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PROJECTIVE STRUCTURES AND AUTOMORPHIC
PSEUDODIFFERENTIAL OPERATORS

MiIN Ho LEE

ABSTRACT. Automorphic pseudodifferential operators are pseudodiffer-
ential operators that are invariant under an action of a discrete subgroup
I of SL(2,R), and they are closely linked to modular forms. In partic-
ular, there is a lifting map from modular forms to automorphic pseu-
dodifferential operators, which can be interpreted as a lifting morphism
of sheaves over the Riemann surface X associated to the given discrete
subgroup I'. One of the questions raised in a paper by Cohen, Manin,
and Zagier is whether the difference in the images of a local section of
a sheaf under such lifting morphisms corresponding to two projective
structures on X can be expressed in terms of certain Schwarzian deriva-
tives. The purpose of this paper is to provide a positive answer to this
question for some special cases.

1. INTRODUCTION

Pseudodifferential operators are formal Laurent series in the formal in-
verse O~ 1 of the derivative operator @ whose coefficients are complex-valued
functions, and they have been studied extensively over the years in connec-
tion with various topics in pure and applied mathematics. For example, they
play a critical role in the theory of nonlinear integrable partial differential
equations, also known as soliton equations (see e.g. [3]). In this paper we
consider pseudodifferential operators that are invariant under a naturally
defined action of a discrete subgroup of SL(2,R).

Given a discrete subgroup I' of SL(2,R), assuming that the coefficients of
a pseudodifferential operator 1 are holomorphic functions on the Poincaré
upper half plane H, the usual linear fractional action of I' on H induces
an operation of the same group on 1. Pseudodifferential operators that are
invariant under such an operation may be called automorphic pseudodiffer-
ential operators for I', and they are closely linked to classical modular forms.
Indeed, given an automorphic pseudodifferential operator v for I', a certain
linear combination of derivatives of coefficients of 1) determines a modular
form for I', and conversely, each coefficient of 1) can be expressed as a linear
combination of derivatives of modular forms for I' of various weights. These
relations can be used to establish a one-to-one correspondence between au-
tomorphic pseudodifferential operators and certain sequences of modular
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forms. One of the application of this correspondence is the construction
of a lifting map from modular forms to automorphic pseudodifferential op-
erators. Various aspects of automorphic pseudodifferential operators were
studied systematically by Cohen, Manin, and Zagier in [2] (see also [8]).
Similar results involving Hilbert modular forms can also be obtained by
considering pseudodifferential operators of several variables (cf. [6]).

It is well-known that modular forms for I' can be interpreted geometrically
as sections of a sheaf or a line bundle over the Riemann surface X = I'\'H
corresponding to I'. Similarly, automorphic pseudodifferential operators for
I" can be identified with sections of a sheaf or a vector bundle over X (see [7]).
In particular, we can consider a morphism of sheaves over X corresponding
to the lifting from modular forms to automorphic pseudodifferential opera-
tors mentioned above. This lifting morphism depends on the structure of the
Riemann surface X. A projective structure on a Riemann surface is a max-
imal atlas of charts in which the transition functions are linear fractional
transformations, and it is an important object in the theory of Riemann
surfaces. Since each automorphism of the Poincaré upper half plane H can
be given by a linear fractional transformation, the above Riemann surface
X has a natural projective structure . If P is another projective struc-
ture on X, then we are interested in the difference between the two lifting
morphisms of sheaves corresponding to the projective structures ¢ and 3.

One of the questions asked by Cohen, Manin, and Zagier in [2] is whether
the difference in the images of a local section of a sheaf under those two
lifting sheaf morphisms described above can be expressed in terms of certain
Schwarzian derivatives. The purpose of this paper is to provide a positive
answer to this question for some special cases.

I would like to thank the referee for various highly helpful comments and
suggestions.

2. PSEUDODIFFERENTIAL OPERATORS

In this section we review some basic properties of automorphic pseudodif-
ferential operators including their connections with modular forms studied
by Cohen, Manin, and Zagier. More details and some other aspects of au-
tomorphic pseudodifferential operators can be found in [2] and [8] (see also
1]).

Let R denote the ring of holomorphic functions on the Poincaré upper
half plane H, and let 0 be the derivative operator d/dz acting on the ring
R. A pseudodifferential operator over R is a formal Laurent series in the
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formal inverse 0! of O with coefficients in R, that is, an element of the form

ko
Z &k (2)0"

k=—00
for some kg € Z with & € R for each integer k < ky. We denote by YDO
the set of all pseudodifferential operators over R. Then it has the structure
of an algebra over C whose multiplication is given by the Leibniz rule, that
is,

(éj:oo gk(z)ak> (é:oo ) f’: Z i( ) 7 ()9

k=—o00 f=—00 r=0

(r)

where 7, ’ denotes the derivative of 7, of order r with respect to z, and

(ig) . <f> _ k(k—l)--;ﬂ!(k—rntl)

for r > 0. For each integer m, we denote by ¥YDO,,, the subspace of YDO
given by

¥DO,, = {Zsk(z>am—k & c R}.
k=0
If m > 0, then ¥YDO,,, contains the subspace
DO, = {ngumm—k £ € R}
k=0

consisting of differential operators of order at most m. We define the symbol
map =, : YDO,, — R by

(21) =, (gsku)am—k) ~ &l

Since Z,, is a complex linear map whose kernel is YDO,,_1, we see easily
that there is a short exact sequence

(2.2) 0 — ¥DO,,_1 — ¥DO,, =2 R — 0

of complex vector spaces.
We now describe the action of SL(2,R) on pseudodifferential operators
induced by its linear fractional action on H. If 0 denotes the differentiation

operator with respect to the transformed coordinate vz of z by an element
v=(2%) € SL(2,R), then we see that

&= <d(cZzZ))_18 = (cz +d)?0.
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More generally, we have

(2.3) 8" = ((cz +d)%D Zev( )( ) ez + d)* ot

for all k € Z and z € H (see (1.7) in [2]). Thus the map
O+— doy= d

induces a right action ¥ +— ¥ o~ of SL(2,R) on ¥DO,, for each m € Z;
hence, in particular, SL(2,R) acts on ¥DO on the right.

Definition 1. An element ¢y € YDO is an automorphic pseudodifferential
operator for T' if it is invariant under the action of I', that is,

Yoy =1
for all v € I'. We denote by ¥DO the space of all automorphic pseudodif-
ferential operators for I'.

Definition 2. Given an integer m, a modular form of weight m for I' is a
holomorphic function f : 'H — C satisfying

(2.4) (flmy)(2) := (ez + d) 7" f(v2) = [(2)
for all z € H and v = (¢%) € I'. We denote by M,, (') the space of all
modular forms of weight m for T'.

Remark. The usual definition of modular forms also contains the finiteness
condition at the cusps. However, we have suppressed this condition in order
to allow modular forms of negative weight.

If Z_,, is the symbol map given by (2.1) for m = —w € Z, we see from
(2.3) that the image Z_,,(¢) of an automorphic pseudodifferential operator
Y € ¥DO'  under Z_,, is a modular form belonging to Ma,,(I'). Thus the
sequence (2.2) induces the short exact sequence

(2.5) 0 — ¥DO", ; — ¥DO", = My,(T') — 0

for each w € Z. In fact, this sequence splits as can be seen below.
Given a positive integer p and an element f € R, we set

P L+p—D! o
Loll) =2 (D gy 10

£=0

229 0)! () Ap—¢
Zev Py T EARCAN

Then the maps f — [,p(f) and fe E_p(f) determine the linear maps
L,:R—¥YDO_,, L_,:R— DO,
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for each p > 1. Thus, if we denote the identity map on R by Ly, we obtain
a complex linear map

(2.6) Ly : R— ¥YDO_,,
for each integer w.

Proposition 2.1. Each linear map L, : R — YDO_, in (2.6) satisfies the
condition

Lo (f 2w v) = Lw(f) o
for all f € R and v € SL(2,C).

Proof. See Proposition 1 in [2]. O

If f € Moy (T) with w € Z for some discrete subgroup I' of SL(2,R), then
it follows from Proposition 2.1 that £, (f) is an automorphic pseudodiffer-
ential operator belonging to WDOU ; hence the map £,, in (2.6) induces the
linear map

(2.7) Loy : Moy (T) — DO .

Since we see easily that (E_, o L) f = f, the short exact sequence (2.5)
splits and the linear map £, in (2.7) may be regarded as a lifting from

modular forms of weight 2w to automorphic pseudodifferential operators for
I.

3. PROJECTIVE STRUCTURES

There are two important structures on each Riemann surface that are finer
than the complex structure, namely, the affine and projective structures.
The projective structure is closely linked to the differential operator known
as the Schwarzian derivative. In this section we review some basic properties
of the projective structure and its relation with the Schwarzian derivative
(see, e.g., [4, Section 9] for more details). We also describe one of the
questions asked by Cohen, Manin, and Zagier in [2] and state our main
theorem in this paper which provide a partial answer to that question for
some special cases.

Definition 3. Let U and V' be open subdomains of C, and let f : U — V
be a complex analytic local homeomorphism. The Schwarzian derivative of
f is the function S f defined by

I

’ 1 f// 2 2][‘/][‘/// . 3<f//)2
(3:-1) 5f= (f_) - 5(7) BEETI R
Lemma 3.1. Let f: U — V be a complex analytic local homeomorphism of
open subdomains U and V of C. Then Sf = 0 +f and only if f is a linear
fractional transformation.




60 MIN HO LEE

Proof. If f : U — V is a linear fractional transformation given by

az+0b
with (¢9) € SL(2,C), then we have
f”(z) .
= —2c(cz+d)
ORI

hence we see that
1
(SHz) = 262(62’ + d)_2 - 5(—20(62 + d)_l)2 =0

for all z € U. To verify the converse, we now assume that f satisfies Sf = 0.
Then, using the fact that Sf(z) can be written in the form

2
(S1)(z) = =2f() 25 (F1(:)772),

we obtain )
d _
@f'(z) Y2 =o.
This shows that
reN—1/2 10 — _9 _az +b
P ez rd, ) =(ezd)? f2) =

for some a,b,¢,d € C. Since f is a local homeomorphism, we have f’(z) # 0,

which implies that ad —bc # 0; hence f is a linear fractional transformation.
O

If f = hogis the composite of complex analytic local homeomorphisms
g:U —Vand h:V — W for some open subdomains U, V and W of C,
then it can be easily shown that

(3.2) (SF)(2) = (Sh)(9(2)) - ¢'(2)* + (Sg)(2)
for all z € U. In particular, if g is a linear fractional transformation of the
form

az+b
9(2) =z = cz+d
for some v = (¢%) € SL(2,C), then we have
(3-3) (SF)(z) = (Sh)(9(2)) - g'(2)* = (Sh)(y2)(cz +d) ™.
Since d(vz) = (cz + d)~2dz, we see from (3.3) that
(3.4) (Sh)(v2)d(v2)* = (Sh)(2)dz*;

hence the quadratic differential (Sh)(z)dz? is invariant under linear frac-
tional transformations.
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Ezxample 3.2. Let T" be a discrete subgroup of SL(2,R), which acts on H by
linear fractional transformations. If f is a holomorphic function on H, then
by (3.4) the associated quadratic differential Sf(z)dz? on H is I'-invariant;
hence it induces a quadratic differential form on the Riemann surface X =
I'\H. On the other hand, given a holomorphic quadratic differential hdz>
on X, by solving locally the differential equation Sf(z) = h in f we can
recover the charts of a projective structure on X. Here we need to use the
fact that any two local solutions of Sf(z) = h differ by composition with a
linear fractional transformation (see [5, Proposition 1]).

Definition 4. A projective structure on a Riemann surface X is a maximal
atlas of charts on X such that each transition function is a linear fractional
transformation.

Remark. Let X be a Riemann surface equipped with a projective structure.
Then by Lemma 3.1 the Schwarzian derivative of each transition function
is equal to zero. Furthermore, by (3.2) the Schwarzian derivative of the
composite of two transition functions is also zero. In fact, a projective
structure can also be defined to be a maximal atlas of charts in which the
Schwarzian derivative of each transition function is equal to zero.

Let Ox be the sheaf of germs of holomorphic functions on a Riemann
surface X. If an open subset U of X has a local coordinate z and if m is an
integer, we set

o0
(3.5) EV(U) = {Z hy(2)0m " ‘ hi, € Ox(U) for each k > 1},
k=0
where 0, = 0/0z and Ox (U) is the ring of holomorphic functions on U. We
denote by £% the sheaf on X associated to the presheaf U — E¢(U). Let
wyx be the sheaf of holomorphic differentials on X. Then it is an invertible
sheaf, and we can consider its tensor power w?}m for each integer m. If (U, z)
is an open chart and if w$™(U) denotes the space of sections of w§™, then an
element of w$™(U) can be written in the form f(dz)™ for some f € Ox(U).
We now consider the case where X = I'\'H is the quotient of H by a
discrete subgroup I' of SL(2,R), where the quotient is taken with respect
to the linear fractional action of I' on H. If U, is an open subset of X, then
there is an isomorphism z, : U, — U, of U, onto an open subset U, of H
such that (U,, z4) is a chart. Using this and the fact that automorphisms of
‘H are given by linear fractional transformations, we can consider a natural
maximal atlas (Uy, 24 )aer whose transition functions are linear fractional.
We shall call this the natural projective structure on X and denote it by *J3.
Sections of the sheaf w§™ are I-invariant forms of the form f(dz)™ with
f € Ox(H). Since d(yz) = (cz +d) ?dz for v = (¢%) € T, we see that
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sections of w?}m on X can be identified with modular forms belonging to
Mo, (I). On the other hand, by (3.5) sections of the sheaf £ may be

regarded as automorphic pseudodifferential operators belonging to ¥DO? .
Thus the sequence (2.5) induces the short exact sequence of the type

(3.6) 0— &= ™ — wi™ — 0.

In particular, there is a canonical isomorphism

m/gm 1: g)}m

of sheaves on X for each m > 0.
If (Uy, 24) is a chart on X belonging to the projective structure 9, we set

(3.7) AT =f
P N e RN+ E =D e
(38)  AL(f(dz) >—£§%< T S T A
27{7 0! (6) Ak—¢
(3.9) A% (f(dza)” Z@ A

for each positive integer k and an element f € Ox(U,), where 0,, = 0/0,,,.
The next lemma shows that the short exact sequence (3.6) splits.

Lemma 3.3. Let ‘P be the natural projective structure on X described above.
Then the formulas (3.7), (3.8) and (3.9) determine a morphism

(3.10) AR WG — ™
of sheaves on X for each m € Z.

Proof. First, to see that Apy is well-defined we consider two charts (Ua, 2a)
and (Ug, z3). Since transition functions are linear fractional transformations,
Za = Yapzp for some o5 = (24) € SL(2,R), so that dzo = (czg + d) %z

Hence, if f € Ox(U,), we have

(3.11) f(dza)™ = (f lom Vap)(dzp)™
on U, NUg. We note that
(3'12) A?L(f(dza)m) = *Cm(f)a

where L, is as in (2.6). Thus the fact that A% is well-defined follows

from (3.11), (3.12) and Proposition 2.1. By (3.7) the map AOq3 is simply
the inclusion morphism of Ox = wg( into 59(. On the other hand, given a

positive integer k and a chart (U, z,) in the projective structure 3 on X, the

Qk

sections of the sheaves wy" and w}e}(_k) over U, are generated by elements



PROJECTIVE STRUCTURES 63

of the form f(dzs)* and h(dz,)~*, respectively, for some f,h € Ox(U,).
Hence the lemma follows from this and (3.5). O

We now consider another projective structure ‘i? corresponding to a local
coordinate z on X, and set
dz
3.13 J=—.
(3.13) -
By (3.1) the Schwarzian derivative of the coordinate transformation map
z +— Z can be written as
3

= 2JJ" = 3(J)?
3.14 S? = = J L = ST
One of the questions asked by Cohen, Manin, and Zagier in [2, Section §]
may be paraphrased as follows.

Question 3.4. Let (U, z) and (U %) be charts on X with UNU # 0 belonging
to the projective structures ‘B and ‘B, respectively, with U N U # (), and let
feOx(UNU). Is it true that

(AR — AB)(f(dz)™)

can be expressed in terms of f and the Schwarzian derivative S? for each
m € Z7?

It was pointed out by Cohen, Manin, and Zagier in [2, Section 8] that

A AT =
for m =1,0,—1,—2. To see the cases of m = 0, —1, —2, note that
d 1 d
1 - — = — = -1
(3.15)  9; dz dz/dzdz J70,

2=J'0(J0) =T (=T 2T o+ T 107 =T =TT 0.

On the other hand, since dz = Jdz, we have

(3.16) fld2)™ = f(JHd2)™ = T~ f(d2)™,
so that
(3.17) (AF = AR (f(d2)™) = AR (T f(d2)™) — AR (f(dz)™)

for each m € Z. For m = 0, we have

AP(F(d2)°) = AP(f(d2)) = f:

hence we see that

(AF - APy (f) =o.
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For m = —1, from (3.9) we obtain
~_ (2-n)
AU =3 o a0 =200

Thus we have
(AF) — AR ) (f(dz) ™) = 2(J f(2)0z — f0) = 2(J f(2)J 10 — f(2)) = 0

For m = —2, we see from (3.9) that

1

AR () %) = Y Cm il f )P = 12 ()0° + 67/ (2)0.
T i)

n=
and therefore we have

(0%, ~ A%)(1(d) ) = 12072102 — %) + 6 (205~ 1209

where

d 2 —1 d 2 —1 !/ 2 pl !/ /

d_E(J fi=J E(J fH=J " QJIf+Jf)y=2]f+Jf.
From this and (3.15) it follows that

(A%, — A%))(F(d2)2) = 1272 £ (T 207 = J'T~%) - )
+6((J LI f+Jf — flo)J o — fa) =o.

Cohen, Manin, and Zagier also gave a formula for A;% — A?L in the case of
m = —3, which we show in the next lemma using our notation.

Lemma 3.5. Given charts (U,z) and (U,Z) belonging to the projective
structures B and B, respectively, on X with UNU # (), we have

(3.18) (A%, — A%)(f(d2)™®) = —2457f0
for f € OX(Uﬂﬁ).

Proof. Using (3.9), we obtain
2

- 6 —n)!
A?g(f(dz) %) = ;::0 n!(3 E n)!(2) —n)!

=600 + 60f'0% + 12f"0;

f(n)afi—n

hence from (3.17) we see that

(3.19) (A%, — A%)(F(d2)™®) = 60(J 2 — [P
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+ 60 i(ﬁf)a% — f'0%)
dz z

- 12<dd~2(J3f)6 (= )a).

Here 05 and 02 satisfy (3.15), and
(3.20) 92 = Jro(J %0 — J'J30)
= J Y —277309%* + J20?
—(J"J3 =3I T Ho — J' T 30%)
= J 303 —3JT730% 4 (3(J)* — JJ")J50.
On the other hand, we have
d
d—fzv(J?’f) =J (P fY
= JYBIATf+ T3 f) =3I f + J*f,
%(ﬁf) = JYBITf+ T2
= J Y3+ 3TTNf+ 3T f + 27T F + T2
= (3(J)2T L3I f 45T F + Tf".

Thus we obtain

1d*

= J3f(J30% =3 J40% + (3( "2 — JJ”)J—50)
+ (BJT f 4+ J*f) (T 20* — T T30)
+ %((3(J’)2J_1 + 3" f+5Jf +Jf T
= f0° —3J T f* + (3(TNV T2 =TT o
+ BT T+ 0% — B(INV T2+ T T 1o

1
+ g(3(J’)2J—2f +3J" T+ 5T 4+ )0

d
AR (7(d2)) = 08 4+ (1 )32 +

= (F0° + 1107 + £70) + £ BT V2T 7 — 20" T ) fo,
which implies that
AT = AR)(F(d=) ) = £ (372~ 20T fo.

Thus (3.18) follows from this and (3.14).
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Remark. The formula given Cohen, Manin and Zagier in [2] has the right
hand side of (3.18) in the form

1,0 ()N, 1oz
g<27_3 P >fa_gszfa

in our notation. The right hand side of (3.18) would coincide with this if
the formula (3.19) is normalized by dividing its right hand side by the the
coefficient of f03.

We now state our main theorem in this paper, which provides a positive
answer to Question 3.4 for some special cases. The proof of this theorem
will be given in the next two sections.

Theorem 3.6. Let (U,z) and (U,%) be charts belonging to the projective
structures ‘B and P, respectively, on X with unu #0, and let f € Ox(UN
U). Then we have

(3.21) (A"IB4 — A ) (f(dz)™*) = —800S7 8 — 400(SZ f)'D,
(3.22) (A%, — A% (f(d2)"0) = —21087£8° — 210(SZf)'?
—30(37(82)" f + 16(S2)* f
+65(S7)' f' + 3082 )0

for f € Ox(UnN [7), where Aﬁ and AX for m = —4,—5 are morphisms of
sheaves on X in (3.10) and S is the Schwarzian derivative of the coordinate
transformation map z — z given by (3.14).

4. DEGREE FOUR CASE

In this section we prove the relation (3.21) in Theorem 3.6. Let f €
Ox(UNU), where (U, z) and (U, Z) with UNU # () are charts on X belonging

to the projective structures P and B, respectively. Then, using (3.9), we
have

3
P 4y (8 —n)! (n) Ad—n
6' 1! ' n
4|3'f84+3'2'f83+ﬁ 0% + !fa

= 280f9 + 420’9 + 180 f"9% + 20f™0.
From this and (3.16) we obtain

(4.2) A%, (f(d=)"%) = A¥, (JAf(dZ) )
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d
= 280J*f02 + 420d—~(J4 f)o2
z

+ 180—(J4 )02 + 20;—2(J4f)65,
where J is as in (3.13). Since 9z = J 710, using (3.20), we see that
(4.3) 02 =J'0(J 30 — 3T T 19* 4+ (3(J)2T 5 — J"TH0)
= J =377 J'03 + T30 = 3(J" T — A(J')2TP) 0
—3J' T2+ (6" T TP —15(J)2 T8 — g gt
+4J" T T2)0+ (3(J)2 TP — J" T 0%
= —3J5JP + T 10 = 3(J" T — 42T 9 - 3T T 003
+ (10" J T8 —15(J)2 T~ " = J" T2
+ (3(J)2T78 = J"T7)0?
= J740 —6J'T7°0% + [15(J')2 T 6 — 4" ] 0
+ [10J"J' 70 —15(J" )7 — J"J7]o.
On the other hand, we have

d o4 _ —1i 4
Z =7 ()
— J—1(4J3J/f+J4f/) :4J2J/f+<]3f/,
jj (JUf) = T 4T f+ T
= J I + 4TIV f +AJ2T f + 32T f 4+ TP f]
=8IV +aT" Nf+ 1T Tf + T2,
3
CZ (JAf) = TSI +4T" N f + 1T Tf + T2 "]

J
J7HQA6T T +4T" T +4T" TV f + (8(T)2 +4T"T) f'
+7(J" T+ (V) + 1T Tf 20 Tf" + T2 "]
= (20J"J' 7+ 4J") f+ (8(J)P T+ 4" f
+ 7"+ (IVT Y T2+ Tf
= (20J"J T +4J")f
+ A5(JN)2T L 1IN f 9T T
From these, (3.15), (3.20), (4.2) and (4.3) we obtain

S AR ()™
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— 1 (E0E + 21 (202 + 95 FE0E 4 L f ()
= 14Jf (T — 6" T P0% + [15(J’) J6 —4J" 7759
+ [10J"J'J78 —15(J")2 "7 — J"J?]0)
+ 21(4J2 T f + TP (J30° — 3J'T710% + (3(J")?% — JJ")J759)
+ 98TV + 4T Nf + 1T Tf + T2 (T 202 — T T30)
+ (200" T+ 40" f
+ (I5(JJ)2 T+ 11T+ 9T f + TF) (T O)
= 140" — 84J T 83 + [210(J)2 T2 f — 56J" T £]9?
+ (140" T T2 f —210(J' )2 T3 f — 14" T f]0

[84J’J f +21 f 6% — [252(J")2 T2 f + 63T f']0?

[252 —84J" T T2 f 4+ 63(J)2T 2 f — 210" T ']

+ [72(0) T2 f +36J" T f + 63T T +9f"]0

[72(J’ B+ 36" T T2 4+ 63(J)2 T2 + 9T T 0
+ [200" T T2 f +4J" T f

+15(J)2 T2 4+ 11T T 90 T+ f 0.
Using this and (4.1), we have

(A, A%)(f(d2) Y

20
=10[3(J")?J 72 —2J"J 1 f0* + 5[3(J")? T2 —2J"J 1] f'0
+10[4J" T T2 = 3(J )2 3 — J" T fo.
If S7 is as in (3.14), its derivative with respect to z is given by

(44) (85)/ — J///J—]_ - J//J/J—2 - g(QJ//J/J_Q - 2(J/)3J_3)

=J" T 43T T — 40" T T
Thus we have

1

~ 200 A% = AR)(f(d2)™") = 28710° + (SIS + (S2)' 1)

= 2820 + (SZf)'0,

which verifies the relation (3.21) in Theorem 3.6.
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5. DEGREE FIVE CASE

In this section we prove the relation (3.22) in Theorem 3.6. If f € Ox(UN
U) is as in Section 4, using (3.9) and (3.16), we have

(5.1)
4
AZ5(f(dz) )_;n!(5—n)!(4—n) 7
8 s Ty 6
5'4'f85 4'3'fa4 sl 0t gm0t !f(4)a

— 30 (42 FOP + 84F'0* + 56£"9° + 14" 9% + f(4>a).
5:2) ]
AP (f(d=) %) = A% (J° £ (d2) )

d?

= 30 (42J5 fO2 + 84— d 5 )02 + 56 =/ J5 )0

=/
d 5oe A
Since 92 = J 1992, by using (4.3) we see that

JO2=0[J 10" —6J T 0% + (15(J")2T % — 49" J7)0?
+ (10”7 J70 = 15(J)2 T~ = J"T7%)9]
= —4J 2T+ T10° —6(J" T P03 — 5(J)2T789% + T TP0%)

+15(2J" ' J760% —6(J)3T 9% + (J)2T%9%)
—4(J" TP = 5" T T + T T P93
+10(J"J' T80 4 (J")2 T %0 — 6J"(J)2 T T+ J"T J56?)
—15(3J"(JNV2 T 0 — 1(J) T80 + (J)3T779?)
— (JDIP9—5J" T T80 + J"T08?);

hence we obtain

(5.3)  92=J70°—10J'J790% + (—10J"J 75 + 45(J")* T )3
+ (60" J T —105(J)3 T8 — 5" J6)9?
+ (=105J"(J)2 T8 +105(J)* T2 + 15" T T
+10(J")?2J7 T — JW =69
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On the other hand, we have

d
d—N(J5f) =J NI =TI f+ TP ) =530 f + JAf,
d2
= () =TT f+ T
= JH(ABJ () + 5J3T") f + BIPT f + AT T f 4+ T ]
= (15(J")2T +5J" I f + 9T T2 f' + T2 f,
d3
T (PPf) = T (AB(I)2T + 5" ) f + 9T T2 f + 7’
= J (30" J'J +15(J")* + 5J"J* +10J"J'J) f
+ (A5(J)2T + 5" T3 f' + (9" J* +18(J)20) f
+ 9J/J2f// + 3J/J2f// + J3f///}
= (40J"J" +15(J)3 T+ 5I" ) f
+ (33(]’)2 + 14J”J)f/ + 12J/Jf// + J2 ///,
4
% = J (400" + 15(J") Tt + 50" ) f

+(33()? + 14" ) f 120 T+ T
= [40J”’J’+40(J”) +45J"(J)?* g1
—15(J) T2+ 5JD T+ 55" ) f
+ (40" T +15(J)3 T+ 5" ) f
+ (66J"J" +14J"J +14J"J) f' + (33(J)2 + 14" ) f"
+ (120" T + 12 7+ 12T T+ 2T T+ J? W]
= (45" T T+ 40(J") T 450" (J)2 T2 = 15(J) T3
+5JD) f + (12007 T T +15(J)2 T2 + 19J’”)f
+ (45T T 4 260" f + 14T " + T
Combining these relations with (5.1), (5.2) and (5.3) as well as (3.15), (3.20)
and (4.3), we obtain
(A A% ((dz) )
=425 f(J50° —10J' T 80" 4+ (—10J"T ¢ 4 45(J")2 T ") o?
+ (60" J T~ —105(J)3 T8 — 5" J6)9?
+ (=105J"(J)2 T8 +105(J)* T2 + 15" T T

30
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+10(J")?2J7 T — JW =69
+84(5J3T f+ JH) (O — 60T P0% + [15(J)2 T 70 — 4" T P]9?
+ [10J"J' 70 —15(J")2 T " — J" 7))
+56((15(J)2T +5J" I3 f + 9T T2 f 4+ T3 )
x (J7303 = 3J'J740% + (3(J)* — JJ")J°0)
+ 14((40J" " 4+ 15(J3 T+ 5" ) f
+ (33(J)2 4+ 14T ) f + 12T T f" + T2 (J20% — T T30)
+ ((45J" ' T 40T T + 450" (T2 T2 — 15(J)4 T2 +5JW) f
+ (120" T T+ 15(J)3 T2 190" f
+ (45(JN2 T 4+ 26" f" + 14T f" + T W) (T71)
Thus, if we write
€
30
then the coefficients C', ..., Cs can be written in the form
Cs =42f —42f =0,
Cy = —420J" T f + 4207 + 84f — 84f =0,

AR AT (f(d2) ) = G507 + Chd + C40° + Cod + €10,

Cs3 = —420J"J 71 f +1890(J")2 T2 f — 2520(J") 2T 2 f — 504" T 1§
+ 840(J)2T2f +280J" T f + 504 T F + 56" — 56"
= 210(J)2J2f —140J"J L f = 7087,

Cy = 2520J" T J72f — 4410(J")3 T3 f — 210J" J 7L f +6300(J" )2 T3 f
+1260(J) 2T 2 f" — 1680J" T J 2 f — 336J" J 1 f' — 2520(J")3J 3
—840J"J' J72f — 1512(J)2 T2 —168J L f" + 560" T2 f
+210(J)3 T3 f + 70" T f 4 462(T)2 T2 + 196" T f!

+ 168" T2 f" + 14f" — 14f"
= 560" J T2 f —420(J)2 T3 f — 140" J 1 f
+210(J)2 T2 f — 140" J 1 f
= T0((S2)' f + SZf") = T0(S% 1),

C1 = —4410J"(J)2 T3 f + 4410(J) T4 f 4+ 630" J T2 f
+420(J"2 T2 f — 42JW 71 F 4 42000" (J)2 T3 f
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—6300(J)AT 4 — 420" T T2 f + 840" J T2 f!
—1260(J)3 T3 — 840" J7LF + 2520( )T f
+ 840" (JN T3 f + 1512(J)3 T3 f' 4+ 168(J") 2T 2"
— 840J"(JV2 T3 f —280(J")2 T2 f — 504" J' T2
—56J" T " — 560" (J)2T 3 f — 210(J) T
—70J" T J2f —462(J)3 T3 — 196" T T2 f!
—168(J)2T 2" — 14T T a5 T" T T2 f +40(J")2T A f
+45J"(JN2 T3 f —15(JNVAT A + 5B T 4 120" T2 f
+15(J )3T 3 19" T 4 A5(T)2T R 260" T
+ 14T T 4 f B @)
= [-725J"(J")2J 2 + 405(J")* T~ 4 185" J' T2
+180(J")2 2 = 37T W 7 f
+ [260J"J'J 2 = 195(J")3J % — 65J" T '] f/
+ [45(J")? T2 = 300" T 1] f”
=37[5J" T2+ 4(J")? T2 — 17" (J)2 TP
+ (I T = gD f
+8[9() T = 1207(T)2 T3 + A(T")? T2 f
+65[4J" T2 =3(J)} T = J" T
+15[3(J")2 T2 = 2J" T £
If S7 is as in (3.14), we have

(837 = (72T — 2757
= SO T 12T (2T 4 ),
On the other hand, using (4.4), we obtain
(87 = JH =t — " g2 49" (JN2 T3 —9(J) T4
—4J" T T2 A" TR 8T (2T
= —5J"J I —A(J"N2I 2 17" (T2 T 3 — (I T+ W g,
Thus it follows that

— 55 (A% — AT)(f(d2) )
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= 708703 + T0(SZf) 9% + (37(S?)" f
+16(S?)%f + 65(S?) ' + 3087 ).
Hence we obtain the formula (3.22), and the proof of Theorem 3.6 is com-

plete.

6. CONCLUDING REMARKS

In the previous sections we obtained expressions of (A} — AR)(f(dz)™)

in terms of f € Ox(UN U ) and the Schwarzian derivative of the coordinate
transformation map for

m=0,-1,-2,-3,—4, -5,
When m = —6, from (3.9) we obtain

(A%, — A%)(f(d2)™9)

- > (12—71)! on J6 aG—n o 86—71
_nz_:on!(6—n)!(5—n)![(( 2008 — (0o

with 9y = J~10. Thus, in addition to 8§ for 0 < ¢ < 5 used in Section 5, we
also need to calculate 85 =.J _1682 as well as the derivatives

o2(0°) = (7))

for 1 < n < 6. The computations would be much more complicated than
the ones we had in Section 5. It does not seem likely that the general case
can be calculated inductively.

As is mentioned in Question 3.4, Cohen, Manin and Zagier [2] asks if

(Agﬁ - A%)( f(dz)™) could be expressed essentially as multiplication by B —
P = SZ(dz)? in a suitable sense for all m € Z. For m > 0, they also mention

that A? — A? = 0, so that their claim holds trivially at least for m = 1.
Note, however, that our method in this paper cannot apply to the cases of
m > 0, even to the simplest case of m = 1.
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