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IRREDUCIBILITIES OF THE INDUCED CHARACTERS
OF CYCLIC p-GROUPS

KATSUSUKE SEKIGUCHI

ABSTRACT. We denote by C, the cyclic group of order p", where
p is an odd prime. Let ¢ be a faithful irreducible character of C..
In this paper, we study the p-group G containing C, such that the
induced character ¢€ is also. irreducible. The purpose of this paper
is to determine such groups G in the case when G has a subgroup H
containing C» such that C, < H and [G : H] = p.

1. INTRODUCTION

Let G be a finite group. We denote by Irr(G) the set of complex
irreducible characters of G and by FIrr(G) ( C Irr(G)) the set of faithful
irreducible characters of G.

For a prime p we denote by C,, the cyclic group of order p". A
finite group G is called an M-group, if every ¢ € Irr(G) is induced from
linear character of a subgroup of G.

It is well-known that every nilpotent group is an M-group. So, for
any x € Irr(G) , where G is a p-group, there exists a subgroup H of G
and the linear character ¢ of H such that ¢¢ = x. If we set N = Kerd,
then ¥ <H and ¢ is a faithful irreducible character of H/N = C,, for
some non-negative integer n. In this paper, we will consider the case when
N =1, that is, ¢ is a faithful linear character of H = C,,.

We consider the following :

Problem. Let p be an odd prime, and ¢ be a faithful irreducible
character of C,,. Determine the p-group G such that C, C G and the
induced character ¢C is also irreducible.

Since all faithful irreducible character of C,, are algebraically conju-
gate to each other, the irreducibility of ¢ (¢ € FIrr(C,)) is independent
of the choice of ¢, but depends only on n.

Recently, Iida [2] solved this problem in the case when C, is a normal
subgroup of G.
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The purpose of this paper is to solve this problem in the case when
G has a subgroup H containing C, such that C,, < H and [G : H] = p.

The problem of this type was considerd by Yamada and Iida [3]. They
studied the 2-groups G such that H C G and the similar properties of
our problem hold, where H = @, or D, or SD,,. Here, we denote by @,
and D, the generalized quaternion group and the dihedral group of order
2"*+1(n > 2), respectively, and by SD, the semidihedral group of order
2"+l (n > 3).

Throughout this paper, Z, and N denote the rational integers and
the natural numbers, respectively.

2. STATEMENTS OF THE RESULTS

For the rest of this paper, we assume that p is an odd prime.
First, we introduce the following groups :
(1): G(n,m) = (a, up) with
@ = =1, upauy! =7, (m<n-1).
(i}): G(n,m,1) = {(a, um , v) ( >G(n,m) = (a, upy) ) with
o = =1, uman,! = a7 ey~ = al"'p"—m_luﬁ:‘_l,
W = Uy, VUp P =y (2m<n-—1).
We can see that G(n,m,1) is an extension group of G(m,n) by
using Proposition 1 below:

Proposition 1. Let N be a finite group such that G > N and
G/N = (uN) is a cyclic group of order m. Then v™ =c¢ € N. If
we put o(z) = uzu~!, r € N, then o € Aut(N) and (i) o™(z) =
czc™l, (z € N) (i) o(c) =c.

Conversely, if 0 € Aut(N) and c € N satisfy (i) and (ii), then there
exists one and only one extension group G of N such that G/N = (uN)
is a cyclic group of order m and o(z) = vzv~! (z € N) and v™ =c.

Proof. For instance, see [4, III, §7] O
We state the theorem of Iida ([2]).

Theorem 0 (lida [2].). Let G be a p-group which contains Cp, as a
normal subgroup of indez p™. Let ¢ € Flrr(Cy,). Suppose that ¢C € Irr(G).
Then G = G(n,m).

In particular, when C, C G and [G:Cp] =p, C, is always a
normal subgroup of G, so we have

Corollary 0. Let ¢ € Flrr(Cy). Suppose that C, C G such that
[G:Chl=p and ¢ € Irr(G). Then G = G(n,l).
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Our main theorem is the following:

Theorem. Let G be a p-group which contains C,, with [G : Cp] =
p™*l, where p is an odd prime. Let ¢ € Flrr(C,). Suppose that ¢C €
Irr(G), and n—3 > 2m. Further, suppose that there exists a subgroup H of
G such that H>C,, and |G : H] =p. Then G = G(n,m+1) or G(n,m,1).

Corollary. Let G be a p-group which contains Cp, with [G : Cyp] =
p?. Let ¢ € FIrr(C,). Suppose that ¢ € Irr(G) and n > 5. Then
G = G(n,2) or G(n,1,1).

3. SOME PRELEMINARY RESULTS

In this section, we state some results concerning the criterion of the
irreducibilities of induced characters and others, which we need in section
4.

We denote by ( = (pn a primitive p"th root of unity. It is known
that, for C;, = (a), there are p™ irreducible characters ¢, (1 < v < p") of
Cn: ) )

pu(a’) =", (I<i<ph).
The irreducible character ¢, is faithful if and only if (v,p) = 1.
First, we state the following result of Shoda (cf [1, p.329)):

Proposition 2. Let G be a group and H be a subgroup of G. Let
¢ be a linear character of H. Then the induced character ¢ of G is
irreducible if and only if , for each € G-H={geG|g¢ H} ,
there ezxists h € tHz ' NH such that ¢(h) # ¢(z 'hz). In particular,
when ¢ is faithful, the condition ¢(h) # ¢(z~1hzx) is equivalent to that
of h# z lhz.

Using this result, we have the following:

Proposition 3. Let (a) = C, C G, and ¢ be a faithful irreducible
character of C,. Then the following conditions are equivalent
1. ¢C is irreducible.
2. For each = € G — Cy, , there ezists y € (a) N z{a)z™' such that
zyr~! #y.
Definition. When the condition (2) of Proposition 3 holds, we say
that G satisfies (EX,C).

Finally, we state the following :

Lemma 1. Let p be an odd prime and n,m,k,j be integers satis-
fying 0 <m < n. Then, if we put s =1+ kp"™ ™, we have the following
equality :
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P 1

si—1

m

=p™ (mod p").

4. PROOF OF THEOREM

Let G D H be a p-group as is stated in Theorem, and let ¢ € FIrr(C,,).
Since ¢¢ = (¢¥)¢ € Irr(G), we must have ¢¥ € Irr(H). Therefore, by
Theorem 0, we can take an element wu,, in H such that H = ( a,un) =
G(n,m). For the sake of simplicity, we write wu instead of wu,,. Since
[G : H] = p, we may write as

G=(H,y) (>H),
whereyc G—H={ge€G|g¢H} and y? € H.

Note that any element in H = (a,u) is represented as a‘u’ for some
L,Jj€Z, 0<:i<p" -1, 0<j<p™—-1L
Further, if we put s =14 p" ™ | we have

ij_l)

(aiuf)? LG bl P L SO

by Lemma 1.
First, we consider the elements yay~! and yuy~!.
We will show the following

Claim I. We can write as
yay_l _ a1+kP"_m_1upm_1j
yuy ™t = o "
for some k, j, d € Z.

k)

u,

1

Proof of Claim I.. Write yay~! = a®u/® and yuy~! = a®u’. Since

m —_ m,
ya? "yl = aP" e,

we must have (p,ig) = 1.
On the other hand, since

1=yuP "y ! = aq®P",
we have

dy =0 (mod p"™ ™).
Therefore, we may write dg = p" ™d and

_ n—m
yuy "t =a? "l

for some d € Z. Since n —m > m, by our assumption, we have

(1) ya?" Tyl =a" "o
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Taking the conjugate of both sides of the equality, uau=! =a'*?""" by
Yy, we get
(aP" " yt0) (g8 0 ) (qP" " dyyto) 1 = glogdogp" o
Hence, we have
@io(1+P™7™)0 G — qio(1+p™ ™), do
Therefore,
io(l+to-p" ™) =14(1+p" ™) (mod p").
But (ig,p) =1, so we get to =1 (mod p™), and hence
yuy ! = o .
For a normal subgroup N of G, and any g, h € G, we write
g=h (mod N)
when gh~le N.
Note that (a?" ") is a normal subgroup of G, by (1).
It is easy to see that

yuy ! =u (mod (a?""T)).
wa =au (mod (a®" 7)).
Further, we have

yaly™! = (a®u)! = a0l (mod (aP"TTY).
for any I € N.
Using these relations repeatedly, we get

m

yiay ® = @y dolis” +Hiot1) (mod (a®" ™)),

for any s € N.
In particular,

yPay P = oy dolif ++io+l) (mod (a®" " T)).
Hence we may write as
yPay P = qioHTP" Ty o (i Hio+1)
for some integer 7.
Since y? € H = (a,u), we must have
@ #=1 (modp"™),

and

(3) jo(iB ' +-+ig+1)=0 (mod p™).
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By (2), we can write as ig = 1 + kp" ™!, for some integer k. So,
_1 i —
jo(h +-+%+¢)=h(z_

1 . -
2) = jop (mod p"™).

Since n —m > m, by our assumption, we have

1

jﬂp =0 (mOd pm)a

by (3). Therefore we can write jo = p™ !j, for some j € Z. Thus the
proof of Claim I is completed. g

Hence, in order to prove the theorem, we have only to consider the
following two cases:
and yuy ! =aP" "%,

m=-1.

n—m-—1
Case I.: yay~! = altkp
n-m-—1
Case II.: yay~! = ol kP
apn_mdu’

1 _

uP (o) =1, and yuy™ =

First, we consider Case 1. But in this case we can see that G > C,.
Hence, by Iida’s result, we have

G = G(n,m+1).

Next, we consider Case II.
In this case, we have
y(a)y™ N (a) = (aP),
because

yaPy~l = (alTRPN T T PP = gLtk T TR ¢ (P,

Suppose that & = 0 (mod p), then there exists sp € Z, 0 <50 <p™ -1,
such that

(woy)ar(uoy) ™! = o
This contradicts the hypothesis that the condition (EX,C) holds. So, we
must have

(k,p) = 1.

Next, we consider the element P (€ H = (a,u) ). Write yP = aouko.
Since

m+1
E]

m=+1  _ n-m-—1 m—1., m+1
yl= (a1+kp uP” TP = aP

ya?

we have

yaf'y ! =a”,

for any t > m + 1. In particular, since n—m —12> m+ 1, by our
assumption, we have
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By a direct calculation, we have
_ -m n—11: . — m n—m
ypay P — o1Hkp" T 4p T i (1424 +(p 1))up J_ al+kp )
On the other hand, we have
yPay P = (alouko)a(aloyko) =1 = glHker™ ™
Hence, we have
k=ky (modp™),
S0, we may write
yP = alouk.

We show the following
Claim II. There erists an integer e, such that (a®y)P = u*.
Proof of Claim II. Since

yaloy=! = gloyp™ il (mod (apn_m—l)),

we have

L= y(abutyy

n—m-—1

=qloyP" " lotk (mod (a? M-

alouk =yP = yyPy~

Therefore we have

jlo =0 (mod p).
But, (j,p) =1, by our assumption, so

lo=0 (mod p).
Hence we may write as Iy = pl and

WP = aPlyk
for some [ € Z.
By a direct calculation, we get
(a®y)P =aP*uP™ Fs(1+2+ (1)), p

m—=1,¢ -1
—aPSuP 1]‘51”(1’2 )yp

=aPH 0y (mod (a?"T77TY),

for any s € N.
Therefore we may write as

(a®y)P = gPlsHHP" " 800 k
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for some integer [,,. Note that 3, is not independent of the choice of
s. If we set y; = a~'y, we can write as

y}l:, — aﬂpn—m—luk’
for some integer 3. Further, set e = —3p" ™2 — I, and

n—m-—2_ —_Rpn—m—2
Bp ly = a=PP 1.

Since n—m — 2 > m + 1, by our assumption, we have

y2=ay=a"

ylapn—m—2y1_1 ="
So,
(@) = = (@ P = a TR
Thus the proof of Claim II is completed. O

Since (k,p) = 1, there exists k' € Z, such that kk' =1 (mod p™).

Hence
y;lp — ok —
Therefore
yzuyz_1 =u.

Further, we have
:a—ﬁp"“m‘2—lyay—1al+ﬁp“‘"“2
m—1

J)al

sM ) n—m—1 m—1_
—glt(k+iip7)p uP7 T,

-1
Y20y,
- n-m-—1
=a ! (alTFP uP

If we set ky = k+1jp™, then

_ n—-m-—1 m—1,;
yoayy ! = althP P

bl
and
yh = uk = ukr

Summarizing the results, we have

yzay;?1 = gl thp" T g
yg = ulkla
Youy, = U.

There exists an integer {1, such that
hiki =1 (mod p™*t).

Set y3 = y'21. Since n—m —1>m+ 1, by our assumption, we have

n—m-—1 -1 pn—m—l

y2a? Y =a
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Hence,

1+p"_'"—1k111up’"_111j — al+l7"_"'_1 '"_1111_

-1 ! -l __
yiay; = yjay, ' =a uP

and
yh =B = Rl =y Ysuy; ' = u.
Take an integer s;, such that
lljsl =1 (mod p).
Then
ysa®tyy! =(al P P i)
B Y O WY Ml
:a(1+P"_m_l)(sl+th"_l5—1221_—1)11]'51)“11]'8117"‘_1
:asl(1+p"_m"1+k2p"‘_1)up’"‘1.
where, ky = 81(5241)1%3'2.

Set a; = a®!, then

(a) = (a”)

and ) .
_ 1 n—m— kopn— m—1
Y313 1 _ a1+p +kap uP .
Further,
n _ 1 n—m m
(4) af =1, waiwl=a" ", W =1,

Finally, we set
m—1

—k
ya =u" " ys

Then,
(5) yaaryyt =uhP" gy ke
e T CEaE A . e M
and
(6) vi=vi=u iy =u

Therefore, G is generated by a;, v and ys4 with relations (4), (5) and
(6). These relations are the same as that of G(n,m,1). Hence

G = (alv u, y4> = G(Tl,'m, 1)1
as desired. This completes the proof of Theorem.
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