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FREE ALGEBRAS AND GALOIS OBJECTS
OF RANK 2

ATsusHI NAKAJIMA

Throughout the present note, X will represent a commutative algebra
over GF(2), and U(R) the group of all invertible elements in . Unadorned
& means ®g, every module is R-module and every map is R-linear. Given
an element # in R, we denote by H, the free Hopf algebra over R with
basis {1, d} whose Hopf algebra structure is given by

d?>=ud, A(d)=dR®1+1Qd. &(d)=0 and A(d)=d,

where 4, € and A are the comultiplication, counit and antipode of Hy,
respectively. As for other notations and terminologies used here, we
follow [2] and [ 6 ].

In this note we study on Galois Hy-objects and purely inseparable
R-algebras in the sense of [ 7] and compute the group of Galois Hy-objects
of R.

1. Galois Hy-objects and purely inseparable algebras of rank 2.
An R-algebra A is called a free (resp. projective) R-algebra if A is a free
(resp. projective) R-module and R is an R-direct summand of A. An R-
algebra A is called an Hy-comodule algebra if A is an Hy,-comodule such
that the Hy-coaction map o: A— AQH, is an R-algebra homomorphism.
An Hy-comodule algebra is called a free (resp. projective) Hy-comodule
algebra if it is a free (resp. projective) R-algebra.

Let F be a free Hy-comodule algebra with basis {1, x}. First, we
determine the Hy-comodule algebra structure of F. Let p: F— FQRH,
be an Hy-comodule structure map of F, and set

o(x) = to+ h(x®@1)+ (1Qd) + t:3(xRd) (t; € R).
Then, in view of (1®¢€)o(x) = x and (1®4)o(x) = (p®1)po(x), we have
to=0, t1=1 and t2t3= f:?:O.

Moreover, if we set x2= rx+s(r, s € R), then o(rx+s) = o(x2) = p(x)?
yields t#u = t;» and #37» = 0. Thus we obtain the following

Lemma 1.1. Let F be a free R-algebra with basis {1, x}, and x2 = »x+s
(r, s€ R). If Fis an Hy-comodule algebra then there exist r,s, € R such
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that
(1.1) rsi=nsi=st=0 and rfu= nr,

and the Hy-comodule structure of F is given by
(1.2) o(x) = @1+ n(1Qd) + s1(x@d).

Conversely, if there exist v\, s1 € R which satisfies (1.1), then the map p
defined by (1.2) gives the Hy,-comodule structure of F.

A projective Hy-comodule algebra A is called a Galois Hy-object if
7: AQA— AQH, defined by y(a:®az) = (a:®1)0(a,) is an isomorphism,
where o is the H,-comodule structure map of A.

Proposition 1.2, Let F be a free R-algebra as in Lemma 1.1. If F is
a Galois Hy-object then there exists v € U(R) such that vu= r, and the Hy-
comodule structure of F is given by

(1.3) o(x) = xQ®1+v(1Rd).

Conversely, if there exists v € U(R) such that v = v, then F is a Galois
Hy-object with the Hy-comodule structure map o defined by (1.3)

Proof. If F is a Galois Hy-object, then 7y is an isomorphism. Since
F and H, are free R-modules of rank 2 and y is an F-algebra map, 7 is
an isomorphism if and only if there exists # € FQF such that y(k) = 1Qd.
We set &= to+ H(x®1) + £L(1Qx) + t:(x®x) (1, R). Then by r(k) =1Qd
and Lemma 1.1, we have

$1=0, nb=1 and rnu=r.
Thus we may take v = ».
Conversely, if vu = » for some v € U(R), then p defined by (1.3) gives

an Hy-comodule algebra structure on F (Lemma 1.1) and y{(v"'(x®1+
1®x)) = 1®d. Thus F is a Galois Hy-object.

Definition 1.3 ([7, Def.l1 and Lemma 1 (a)]). An R-algebra A is
called purely inseparable if the kernel of the map p: AQA°— A defined by
a@b° — ab is contained in the radical J(A®A®) of ARA®, where A°
denotes the opposite algebra to A.

Now, we shall prove the following

Theorem 1.4. Let F be a free R-algebra with basis {1, x}, and x* =
ux+s (s €R).
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(1) F i a Galois Hy-object with the Hy-comodule structure map o
defined by p(x) = x®1+1RXd.

(2) Ifuisin UR) then F is a Galois extension of R, and conversely.

(3) If u is in the radical J(R) of R then F is a puvely insepavable
algebra over R, and conversely.

Proof. (1) is a direct consequence of Prop.1.2. (2) is already
known (cf. [5]), so we prove (3). Let #: FQF— F be the multiplication
map of F. Then Ker(y) is generated by a®1+1Qa (e EF), so y =
x®1+1®x is a generator of Ker(y). Assume that F is purely insepara-
ble. Since Ker(z) is contained in J(F®F), 1+cy is invertible in FRF
for any cE R. Let z= th+H(x®1)+£(1Q0x)+ t:(x®x) be the inverse
element of 14+ cy(#; € R). Then, from (14cy)z =1 we obtain

[1 cs cs 0] to 1
c l4+cu 0 cs. hl |0
{c 0 14+cu cs| L1 |0
0 c c 0 ta 0.
As is easily seen
to 1+cu
(1+ cu)? ? = (14+cu)
2
t3 0

Then, by the uniqueness of the inverse of 1+ ¢y, the matrix of the coeffi-

cients of ¢ is invertible, and so the determinant of it is a nonzero divisor

([4, p.161, Cor.]). We have thus the following:

(14) For any ¢ € R, there exists ¢t € R such that (1+cu)t = c.

If u & J(R), then there exists a maximal ideal M in R such that « € M, so

that R=Ru+M. Putl=wnu+m (nER m&M). Then, by (1.4), there

exists + € R such that (14 wu)t = . Thus nw= 1+nu)t =mt < M.

But this implies a contradiction 1 = nu+m E M. Hence u € J(R).
Conversely, if € J(R) then « € J(FQF), since FQF is integral

over R. Thus y?>= uy € J(FQF), whence it follows that v € J(FQF).

We denote by (u, s) the Galois Hy-object in Th.1.4(1).

Now, let A be an Hy-comodule algebra. Then A has an H}-module
structure ([2, §7, p.56]). The dual Hopf algebra Hif = Homgz(Hy,, R) is a
free R-module with basis {¢, 8}, where 8(1) =0 and 6(d) =1, and the Hopf
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algebra stucture is given by
82=0, 4(8) = Qe+ e®8+ u(8®3H), £€(8) =0 and A(8) = 6,

where 4, € and A are the structure maps of H} Thus the H#-action on
A is given by

&la1) = a, and 8(a1az) = 8(a1)az+ a16(az) + ud(a1)d(az) (a; € A).

In case =0, § is obviously an R-derivation on A. Next, we consider
the case that u is invertible. If we put 0= e+ ud, then ¢*=¢ and
Ad(o) = 0@o0, so ¢ is an R-algebra automorphism of A.

Theorem 1.5. If A is a Galois Hy-object then A is isomorphic to a free
Galois Hy-object (u, s) for some s € R.

Proof By [2, Ths.9.3 and 9.6], R = {a € A|(a) = 0} and the sequence
of R-modules

7 é
0— R — A —38(A) —0

is exact and split, where 7 is the canonical injection. Thus 86(A4) is pro-
jective and of rank 1. We show that §(A)=R. Let Q={w<D|(1#8)w =0},
where D = A#H}, the smash product of A and H}([2, Def.9.2, Def. and
Remarks 9.4.]). Then it is easy to see that w is in @ if and only if
w=0(a)#l1+a#d (a= A). Since at#d=8a)#1+Q#6)Nattl+ud(a)#l),
w = (1#3) (b#1) for some bE A. Moreover by Th.9.6, the map [, ]:
Q®pA— R defined by [w,a] = w(a) is an epimorphism, and so there
exists y € A such that 8(y)=1. Thus R S 6(A), and 6(A) € R is clear
because 6>=0. Hence A is a free algebra with basis {1, ¥}, and y? = ry+¢
(r, t€ R). Then, by Prop.1.2, there exists v € U(R) such that vu = 7,
and the Hj,-comodule structure of A is given by o(v) = y&1+ ¢(1Q4d).
Therefore, we have A = («, v~?t) (as Galois Hy-object).

Corollary 1.6. Let A be a projective H,-comodule algebra of rank 2.
Then the following conditions are equivalent.

(1) A is a Galois Hy-object.

(2) A contains an element x such that 5(x) € U(R).

(3) 6(A)=R.

Proof. By the proof of Th.1.5,(1)=(2) is clear and (2)<(3) is
immediate by 8(A) € R, so we prove (2)=(1). If tc(+tHx=0(+,ER),
then 0= 6(f+tx) = #,8(x), and thus fo=t =0. Since A is of rank 2,
{1, x} is a free basis of A. Then by Lemma 1.1, the Hy-comodule struc-
ture of A is given by (1.2). Since 8(x) = x8(1)+n8(d)+s1x8(d) = 1+
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six € U(R), we have sy =0 and n € U(R). Hence, by Lemma 1.1 and
Prop.1.2, A is a Galois Hy-object.

2. Group of Galois Hu-objects. Let A and B be Hy-comodule alge-
bras with structure maps o4 and pg, respectively. We set 745 = (1&Q+#)
(0a®1)—(1QRpes) : AQB —ARBR®H, and AB = Ker(ra,s), where ¢ is
the twist map a®b—b®a. Then it is easy to see that the map pas:
AB — AB®H, defined by pas=(1R1¢) (04®1) (=1Rpz) is an H,-
comodule algebra structure map of AB. Moreover, if A and B are Galois
Hy-objects then AB is a Galois H,-object by [1, p.689]. In our case the
converse holds.

Theorem 2.1. Let A and B be free H,-comodule aigebras of rank 2. If
AB is a Galois Hy-object, then A and B are Galois Hy-objects.

Proof. Let {1, x} and {1, y} be free bases of A and B, respectively.
Since AB is a Galois Hy-object, AB has a free basis {1, 2} and pas(z) =
2Q14+1R01®d. We set palx) =xQ1+n(1Qd)+s1(x®d) and z= tr+
tl(x®1)+t2(1®y)+t3(x®y) (n, s1, ;€ R)- Then by PAB(Z) = (1®f)
(pa®1) (2), we have #i71=1 and 51 =tz = tz3s;=0. Thus 7 is invertible
and s, =0. Then, by Prop.1.2, A is a Galois H,-object. Also, similarly,
B is a Galois Hy-object.

Proposition 2.2. Let A;= (%, s;) (i =1, 2) be Galois Hy-objects.
Then A1 A; = (u, s1+52).

Proof. Let {1, x;} be free bases of A;. Then, by the definition of
AIAZy
A1Az = {b+ h(a®1+1Qx,)| t; € R}
and {1, y = x;®1+1®x,} is a free basis of A;A;. Moreover, y2 = uy+
si+s2 and o(y) = y®14+1®1Qd. Thus A A; = (u, 1+ 52).

Now, let Gal(R, Hy) be the group of isomorphism classes of Galois
H,-objects in the sense of [1, p.686]. If C < Gal(R, Hy,) and A€ C then
we write C=[A]. Moreover, by M, we denote the subgroup {82+
uB|8 € R} of the additive group (R, +). Under this situation, we shall
prove the following

Theorem 2.3. Gal(R, Hy) is group isomorphic to the factor group
(R, +)/ My, which is abelian and of exponent 2.
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Proof. By Th.14, there exists a map ¢: (R, +) — Gal(R, H,) where
#(¢) = [(#, t)]. In verture of the results'of Th.1.5 and Prop.2.2, ¢ is a
group epimorphism. Now, let A; = («, s;) be Galois Hy-objects with bases
{1, x;} and H,-comodule structure maps o so that x? = ux;+s; and o(x;) =
x:®01+1Rd (i =1, 2). We assume that there is an (H,-Galois object)
isomorphism f: Ay — A, and set f(x1) = ax:+8(a, BE R). Then by
of (x1) = (f®1)p(x1), we have @ = 1. Noting f(x1)?> = f(xf), we see that
B2+ upB = s1+s2. Thus, we obtain Ker(#) S M,. Conversely, let ¢(8%2+ uB)
= [(u, B2+ uB)]. Define a map f: (u. B2+ uB) —(u, 0) by f(1) =1 and
f(x)=y+A8 where {1, x} and {1, y} are free bases of (x, f*+#B) and
(u, 0), respectively. Then it is easy to see that pof(x) = (f®1)o(x) and
f(x?) = f(x)?.. Thus f is an isomorphism as Galois Hy-object. Hence
Ker(¢) 2 M,. This proves the theorem.

Now, let Qs be the group of the isomorphism classes of quadratic
Galois extensions of R in the sense of Kitamura [3, p.16]. Then

Corollary 2.5. (1) Gal(R H\) = (R, +)/{r?—rlr € R} = Qs = Gal
(R, Hy) for every u € U(R).
(2) Gal(R, Ho) = (R, +)/{r?r € R).

Proof Lets s’€ R,and u € U(R). Then, the polynomial rings R[X]
and R[Y], R[XV/R[X1(X?+uX+s)= R[Y](Y2+Y+u"2s)(as R-algebra),
and moreover, R[X]/R[X](X?+ X +s5)= R[Y)/R[Y](Y2+ Y +5¢') if and
only if s—s’€ M. Hence, it follows that Qs = (R, +)/M, = Gal(R, H,).
Since 82+ uB = u*(u B2+ u*(u'B) (B E R), we have M, = u2M,. Hence
we obtain Gal(R, H,) = (R, +)/M, = (22M, = (R, +)/M, = Gal(R, H)).
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