,2”_1H>
1=

k=1 P
1 « ukALnfliL‘k P
g E 3 R1ly .y Rn—1

< 2P{ZMZ-<
i—1 k=1 P
r 7
1 upAM™ 1y p
S o=
1=

k=1 P
Taking r — oo and using equation (2.3), we get
00 A
1 up A"y P
Z;MZ( | ) < o
1=

k=1 P
Thus, Cp(M,u, AL |- - ) C Cp(M,u, AT ||y, +|]) for 1 < p < oo.
The inclusion is strict and it follows from the following example. O

Example 2.5. Let X = R3 be a real linear space. Define ||.,.||: X x X — R
by ||z, yll = max{|z1ys — zaunl, [2ys — 23y2l, lzsyr — z1ys|}, where x =
(1, 22,23),y = (y1,y2,y3) € R3. Then (X, ||.,.||) is a 2-normed linear space.
Let (ux) = 1, (M;) = I, the identity map, for all i € N, m = 2 and
n = 1. Consider the sequence © = (xy) = (k,k,k) for all k € N. Then
A2z, = (0,0,0) for all k € N. Hence, (z1) € Cp(M,u, A% |.,.]|), we have
A(zp) = (—1,-1,-1) for all k € N. Hence, (x1) ¢ Cp(M,u, A, |.,.|[). The
inclusion s strict.

Theorem 2.6. Let M = (M;) be a sequence of Orlicz functions and u =
(ug) be a sequence of positive real numbers. Then

(a) Op(Mvua Anm> ||a ) H) C Cp(Mvua A;na ”a Tty ||) C COO(M,U,Anm,
I-,--+,-||) and the inclusions are strict.

(b) OP(M7U7 Anm7 ||7 e 7”) C OOO(M7U> Anmv ||> Ty H) C COO(Mvua Anm7
I-,--+,-||) and the inclusions are strict.

Proof. The proof is trivial, so we omitted. O
Remark. EP(M>U7 Azla ||7 T ||) g Op(Maua Anm7 Ha ) ||)

Example 2.7. Let p = 1 and 2-norm ||.,.|| on X = R3 in Ezample (2.5).

Let m =2, n=1, (ug) =1 and (M;) = I. Consider the sequence {x} =
{(1,1,1),(0,0,0),(0,0,0),(0,0,0),...}. Then A%z = (1,1,1) for k=1 and
A2z = (0,0,0) for all k > 1. Then (zg) € {(M,u, A2 ||.,.||) but (z) ¢
O(M,u, A%, ||, .|).
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Theorem 2.8. If1 < p < gq, then

(Z) CP(M>u3Anma H’ H) CC (M, 7Agbv Ha 7'”);

(”) Ep(Mvu’ A?? Ha H) ce (Ma vAnma H’ a'”);

(i) Op(M;u, AT, ||' ) < Oq( sy AT [l )

Proof. We prove the result for the space Op(M,u, A", ||-,--- ,-||) only and

for the other cases it can be proved in a similar way. Let z € O,(M, u, A",
I, -+ ,-]]). Then there exists p > 0 such that

e’} 7
1 up A"z P
ZMi(fZHL n k,zl,...,zn_lu) < 0.
, 1 p
=1 k=1
This implies

1 : ur Ay p
(330 ) <1
Zk:l p

for sufficiently large values of i. Since (M;) is non-decreasing, we get

) i
1 ukAmxk q
ZMZ<7 Z Hina By eeey anl‘D
; i p
=1 k=1
0o 7
1 up Ay, p
S ZMi(f.ZHinvzla'“azn—lH)
=1 L k=1 P

< ©oQ.
Thus, z € Og(M, u, AT, ||, ,-]|). This completes the proof. O

3. Kothe-Toeplitz duals

In order to compute Kothe-Toeplitz dual, we first define the following;:
An n-functional is a real-valued mapping with domain A; x ... x A,, where
Ay, ..., A, are linear manifolds of a linear n-normed space.

Let F be an n-functional with domain A; x ... x A,,. F is called a linear
n-functional whenever for all ‘a1, as, ...,  a,, € A1, 2a1,% ao,...,> a, € Ay and
"a1," aq, ...,  a, € A, and all aq, ..., a, € R, we have

(i) F(tay,t ag,....,  an,2 01,2 as,...2 an, ..., a1, az, ...,  a,) =

Zlgil,iz,...,ingn F(ta;, 2 aiy,...," a;,) and

(i) F(anay,...,anan) = ai, ..., anF(ay, ..., ap).

Let F' be an n-functional with domain D(F'). F is called bounded if there
is a real constant K > 0 such that |F(ay,...,a,)| < Kllai,...,a,| for all
(a1, ...,an) € D(F). If F is bounded, we define the norm

|F|| = glb{K : |F(a1,...,an)| < Kllai, ..., an|| for all (a1, ...,a,) € D(F)}.
If F is not bounded, we define || F|| = +o0.
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Proposition 3.1. [10] A linear n-functional F is continuous if and only if
it 1s bounded.

Proposition 3.2. [10] Let B* be the set of bounded linear n-functionals with
domain By X ... X B,,. Then B* is an n-Banach space upto linear dependence.

For any n(> 1)-normed space F, we denote by E* the continuous dual of E.

Definition 2. Let E be an n-normed linear space, normed by |.,...,.||&.
Then we define the Kéthe-Toeplitz dual of the sequence space Z(FE) whose
base space is F as
[Z(E))* = {(yk) : yx € E*,k € N and (||xg, wa, ..., wn || E||Yk, V2, -, V|| p*) €
{; for every
V2 ooy Up € E* Jwo, ...;wy, € E, (x) € Z(E)}.

It is easy to check that ¢ € X*. If X C Y, then Y* C X“. Let us consider
SCP(M7U7AZL7 Hv T H) -

{z =(zg) : 2 € Cy(M,u, AT |-, ,-|]), 21 = ... = 2, = 0}
Then SCp(M,u, A", ||-,- - ,-||) is a subspace of Cp,(M,u, A", ||-,--- ,-||) for
1 < p < 0o. We can have similar subspaces for other spaces as well.

Lemma 3.3. [5] x € SCx(A™) implies sup k™" |xy| < oo.
k

Lemma 3.4. z € SCoo (M, u, AT |-, , |

) implies sup k™|, wa, ..., wy || <
k
oo for every wa, ..., w, € X.

Proof. The proof follows using similar techniques as applied in the proof of
Lemma 3.3. Consider a set

o
U= {a = (ag) : kaﬂak,ZQ, ey Zn|lx* < 00, for every za, ..., z, € X*}.
k=1

O

Theorem 3.5. Let M = (M;) be a sequence of Orlicz functions and u =
(ug) be a sequence of positive real numbers. Then the Kothe-Toeplitz duals of
the space SCy(M,u, AT ||, -+ ,-||) isU, that is, [SCoo(M,u, AT ||, -+ ,-|)]* =
U.

Proof. If a € U, then
oo

> lak, 22, -wos 2l x+ |2k, wa, ...y whl|x
k=1

oo
= > Kk, 22, oons 2l xo (7 2h, w2,y wh x)
k=1
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< oo,
foreach x € SCoo (M, u, AT ||-,- -+ ,-||) by Lemma 3.4. Hence, x € [SCo0 (M,
uyAnma H? e 7'”)}a'
Next, let a € [SCoo (M, u, AT, ||-,- -+ ,+]|)]*. Then

o0
Z ||ak‘7 2y eeny ZTLHX* H:Eka,w?a 7wn||X < 00,
k=1

for each € SCoc (M, u, AT, ||-, - ,-]]).
Define the sequence x = (x1) by

|0, k<m,
TEZV k™, k>m

and choose ws, ..., w, € X such that

0 kEk<m
kK™ wo, ..., w = k"1, ws, ...,w = ) -
7, el = K71l = { o f S
Thus, we have 29, ..., 2, € X*
oo [o.¢]
> EMak, 22 znllxe = DT wa, e whllx ks, 22, 20 x-
k=1

Il
s T

|E™, wa, ..., wy | x ||ak, 22, ..., 2n || x~

i
I

+
NE

||l<:m,w2, ...,wn||XHak, 2y uey Zon*

AN
21

This implies a € U. O

Theorem 3.6. Let M = (M;) be a sequence of Orlicz functions and u =
(ug) be a sequence of positive real numbers. Then

[SCOO(M7U7 A;nv ||7 e 7'”)]a = [COO(M7U7 Ag? Hv T 7'”)]&'
Proof. Since SCoo(M,u, ATV ||+ ,-||) C Coo(M,u, AT ||+, ,-|), we have
[COO(M7U7 Azlv H’ e "H)]a C [SCOO(M7U’ Azlv H’ e v'”)]a‘
Let a € [SCoo(M,u, AT ||-,--+ ,-|)]* and = € Coo(M,u, AT ||+, ,-]])-

Consider the sequence x = (z},) defined by

pn— 4 Tk k <m,
k= zh, k>m,
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where 2’ = (2}) € SCoo (M, u, AT, ||-,- -+ ,-||). Then write

(o)
Z ”aka 2y eeey Z’I’L”X*
k=1

T, W2, ,’ll)nHX

m
= Z||ak7227-'-7Zn||X*kaaw27---;wnHX
k=1

o0
+ > llak, 22, oo 2zl xe lok, wa, ooy whllx
k=1

< 0oQ.
This imphes ac [COO(M,’LL, A;na ”a e ’_H)]a‘ .

Theorem 3.7. Let M = (M;) be a sequence of Orlicz functions and u =
(ug) be a sequence of positive real numbers. Then

[Ooo (M, u, AZ -5+ 5[N] = [Coo (M u, ATE |- - -]
Proof. The proof is easy, so omitted. O
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