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The Tomasi-Kanade factorization for reconstructing the 3-D shape of the feature points
tracked through a video stream is widely regarded as based on factorization of a matrix
by SVD (singular value decomposition). This paper points out that the core principle
is the affine camera approximation to the imaging geometry and that SVD is merely
one means of numerical computation. We first describe the geometric structure of the
problem and then give a complete programming scheme for 3-D reconstruction.

1. Introduction

The factorization method of Tomasi and Kanade
[12] is one of the best known techniques for 3-D recon-
struction from feature points tracked through a video
stream. This method computes the camera motion
and the 3-D shape of the scene by approximating the
camera imaging geometry by an affine transforma-
tion. Its execution is very easy, requiring only linear
analysis of the trajectories of the feature points. The
reconstructed shape has sufficient accuracy for many
practical applications for which very high-precision is
not required. Also. the solution can be used as an
initial value for more sophisticated iterative methods
based on rigorous perspective projection [1].

After more than ten years since its birth, however,
there is still a wide-spread misunderstanding that it
ts a method for reconstructing 3-D by matriz factor-
ization using SVD (singular value decomposition). In
reality, however, the underlying principle is only the
affine approximation to the camera imaging; factor-
ization by SVD is nothing but an (optional) means
for numerically computing the least-squares solution.

This fact should be so obvious to those using this
method that this need not particularly be mentioned.
For those who did not use this method. however, ex-
plaining this may help them really understand what
the Tomasi-Kanade factorization is.

One cause of the misunderstanding may be that
the actual procedure for the factorization method is
not given in most literature except for characterizing
it as “factorization by SVD”. In truth, the core of
this method lies in what is known as the metric con-
dition and least-squares optimization of the motion
and shape.

The purpose of this paper is two-fold:

1. We explain the geomeiric structure of the fac-
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torization method, thereby showing that matrix
factorization by SVD does not play any essential
role.

2. From this viewpoint, we describe a complete
computational procedure for this method, de-
tailing specific optimization steps for individual
camera models.

In the following, we first describe the underlying
geometric structure and the general framework of the
computation. Then, we describe the actual algorithm
in detail. The derivation is summarized in the ap-
pendix.

2. Affine Camera Model

Suppose we track N feature points over M frames.
Let (Txa,Yra) be the coordinates of the ath point in
the xth frame!. Stacking all the coordinates verti-
cally, we represent the entire trajectory by the fol-
lowing 2M-D trajectory vector:

|
TMa yﬁ.[-:x) .

(1)

For convenience, we identify the frame number s with
“time” and refer to the sth frame as “time &”.

We regard the XY Z camera coordinate system as
the world frame?, relative to which the scene is mov-
ing. Consider a 3-D coordinate system fixed to the

Po = (Tln' Yia T2a Y2a

!The coordinate origin is arbitrary, e.g., al the upper-left
corner of the image, as long as orthographic projection is as-
sumed. If weak perspective or paraperspective projection is as-
sumed, however, we must specify the principal point (the point
that corresponds to the camera optical axis). typically at the
center of the image frame, and take it as the coordinate origin,
because we are approximating the perspective projection.

2The mathematical structure is the same if we regard the
camera as moving relative to a stationary scene. However, if we
consider multiple motions [4, 5. 6, 7, 9, 10], we need to take the
camera as a reference. So, using the camera-based world frame
is more consistent than using the object-based world frame.
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scene, and let ¢, and {i.,7,.,kx} be, respectively, its
origin and basis vectors at time #. If the ath point
has coordinates (aq, ba, o) With respect to this coor-
dinate system, its position with respect to the world
frame at time k is

TPra = t:{ i a'aix i baj,; =p ('nkﬁ'- (2)

We assume an affine camera, which generalizes
orthographic, weak perspective, and paraperspective
projections [8]: the 3-D point 7., is projected onto
the image position

( T ) = Aprrs+ be, (3)
Ysa

where A, and b, are, respectively, a 2 x 3 matrix and
a 2-D vector determined by the position and orienta-
tion of the camera and its internal parameters at time
k. Substituting Eq. (2), we have

(Lm)_m%+%mm+mm%+%mm(m
Yo

where 1., Ty, o, and s, are 2-D vectors de-
termined by the position and orientation of the cam-
era and its internal parameters at time s. From
Eq. (4), the trajectory vector p, in Eq. (1) can be
written in the form

P, = Mo + aamy + g + cams, (5)

where myg, my, mso, and mg are the 2M-D vectors
obtained by stacking 1ug,., M1,, Mo, and g, ver-
tically over the M frames, respectively.

Eg. (5) implies that the trajectory vectors {p,}
are constrained to be in the 4-D subspace spanned
by {mq, mi, ma, ma} in R?>¥. This fact is called
the subspace constraint [4]. Moreover, the coefficient
of mg in eq. (5) is identically 1, meaning that {p,}
are constrained to be in the 3-D affine space passing
through mg and spanned by {m;, ma, ms}. This
fact is called the affine space constraint [5]. These
geometric interpretations play a central role in re-
covering missing data [11] and segmenting indepen-
dently moving multiple objects into individual mo-
tions [4, 5, 6, 7, 9, 10].

3. Flow of Computation

From the above observation, the procedure for re-
constructing 3-D from the data {p,} consists of the
following four stages:

1. Fit a 3-D affine space to {p,} by least squares.

2. From the fitted space, compute the vectors my,
my, ma, and ms.

3. From the resulting vectors mg, mq, me, and
mg, compute the position ¢, and the orientation
{#,J k) of the scene coordinate system.

4. Compute the scene coordinates (aqy, ba, co) of in-
dividual feature points.
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What is known as “factorization by SVD” is a typ-
ical numerical scheme for the first stage. The core
of the procedure is the second stage and is known as
the metric condition, which depends on what camera
model is assumed. The third stage is non-linear op-
timization, because we need to incorporate the con-
straint that {,,7,.,kx} be an orthonormal system.
The solution is given by SVD [2]. The fourth stage is
the simplest: we only need to minimize

N
== Z lPa — Mo — aamy — bamsy — cams|®. (6)

a=1

This is a quadratic minimization in (@s.ba.Ca), SO
the solution is obtained by solving a linear equation
(the normal equation).

4. Affine Space Fitting

Since the absolute position of the scene coordinate
system is arbitrary, we take its origin at the centroid
of th(jv N feature points. Then, Zf:] By = 22’:1 ba
= > o—1Ca =0, 50 eq. (5) implies that my coincides
with the centroid of {p, .}

T
Pc =5 Z Pa- (7)
a=1
Let
Pa = Pa — Pc> (8)

and define the (second-order) moment matriz
N
C=> _ pLr,". 9)
a=1

As is well known, the affine space that fits {p,} op-
timally (in the sense of least squares) passes through
the centroid p. and is spanned by the unit eigenvec-
tors {1, w2, uz} of C for the largest three eigenval-
ues A1 > A2 > A3. It follows that the vectors mq, mo,
and m3 can be expressed as a linear combination of
the basis {u;, us, uz} in the form

3
m; = ZAijui- (10)

=1

It can be shown, however, that what we need for 3-D
reconstruction is not the matrix A = (A4;;) itself but
the metric matriz

T=AA". (11)
The constraint on the matrix T' depends on the as-

sumed camera model and is called the metric condi-
tion.
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5. Why “Factorization”?

As we have seen, matrix factorization by SVD is
not necessary for 3-D reconstruction. However, we
can use it as a numerical means. In fact, we may
define the 2M x N observation matrix

W=(pi pb Py ) (12)
that has p, p5, ..., py as its column. Let
W = Undiag(a1,02,....08)Vy (13)

be its SVD, where Uy and Vi are, respectively, 2M x
N and N x N matrices consisting of an orthonormal
system of columns, and o1, o2, ..., ax (= 0) are the
singular values (diag(- - -) denotes the diagonal matrix
having - -- as its diagonal elements). It is easily seen
that the ith column of Uy is the unit eigenvalue of
the moment matrix C in eq. (9) for the eigenvalue
Ai = 07 [2, 3]. Thus, the eigendecomposition of the
moment matrix C is mathematically equivalent to the
SVD of the observation matrix W.

The computational complexity of SVD of the 2M x
N matrix W usually depends on min(2M, N). So,
SVD will be computationally more efficient when the
number 2M of frames is much larger than the number
N of feature points.

From eq. (5), we have p,, = agmq+byma-+cams.
Substituting this into eq. (12), we have

aq a9 s ay
W:(ml mo m3) b] bg bN
€1 ©C3 -+ CN

= MS. (14)

where M is the 2M x 3 motion matriz having m; as
its ith column, and S is the 3 x N shape matriz hav-
ing (@, ba,cq)’ as its ath column. In this notation,
eq. (10) can be rewritten as

M=UA, (15)

where U is a 2M x 3 matrix consisting of the first
three column of the matrix Uy.

Tomasi and Kanade [12] expressed the affine space
constraint (5) as eq. (14) and called it the rank 2 con-
straint®. Then, they applied SVD to the observation
matrix W in the form of eq. (13), determining the
motion matrix M in the form of eq. (15) using the
metric condition.

From this originates the interpretation that their
method is to do matrix factorization by SVD. How-
ever, we should not mix up the mathematical struc-
ture of the problem with numerical means for solving
it. As we noted earlier, SVD is simply an (optional)
numerical means for affine space fitting.

31f we do not center the coordinate system at the cen-
troid, we can obtain what is known as the rank 4 constraint:

1 --- 1
ay -+ ay 3
= my ma M ,or W =
(Pl PN) ("’710 1 2 3) b, =0 W or
¢l - CN

MS. This is a more faithful expression of our affine space con-
straint (5).

Factorization without Factorization

6. Main Procedure

We first describe the main procedure for 3-D re-
construction independent of individual camera mod-
els. Then, we detail the subprocedures that depend
on the assumed camera models. The derivation is
summarized in the appendix.

The important thing to note is that two solu-
tions are obtained and that the corresponding 3-D
shapes are mirror images of each other. The two solu-
tions cannot be distinguished under the affine camera
model: both result in identical images when projected.

Input:
e 2M-D trajectory vectors {p,},a =1, ... N (M
is the number of frames, N is the number of fea-
ture points).

o the average scene depth Z, and the focal lengths
{f.} for all the frames (arbitrarily assigned if
unknown).

Output:
e the translation vectors {t,.} (the positions of the
centroid of the feature points).

e the 3-D positions {7,} and {r,} (mirror images
of each other) of the individual feature points
with respect to the first frame.

e the 3-D rotations {R,} and {R,} (the orienta-
tions of the scene coordinate system).

Main procedure*:
— Fitting an affine space —
1. Compute the centroid p, of the trajectory vec-
tors {p,} by eq. (7).

2. Let ty, and #,, be the (2(k—1)+1)th and (2(x—
1) + 2)th components of p, respectively.

3. Fit a 3-D affine space to the trajectory vectors
{p,} and let {uq, ua, us} be its basis.

4. Let U be the 2M x 3 matrix having w1, us, and
ug as its columns, and let uf{(a) be the (2(k —
1) +a)th column of UT,k=1,...M,a=1,2.
— Computing the metric matrix —

5F Compute the 3 x 3 metric matrix T'.

6. Compute the eigenvalues {\;, A2, A3} of T and
the corresponding orthonormal system {v;, v2,
w3} of unit eigenvectors.

# T is a positive definite symmetric matrix; its
eigenvalues {A;, Ao, A3} are all positive.

— Computing translation —

translation

7 Compute the vectors 1, =

(tans tyns tan) T
— Computing rotation —

4The mark * indicates that the computation depends the
assumed camera model.
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8. Compute the following 2M-D vectors:

('u'j;(l)’ Ui)
(432, Vi)
i =/ | (i ve) i=1,34.

(”111(2)?”1'-)
(16)
9. Let M be the 2M x 3 motion matrix having m,,
Mo, and g as its columns, and let ml(a) be the

the (2(k — 1) + a)th column of M ", k =1, ...,
M,a=1,2.

10* Compute the rotations {R,}.
— Optimizing the shape —
11F Recompute the motion matrix M as follows:
M

M=) T}R.. (17)

k=1
# IL; = (IL.(s5y) is a 3 x 2M matrix that depends
on the assumed camera model.
12. Compute the 3-D shape vectors {s,} as follows:

sa=(MTM)"'M'(p, —pc).  (18)

— Computing the mirror image -
13* Compute {s/,} and {R.} as follows:

80 = —8as R, =R, (19)

# (1, is a rotation matrix that depends on the
assumed camera model.
— Computing the 3-D positions —

14. Compute the two sets of solutions {7, }, {7} as
follows:

. Z, o T
Fy = ;(Rlsa +t1), 7= ;(R;s; +t).
z z
(20)

7. Subprocedures

The steps with the mark * in the preceding section
depend on the assumed camera model. Here, we con-
sider three projection models and give corresponding
subprocedures.

7.1 Orthographic projection

By orthographic projection (Fig. 1), a point
(X,Y, Z) in the scene is projected onto a point (z,y)
in the image such that

()-G)

The steps with * are computed as follows (the deriva-
tion is given in the appendix).
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X.Y.2)

(x.y

Figure 1: Orthographic projection.

Computing the metric matrix
1. Define the following 3 x 3 x 3 x 3 tensor B =
(Bijkt):
M ‘ ) . .
Bgm= Z[(HL(I))i(UL(l))j(uL(1))k(”L(1))i
r=1

+(ul(2))i(ul(g) )i (ul(g) )k(u:{(g) )i

J& ((“Lm)i{ul(z)}i £y (“1(2))"(“1(1)%)
((ul(i))k(ul(z))l + (ul(z))‘-‘(ulu))’))]-

(22)

# (uj{_(a) ); denotes the ith component of the 3-D

vector w', ..
K(a)

2. Define the following 6 x 6 symmetric matrix B:

B
Boo11

B3z11

V2Ba311
V2Bs111
V2B1211

V2Bi123
V2Bs203
V2Bi323
2Ba323
2B3103
2B1223

Biiaz
Baas
B33z

V2Ba333
V2B3133
V2B1a33

V2Bi112

V2Baa12

V2Bs312 L (23)
2Ba312
2B3112
2B1212

Bii13
Bagao
B3z
V2Ba320
V2B3122
V2B1222

V2B1131
V2B2231
V2B3331
2B2331
2B3131
2B1231

B =

3. Compute the following 6-D vector e:
e=(1 1100 0) . (24

4. Compute the 6-D vector 7 = (7;) by solving the
following linear equation:

Br =e. (25)

5. Compute the metric matrix T as follows:

] 6/V2 T5/V2
T6/V2 T a/v2 |. (26)
1'5/\/5 7'4/\/i 73

T:

Computing translation
L. Ttk = Fss B = 1; iy ML

2. Let tpe = t.r and tyx = twy,{, k=1, .., 2M.
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(X.Y.2)

(x,y (‘
0 I /l .7 7

Figure 2: Weak perspective projection.

Computing rotation
1. For each s, compute the following SVD:

T T T
(mly mie 0)=VeAUL (@0

2. Compute the rotation matrices { R, } as follows:

R, = U, diag(1,1.det(V, .U ))V]  (28)

Matrices II, and £,

(2r—1)(2K)
0---0 1 0 0---0 ;
.= 0--0 0 1 0---0 ] (29
§ - B 0 B =B
Q, = diag(—1,—1,1). (30)

7.2 Weak perspective projection

By weak perspective projection (Fig. 2) [8], a point
(X.Y, Z) in the scene is projected onto a point (x,y)
in the image such that®

(G)-z(v) o

where f is the focal length of the camera and ¢, is
the third component of the origin t of the scene co-
ordinate system.

If weak perspective projection is assumed, the focal
lengths {f.}, & = 1, ..., M, for all the frames need
to be specified. If they are unknown, they can be
arbitrarily assigned; the reconstructed shape does not
depend on their values. This is because the depth ¢,
is indeterminate and is normalized to be the user-
assigned value Z, in the end. The steps with % are
computed as follows (the derivation is given in the
appendix).

Computing the metric matrix
1. Compute the following 3 x 3 x 3 x 3 tensor B =
(Bigkt):

M
Bijk! = Z [(ul(l))i(ul(1))j(u1-,(1))k(u£(1))1

w=1
—(ul(l)};(uz(l))j(ui(z))k(u:r{(g)}_[

5We assume that the principal point (the point that cor-
responds to the camera optical axis) is specified, typically at
the center of the image frame, and take it as the coordinate
origin. This is because we are approximating the perspective
projection. See footnote 1.

Factorization without Factorization

= (o )i () 0y (g ) D () )
i ] i 1
+('”'L(2) )i(ul(zy )i (ﬂl(z) Jk(y 0 )i

T o . . .
3 (ko) ok o)) (el toal o) )
+('U.L(2) )i(ulm )j (ul(l) )k(ul(z) )l

= : .
+(u,t(1) )1'("-",';(2) )i (uﬁ(g) )k (u:;(l) I

H”L(?))f(uzc(n)i(“l(z))*‘(“Lm)’ﬂ '
(32)

2. Compute the 6 x 6 symmetric matrix B in
eq. (23)-

3. Compute the 6-D unit eigenvector 7 = (1;) of B
for the smallest eigenvalue.

4. Compute the metric matrix T in eq. (26).
5. If detT < 0, let T —T".

Computing translation
1. Compute t,, as follows:

2
ten = fu m 73 .
(el o Tl oy )+ (] s T8 )

(33)
2. Compute t,, and . as follows:
Lok - tzr{ e F,
trn = ftrm tyﬁ = zt'yﬁ- (34)

Computing rotation
1. For each &, compute the following SVD:

b
ﬁ( mi(l) ml(z) 0 ) =V.AUL. (35)

2. Compute the rotation matrices { R} by eq. (28).

Matrices II,, and €2,

(26—1)(2k)
0 -0 1 0 0--
M=% 0 -0 0 1 00 (36)
tx \ 0 ...0 0 0 0-.-0
Q, = diag(—1,-1,1). (37)

7.3 Paraperspective projection

By paraperspective projection (Fig. 3) (8], a point
(X.,Y, Z) in the scene is projected onto a point (z,y)
in the image such that®

() =23 ) (-0)(5))

where 1., t,, and ¢, are the tree components of the
origin ¢ of the scene coordinate systemn.

6As in the case of weak perspective projection, we assume
that the principal point is specified, typically at the center of
the image frame, and take it as the coordinate origin.

65



66 Kenichi KANATANI and Yasuyuki SUGAYA

(X, Y, 2)

(ry

i

Figure 3: Paraperspective projection.

If paraperspective projection is assumed, the focal
lengths {f.}, &« = 1, ..., M, for all the frames need
to be specified, but they can be assigned arbitrarily
if they are unknown. The reconstructed shape does
not depend on their values as in the case of weak per-
spective projection. The steps with * are computed
as follows (the derivation is given in the appendix).

Computing the metric matrix

1. Let
1 1
“=iim i T irmgpe
Ik yl J K
bt \
’)'R — _-f_gLT R = 1.,ﬂi{ (39)

2. Define the following 3 x 3 x 3 x 3 tensor B =
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4. Compute the 6-D unit eigenvector 7 = (7;) of B
for the smallest eigenvalue.

5. Compute the metric matrix T in eq. (26).
6. IfdetT < 0, let T « —T.

Computing translation
1. Compute t,, as follows:

2

tzr{:fr{ : :
\/a,{(uLm,TuLm)JrﬂK( UL ()5 Tuh(,,)
(41)

2. Compute t,, and ty,. by egs. (34).

Computing rotation
1. For each #, compute the vectors {r:,m._ Tr(2)

7‘1(3} } as follows:

1 _ tzrc
w(3) —
O (1 e/t +

tyﬁ/tm)z)

tzr\' T T t:n; i t'yh-. F
(_mﬁ(l)xmn(?.)7rmn(1)7rmﬁ(2)>’
.fﬁ ZR IR

‘ t T

i Iy bxw t
Te()y = 7 m, gy + tz_rrc{:zp

T izrs 7 YK f'
The) = n{?)* T(3)" (42)

_ 2 20, i i t t
Bijri = Z [(75 "‘1)‘3‘5»:(“:;(1))f("Lu))j(uncl))k{“n(l))f 2. For each &, compute the following SVD:

(Bijkt):
M
k=1
+( +1)|62{ )( h(g J( n(g))k(uh(g)}l

) )i(w

+(UH(1))( n(Z)) ( U ) k(ul )
“"(“L(z)) (u n(J)) {"'s(z) R(“Lu))i
Jf(u -:a)) (un(l))J(uh(l})R(uL(z )i
+Hul(z)i (”m(l ((u,

_ah'Yh:( h(] ,_(‘U.

( 5(2)) (1) )I
+

(U)J{u ))k(u’ 2))I

h')’n( ,{(1))1 )(UE{Q)) ( oc(] L

(ul )
h’)’n(u,{(l) ( L(E ) ( h(l} ( h(l))l
(u], )

)k

‘ah'}’n( i\Wy1) )j(u 5(1))k( r(1)/

m@mhm“muugﬁ

(ul ) !
y)

)i
@)
— Bt ﬁ(o))
—Bevi(u n(g)L
)i

)
2))f
K 2))l

) (ul(gl)l

u

ﬁrcr)'r:(uh(l) k u'

2) h(z (
(u,

( ,;(2) k(un(l
By o)) (u (

)i
)i (u
1(1))3( h(z)}
uL“ )1( 1)))(
L

(
)i(
+("f(} Daeye(
(

_L{'} _1)0’5 I 'I‘J.

3. Compute the 6 x G symmetric matrix B in
eq. (23).

(Ua))s(w 1(1))““1(1)”]-
(40)

( 7'1.(1) "'1(2) Ti(g) ) =V AU (43)

3. Compute the rotation matrices { R} by eq. (28).

Matrices 11, and €2,

(2k—1) (2r)
f R | 6 0--0
HK:T" 0---0 0 1 00 |-
25\ 0 o —tenfan ~tyefton 0=+ 0
(44)
St 4l
=Tz F o

8. Concluding Remarks

We have pointed out that the principle of the
Tomasi-Kanade factorization is the affine camera ap-
proximation to the imaging geometry and that ma-
trix factorization by SVD is nothing but a numerical
means for computing a least-squares solution. We
have clarified the geometric structure of the prob-
lem and given a complete computational procedure’
for 3-D reconstruction based on orthographic projec-
tion, weak perspective projection, and paraperspec-
tive projection. The derivation of the procedure is
summarized in the appendix.

"The C program source is available at:
http://www.suri.it.okayama-u.ac.jp/e-program.html
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Appendix: Derivations

A. Orthographic Projection

The orthographic projection equation (21) can be

rewritten as
- X
( : ) =1II '] - (46)
Y 7

where IT is the following 2 x 3 projection matrix:

H_(é?g) (47)

Factorization without Factorization

Computing the metric matrix

In terms of the projection matrix (47), vectors
Ty, Moy, and 13, in eq. (4) are written as follows:

Th]r{. = Hiﬁ.! ﬁl?ﬁ = Hj,{e m?m - ]'_'[kh‘. (48)

Let
R, = ( te Ju B ) (49)

be the matrix having the orthonormal system {i,, j ..
k.} as columns. This is a rotation matrix that de-
scribes the orientation of the scene coordinate system
at time k. Using this, we can write eq. (48) as follows:

( M1 7. s, ) =R, (50)
Since R, is an orthogonal matrix, we have
_ - N - - - T
( My Mo, T3k )( mMix M2x M3k )
=TIR R II" =IIIT" =1. (51)

In terms of the vectors mL(a] defined in Step 9 of the

main procedure, the above equation can be written
as

- t g - i
( Moy M) ) ( Te 1y Mg ): I (52)

Equating individual elements on both sides, we obtain

. . 5 ,
”m,Tc(l)Ilz = ”m'T{{g)”? =1, (mﬁ(])-mL(g)) =0.
o (53)
Since M = ATU" from eq. (15), we obtain
t T
My =A (54)

where ui(ﬂ) are the vectors defined in Step 4 of the

main procedure. Substituting eq. (54) into egs. (53),
we obtain

2 (il T i iF T F
(ATul ), A uL(l)) = (A ul{zj,A ulg) =1,
(ATl ATl ) = 0. (55)

In terms of the metric matrix T' (eq. (11)), these are
rewritten as

So, we compute the matrix 7" that minimizes

M 2
K= 2[((@(1),1"@(”) . 1)

k>
i i i 1 i 9
+((uK(2),TuK(2)) = 1) + (uﬁ(1)=T'“'ﬁ(2)) ]
(57)

Differentiating this with respect to T;; and setting the
result 0, we obtain the simultaneous linear equations

3
Z BijkiTh = 05, (58)
i.4,k0=1
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where the tensor B = (B;;r) is defined by eq. (23).
In terms of the 6 x 6 symmetric matrix B given in
eq. (23), the 6-D vector T defined via eq. (26), and the
6-D vector ¢ defined by eq. (24). the above equation
can be expressed in the form given in eq. (25). Its
solution 7 determines the matrix T in the form of
eq. (26).

Computing translation

The depth information is lost through ortho-
graphic projection, so we place the origin t, =
(tzrstysstzx) ' of the scene coordinate system in the
distance Z. specified by the user from the XY plane.
We also identify (t..,ty.) with the centroid of the
projected feature positions, namely (fzx, fyx)-

Computing rotation

The metric matrix T is expressed in terms of its
eigenvalues {A;, A2, A3} and the corresponding or-
thonormal system {wv1, v2, v3} of eigenvectors as fol-
lows [2]:

T =(v, ve ws)diag(h, A2, A3) (v1 v2 ’Ug)T
(59)

Since this equals AA ", we have

A=+(v1 v vg)diag(\/)\_l._\/)\_g, VA3)Q
=+ (Vo1 vVavs VAsus) Q,

where @ is an arbitrary rotation matrix, which corre-
sponds to the orientation indeterminacy of the scene
coordinate system. The double-sign =+ reflects the
mirror-image indeterminacy of the solution. Here, we
pick out one solution by choosing + and @ = I (the
identity). Then, the ith column of the motion matrix
M is

(60)

iT

Y1)
T |
UHI?,
i
U,
m; = ?%’1) vV )\,"Ui, (61)
Uz (2)
4T
Upr(a)

which is rewritten as eq. (16).

If we transpose both sides of eq. (50) and let ri( 0
be the ith column of R,|, we obtain from the defini-
tion of mLa) and eq. (17)

f f Tt f i
(mﬂm mﬁ{zy) =R.II = ("5(1) Tn(?))'
(62)
Hence, we obtain
F e ¥l :
Tetr) = My Tie) ™ M) (63)

Since {'rl( 1y T'L(z), T':_(B)} is a right-handed orthonor-

mal system, we should theoretically have ""L(a) =
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Tl(l) ® 1'1(2). In the presence of noise in the data,
however, the computed vectors Tim and 7';(2) may
not necessarily be orthogonal or of unit length. So,
we fit an exact orthonormal system to them. If we
compute the SVD in the form of eq. (27), the matrix
VKUI is the best approximation to RI in the sense
of least squares [2]. In order to prevent the deter-
minant from being —1, we modify it in the form of
eq. (28) [2].

Computing the shape

Combining the matrix IT, in eq. (29) and egs. (49)
and (50), we can rewrite the motion matrix M de-
fined in Step 9 of the main procedure in the form
of eq. (17). Introducing the 3-D shape vector s, =

(GasbasCa) ', We can write eq. (6) as

N
J =" |Ipa — mo — Msa.

a=1

(64)

Since my is the centroid of {p,}, the least-squares
solution is given by eq. (18).

Computing the mirror image solution

We are considering a solution corresponding to the
sign + in eq. (60). If we choose — instead, the vectors
m; in eq. (16) will change their signs, and hence the
motion matrix M and the vectors m; will also change
their signs. If the motion matrix M changes its sign,
the shape vectors s, given by eq. (18) also change
their signs.

If the vectors 1., Tk, and 73, change their
signs, eq. (50) implies that we obtain a mirror im-
age solution R, for the rotation such that TIR, =
—IIR,. Transposing both sides and letting €2, =
R"KRI, we obtain

10 -1 0
2l o 1 |l=] @ - (65)
0 0 0 0

This means that €2, is a rotation matrix that maps
vectors (1,0,0)" and (0,1,0)" onto (—1,0,0)" and
(0,—1,0)7, respectively. So, Q, = diag(—1,—1,1).

B. Weak Perspective Projection

Weak perspective projection equation (31) can he
written in the form of eq. (46) if we define the pro-
jection matrix IT by

_ffr1 00
A8 T B

Computing the metric matrix

(66)

For weak perspective projection, the vectors mox,
M1, Mok, and Mg, in eq. (4) can be written as
mﬂn - Hﬁ.tﬁJ ﬁllpc =i HKiKE

m?ﬁ - Hf{jﬂ? mSﬁ - anrce (67)
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where I, is the matrix obtained by replacing f and
t., respectively, by the values f,. and t., at time & in
eq. (66). From the definition of the rotation matrix
R, in eq. (49), we obtain

( M1 Mok 'fh'Sﬁ ):HNRH' (68)

Since R, is an orthogonal matrix, we have

i
= I,R.R/II| = II.II| = tT"I

ZR

(69)

In terms of the vectors m deﬁned in Step 9 of the

main procedure, the above equatwn can be rewritten
as

t Al t 5 ;
] . I
M (2) ) ( (1) Meia) )— t_gff-
(70)

Equating individual elements on both sides, we obtain

a2 L

”m"(UH = [lm o) l* = 2’ (M 1y M) = 0.
(71)

Recalling that M = AT U' from eq. (15) and in-

deﬁned in Step 4 of the

main procedure, we can express the vector m!

troducing the vectors u

K(a) in

the form of eq. (54). Substituting it into egs. (71), w

obtain

0 T, 1 5 X I
(A" u! 1),A'u;{1)) = (A'u y A f(,))) - é,
(A 0] A Pl o (72)

In terms of the metric matrix T' (e
rewritten as

q. (11)), these are

f'z
aa
(73)

o .
() Tl ) = (u) o Tty ) =

(uyy) Ttlz)) = 0.
So, we compute the matrix T" that minimizes

M ) y
K = Z{((“L(an“m)) (u &(O]*T“h(m))
=1
+
+al g, Tuh(z))] (74)
If we define the tensor B = (Bijn) by eq. (32), we
have

3
> BiyuTiTu- (75)

t,4:k;l=1
Note that egs. (73) imply that the matrix T has
scale indeterminacy. In fact, doubling T' means di-
viding t.. by V2. Then, the matrix II, in eq. (66) is

Factorization without Factorization

multiplied by v/2, so eq. (68) implies that the vectors
M., Tae, and mivs,. are all multiplied by V2. We
can see from eq. (5), however, that this magnification
can be compensated for by dividing a,, b,, and ¢,
by /2, resulting in a solution compatible with all the
data. So, we do not lose generality if we normalize T'
into ||T|| = 1.

In terms of the 6 x 6 symmetric matrix B given in
eq. (23) and the 6-D vector T defined via eq. (26), we
can write eq. (75) as the following quadratic form:

K = (7, B7). (76)

Since K is a sum of squares, B is a positive semi-
definite symmetric matrix. From the definition of the
vector 7, the condition ||T'|| = 1 is equivalent to the
condition ||7|| = 1. So, we compute the unit vector
7 that minimizes the quadratic form K in 7, and the
solution is the unit eigenvector of B for the smallest
eigenvalue [3]. From it, we obtain the solution T
in the form of eq. (26). However, eigenvectors have
signature indeterminacy, and the matrix T" should be
positive semi-definite. So, if det T' < 0, we change the
sign of T'.

Computing translation

If the metric matrix T is computed, the first of
eqs. (73) gives t,, in the form of eq. (33), which is ar-
1'anged so as to preserve the symmetry between uLm

and o' The remaining components f.. and ty.

&(2)°
are determined from the first of egs. (67) in the form
of egs. (34).
Computing rotation

As in the case of orthographic projection, the ith
column of the motion matrix M is given in the form
of eq. (16), and the vectors mL(a) are determined
accordingly.

If we transpose both sides of eq. (68) and let Tl(i)
be the ith column of R, we obtain from the defini-
tion of mL(a)

i t Ferr ’ t
(m&(l) mﬁ(z)):Rf:Hn Z: ("’Ku K(z))‘
(77)
Hence, we obtain
; t 4 t
ZK it _ Lzw 1
""Lu) fx Lu Fals) = fimr{(ﬂ' (78)

s i 3o 0 .
Since {7 ;) TH(Z)‘ Tﬁ(3)} is a right-handed orthonor-
mal system, we should theoretically have rlw =

X ""L(z)' In the presence of noise in the data,

T .
however, the computed vectors Tlu) and 7“;(2) may
not necessarily be orthogonal or of unit length. So,
we fit an exact orthonormal system to them. As in
the case of orthographic projection, if we compute the
SVD in the form of eq. (27), the best approximation
to R, is given by eq. (28) [2].
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Computing the shape

Combining the matrix I, in eq. (36) and egs. (49)
and (68), we can rewrite the motion matrix M de-
fined in Step 9 of the main procedure in the form
of eq. (17). Introducing the 3-D shape vector & s,
= (@asba, ), We can write eq. (6) in the form of
eq. (64), from which the least-squares solution is given
in the form of eq. (18).

Computing the mirror image solution

As in the case of orthographic projection, the so-
lution s, for the shape vector gives rise to its mir-
ror image solution —s,,, for which the vectors ml(a)
change their signs. Then, eq. (68) implies that we ob-
tain a mirror image solution R, for the rotation such
that II, R, = —II,R.. Transposing both sides and
letting Q, = R:{RI, we obtain

10 1 0
%l o 1 )= 0 -r|. (79)
0 0 0 0

This means that £, is a rotation matrix that maps
vectors (1,0,0)" and (0,1,0)" onto (—1,0,0)T and
(0,—1,0)T, respectively. So, 2,. = diag(—1, -1, 1).
C. Paraperspective Projection

If we define the projection matrix IT by

_f 1 0 —t_T/iz iI/f
= (0 R ty/f)’ (80)

paraperspective projection equation (38) can be

rewritten as
s
y

Computing the metric matrix

(81)

— N

Eq. (2) can be rewritten as
Tke L7 j,{ k.
(7) = () (6) ()« ().
(82)

Hence, the vectors tnge, M., Mo, and s, in
eq. (4) can be written as

- ty L "

mON = ﬂﬁ (fh:) ] ml.‘{ == H.’c (’LO ) 1

5 . = k.
mZH_HH(36>= m3N:HK(O)! (83)

where TII, is the matrix obtained by replacing f and
t., respectively, by the values f,. and ¢, at time & in
eq. (80). From the definition of the rotation matrix
R, in eq. (49), we obtain

(e Ta Tt ) =TI, ( ff; ) (84)
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Since R, is an orthogonal matrix, we have

(e Toe se ) ( Tix Tox Max )|

:1'[,;<f;2T )(RT 0" )1}

. 4 T
()

= sz 1+ tf‘n/ﬁn trﬁt?{ﬁ/tgﬁ (85)
2 beslynltse 1Hiufs )

zk

In terms of the vectors m/! x(a) y defined in Step 9 of the
main procedure, the above equation can be rewritten

as
- ,
f i T i
( M) M) ) ( m 1y Mya) )

B tg,; tfﬁtyﬁ/tgfi 1 o t%x/tgn

Equating individual elements on both sides, we obtain

2 = 2= (1 ).

f2 &
i 2. yh
Imll? = 5(1+55),
: bl
T i _ lawktyr
(M 1y M) = 2 (87)
ZK

where we use the following identities resulting from
the first of egs. (83):

{.’L‘K — ﬁ t.’rK. (88)
tyx toe \ Tyw )
Recalling that M = A'U" from eq. (15) and in-
troducing the vectors ul(a) defined in Step 4 of the
main procedure, we can express the vector ml{a ) in

the form of eq. (54). Substituting it into eqs. (87) and
defining a,.. 3., and v, by egs. (39), we obtain

(AT AT i ) frz
h'(l} aﬁt%ﬁll
2
T+ ie
(ATl AT w) =
7ftf3
(ATl AT el ) = e (89)

In terms of the metric matrix T' (eq. (11)), these are
rewritten as
T

s
Cln( U1y THH(I) 5n(uﬁ(2)!Tun(2))

(i) Tae) 2
e By (90)
T L
from which we obtain the following two conditions:

‘ B : ;
O‘K(“Lu Tun(l)) = JE',"('u’»f(Z)'Tu’T'(2))

/h(aﬁ{u,{(l) T'u,,c(1 )+ ﬁﬁ( T“h(z ))
=, i T
= 2w, gy Tt ) (91)
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These conditions are arranged so as to preserve the
symmetry between «, and ag. We also multiply the
second equation by 7. in order to prevent 7, from
appearing in the denominator, since if ¢, or fy,t hap-
pens to be 0, we will have v, = 0.

We now compute the matrix T that minimizes

M

K =3 |(anuly,

r=1

4§ 2

Tun(l)) B (u] U2y 5.(2)))
, 1 i t t

+(7"' (“"(un(n'T“m)) + Bt z), T“ﬁ(z)))

~2(ul ), Tu (2)))2] (92)

If we define the tensor B = (Bjjr) by eq. (40), the
above equation has the form of eq. (75). Since the
matrix T' = (73;) has scale indeterminacy as in the
case of weak perspective projection, we do not lose
generality if we normalize it into ||T|| = 1.

In terms of the 6 x 6 symmetric matrix B given
in eq. (23) and the 6-D vector T defined via eq. (26),
we can write eq. (92) in the form of eq. (76). Since
the condition ||T'|| = 1 is equivalent to the condition
7] = 1, we compute the unit vector 7 that mini-
mizes the quadratic form K in 7, and the solution
is given by the unit eigenvector of B for the small-
est eigenvalue. From it, we obtain the solution T in
the form of eq. (26). However, eigenvectors have sig-
nature indeterminacy, and the matrix T should be
positive semi-definite. So, if detT < 0, we change
the sign of T'.

Computing translation

If the metric matrix T is computed, t,, is given
from eq. (90). However, 7. in the denominator of
the last term may happen to be 0. We also want to
preserve the symmetry between «, and 3.. So, we
compute . in the form of eq. (33). The remaining
components £, and t,, are determined from (88) in
the form of eq. (34).

Computing rotation

As in the case of orthographic and weak perspec-
tive projections, the ith column of the motion matrix
M is given in the form of eq. (16), and the vectors

L( a) A€ determined accordingly.

If we transpose both sides of eq. (84) and let rl(i)

m

be the ith column of R, , we obtain from the defini-
: t
tion of m_

(ml{n mT(z)) (R 0)IL;

f.n T tIH i T tyﬁ t
=i Tﬁ(l) T Th@® T TR ) (93)
2K ZK ZK
Hence, we obtain
tan T sy Lo i
T ) T TRy T g T RGs)
tac ot t tys

7. M) = Tri) tm""n(sr (94)

FFactorization without Factorization

: i 1]
Since {r, ). Te@y T «(3)

mal system, we obtain

} is a right-handed orthonor-

2 b i T
2 XMy = Tha e T T T (95)
Hence, the vectors {'rhm, L(z)’ riw)} are obtained
by solving the following linear equations:

t _tas ot Pam ot
T (1) Fo T T3~ f_ (1)
f bys ot Tew g
s(2) — i k(3) — f r-(2
bar i {2 it
= Tali) + Te2) T Te@) = 2 M) X Moy
ton Jg
(96)

The solution is given by egs. (42). In the presence
of noise in the data, however, the computed {'rhm

rL(z), 'rﬁ(g)} may not necessarily be an exact or-
thonormal system. So, we fit an exact orthonormal
system to them as in the case of orthographic and
weak perspective projections. The SVD in the form
of eq. (43) yields the best approximation to R, in the
form of eq. (28).
Computing the shape

Combining the matrix 1, in eq. (44) and egs. (49)
and (84), we can rewrite the motion matrix M de-
fined in Step 9 of the main procedure in the form of
eq. (17) and obtain the least-squares solution eq. (18)

as in the case of orthographic and weak perspective
projections.

Computing the mirror image solution

As in the case of orthographic and weak perspec-
tive projections, the solution s, for the shape vector
gives rise to its mirror image solution —s,, for which
the vectors m (@) change their signs. Then, eq. (84)

implies that we obtain a mirror image solution R,

!
for the rotation such that IT, ( ?, ) — —HR( ?{‘ )

Transposing both sides and letting 2, = R, RT we
obtain

1 0
0, 0 1
_tru;/tzx _tyr:/tzrt
-1 0
- 0 i (97)
tam/tzac tyrc/tzr{

This means that 2, is a rotation matrix that maps
vectors (1,0, —tzx/tsx)' and (1,0 —ty,;/tzﬁ)T onto
(=1,0,ten/tzx) " and (=1,0,tyc/tz6) ", 1espectively.
Noting that the vector t, = ( sy By t.c) | is orthog-
onal to both (1,0, —tux/tss)" and (1,0, ~tye/tz)
we conclude that €2, represents the rotation around
axis t,. by angle 180°. Hence, we obtain eq. (45).
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