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ON PROJECTIVE KILLING TENSOR IN A
RIEMANNIAN MANIFOLD

MITSURU KORA

Our purpose is to give some conditions for the non-existence of the
projective Killing tensor. We also show an integrability condition for the
system of the partial differential equations which defines an affine Killing
tensor of degree p.

1. Let M™ be an m-dimensional Riemannian manifold with positive
definite metric g = (gw)” with respect to local coordinate system {x°}.
We identify a skew symmetric covariant tensor v = (va‘l,,_ap) with the

differential p-form
v = (1/I>!)11al ..apdx“l/\. .. N\dx%»

dv and Sv denote the exterior differentiation and the exterior co-differenti-
ation of v respectively. As is well known, ddv = 0 and dév = 0 hold,
and d and & are dual each other with respect to the global scalar product.

Following [2], »=(va,..,) is called a projective Killing tensor if »
is a skew symmetric tensor satisfying

?
Vchval...up + (1/2) Z Rcha:vul...v...u
i=1 [€3)

D
- (1/2) (Rbalce + Rcalbc) veaz...ap

(L.1) ’ ) )

— (1/2) ; (Rb‘ll"z v"“z---(!fj'-"p + Rca]ai Unaz...(ei.),.up)

b4 s ~ ~
= z_; (_1) 1(gcaiVb0a1...ai..‘ap'i_ghni Vcaal...ai...ap)

where 0=(0a2~,,,,p) is a certain skew symmetric tensor and ;z\i means that
a; is deleted. If the left hand side of (1.1) vanishes identically, » is
called an affine Killing tensor. As was shown in [2], if v is a Killing
tensor then it is an affine one, and if » is an affine Killing tensor then it is
a projective one.

If we transvect (1.1) with g’ and change the index ¢ to 5, we
have

1) The indices a,b,c,... run on the range {1, 2,..., m} and the summation convention is
used throughout this paper.
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vnouz...u

P
P
— — (1m — p + 2Ty, + 2 (— 1030y G ),
that is,

Vb, %, e,

J

= — {1/(m — p + 2} [Vi30)e,.. 5, + 2 (1) "800 (00)a 3 B,

S I CRV COME
From this, it follows by the straightforward computation that
3 (=1 (g V1,215, + B, Vo)
= — (1/m = p + D)} E (= 17 (g, Vold0)ey. 5o,
+ Gua, Vol80)a.. 5} 0 ))-
Thus we have

Lemma 1. A skew symmetric tensor v is projective if and only if it

satisfies
r
V‘-thul...ap + (1/2) Z Rcba.eva‘...a..u
i=1 M y P
- (1‘I2)(Rbrtlcp + lebc) ”eaz...ap
P
(1. 2) - (1/2) ‘5 (Rho,ai vm?"i?j“"? -+ Rcala[ vlnrlz.‘.(r‘_.)..up)

L .
= — {1/(m = p + 2)} 2 (= 17 (@ea,Vsld0)a.. By,
+ G, Vel60)s,.. 3. ,)-

If we denote the covariant differentiation by v, we have
Corollary 2. A projective Killing tensor v is affine if and only if
vév = 0 holds.

Proof. The if part is obvious. Let v be affine. The left hand side
of (1. 2) vanishes. Transvecting this with 2™, we have Vc(r?v),.z,..a,,= 0.
Q.E.D.
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Lemma 3. In M™, a projective Killing tensor v of degree p satisfies
(")\dv)nl,]...ap—‘— {(m_P)/(m—P"‘z)} (dav)ul...ap

(1.3)  ={(0+2)/2} [Rabeay, — 2 R0 Dy 0]
P = 17 2 @)

=2 L4

»
+(1/2)[ Z Ruieva]...g...ap - Z Raa a ’val...c...d...a .—J-
i=1 )

i1siJsp & O
In particular, if M™ is of constant curvature k, v satisfies
(1.4) Em—p)p+1)v=2ddv + {(m—p)/ (m—p-+2)}dév.
(If k0, then (1.4) gives us a decomposition of . )
Proof, It holds that

P

Y4
(1- 5) (")\dv)rzl...ap= - VDva.:]...a.p -+ 2 VbVaivul...b...a .
i=] )
From (1. 2), we have

P
b . a
—V thul---ap = Ra.]evmz...np - J;; R e evrmz..t;.)..ap

(1.6)
+ {2/(m— p+ 2)} (dov),...a,

and
»
2 V'Vala ..,

v
W = @/2)[1?,,1 Vea,...a, — ;_2 R, v"“z"'(‘(')"“p:]

12 ""Raeaeu— IRdu.a-ecz e...d...a
FADLE R g0, = 25 R, Vv g0,
e
- (do\v)ul...ap-
The desired result follows from (1. 5), (1. 6) and (1. 7).
If M™ is of constant curvature %, (1.3) gives us (1.4). Q.E. D.

2. We deal with non-existence problem of v.

Theorem 4. In a Riemannian manifold of constant curvature k=0,
there exists no closed affine Killing tensor of degree p (< m) other than the
zero tensor.
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Proof. Let v be closed and affine. From Corollary 2, we can
regard v as a projective Killing tensor satisfying Vév=0. Substituting
this and dv = 0 into (1.4), we have v =0. Q.E.D.

Next, we treat the problem more generally. First, we see

»
(2- 1) Z Rﬂigvﬂj .0 vul...ap = derven,...a vdaz...ﬂp,
@ P e

=1

¥4
2.2) Zé Rdﬂu"s'”dﬂz-'a':;"“p v'rte = — {(p—1)/2} Rypact”, ... 9" ",
1= i

and

P

a A S — a vee
(2' 3) Z R uia.“vul...(‘....ﬂ.,.ﬂ v71 a‘p-— p Z R “Ialev’l‘lz-o-c---m val “-p‘
1sLIse 4 OYORY i=2 : @ P
ki)

If we transvect (1. 3) with »*"» and use the identities (2.1), (2.2) and
(2. 3), we get

@ 4) (Bdv)ay.... 9" "2 + {(m—p)/ (m—p +2)} (dD0)q,...a 0%
) = (p+1)F(v, v)
where we have put
F(v,v) = Rpav's,..a 0" "
+ {(B—1)/2} Rypacta,...a 0" "5
If M™ is compact and orientable, (2.4) gives us
(2.6) p'(dv,dv)+p ! {(m—p)/(m—p+2)} (0, 6v)= (p~1) SM"*F(U’ v)*1

where (,) and *1 denote the global scalar product. and the volume element
respectively.

(2.5)

Theorem 5. In a compact orientable Riemannian manifold M™, there
exists no projective Killing tensor v of degree p (<m) which satisfies
F(v,v) £0, other than the parallel tensor.

Especially, if F(v, v) is negative definite, then there exists no projective
Killing tensor of degree p (< m) other than the zero tensor.

Proof. The latter part is obvious from (2.6). If F(y, v) <0, we
have from (2.6) that dv = 0 and é» = 0. From Corollary 2, we see v
is an affine Killing tensor. As was shown in [2], an affine Killing tensor
in a compact orientable Riemannian manifold is a Killing tensor. Thus,
v satisfies
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(@0)ay.cy,, = P+ 1Vau
From dv =0, we have vv =0. Q.E.D,

Corollary 6. In a compact orientable Riemannian manifold M"™,
there exists no Killing tensor of degree p(<m) which satisfies F(v,v)<0,
other than the parallel tensor.

Especially, if F(v,v) is negative definite, then there exists no Killing
tensor of degree p (< m) other than the zero tensor.

(In the case p<m/2, this was proved by T.Kashiwada [1].)

We can rewrite the condition concerning F (v, v), variously. For
instance, if we substitute Weyl projective curvature tensor

W' = Ras' + {1/(m—1)} (Rads — Res6%)
into (2. 5), we have
2.7 F(,v)=[{(0—1)/2} Wigae+ {(m—0)/ (m— 1)} R jagoc 10", .a p"¥ .

Now, assume that Ricci tensor is negative definite and let 1, be the least
upper bound of the greatest eigen values on M™ of Ricci tensor. We
then have

Ryt iy 0 "2 P S 1 4y v, 0) (=0),
where {,)> denotes the local scalar product. If we put
2W = sup{| WyuE"E*| /< E, E ) ; for bivector £}
we then have
Wit 20" o S p! W0, 0.
Thus, from (2. 7) we have
F, o) = {e—-D/2} W+ {m—p)/(m—1)} L]1p <0, 0).

Consequently, we have

Theorem 7. In a compact orientable Riemannian manifold M™ with
negative definite Ricci tensor, if

(2.8) {(p=1)/2} W + {(m—p)/(m—1)} 1y < 0

for some p(<m), then there exists no projective Killing tensor of degree
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p other than the parallel tensor.
Especially, if strict inequality holds in (2. 8), there exists no projective
Killing tensor of degree p (<< m) other than the zero tensor.

Corollary 8. (i) If M™ is a compact orientable locally flat Rieman-
nian manifold, there exists no projective Killing tensor of degree p (< m)
other than the parallel tensor.

(i) If M™ is a compact orientable Riemannian wmanifold of negative
constant curvature, there exists no projective Killing tensor of degree
p (< m) other than the zero tensor.

Proof. (i) follows from Theorem 5. Since a projectively flat
Riemannian manifold M™ (m > 1) is of constant curvature, (ii) follows
from Theorem 7. Q. E.D.

In the case p =< m/2, this corollary (ii) was proved by S. Tachibana
[2]. This corollary (ii) can be obtained from (1. 4) directly.

3. We deal with an integrability condition for the system of the
partial differential equations which defines an affine Killing tensor of
degree p (< m).

Theorem 9. A necessary and sufficient condition for a Riemannian
manifold M™ (m > 2) to be a space of locally flat is that for any point Q
and any constant C, Loty (skew symmetric in all indices) and C,L(,(,y.,,.vp (skew
symmelric in a,, .., @, and a,) there exists locally an affine Killing
tensor V..o, of degree p(<m) satisfying Vay..ou, Q) = Cal...up and
(Vaoval...ap) (Q) = C"o"l"‘"p .

Proof. To consider the equation, the left hand side of (1.1) equal

to zero, is equivalent to consider the system of the partial differential
equations with unknown functions Vay..ay, and Upay...a, @S follows ;

(3. 1) anal...ap = vbal...a

14

S,
EE)

1

b D,
— (Rua® + Reap?) 80832 .. 32

P
chhal..-ﬂp = - (1/2)[ Zl Rcbai 662,1. . 55. .
i=
(3. 2) < eab, ad b . ab
- iz—z Rba,lai ocl()a%. . P

»
€301 2B by ab
— 33 Reayo/010% .. 620 .. 320,
i=2 -
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and

(3. 3) v"’]"'“i“"’j"'"u = —v"]"'"j"‘“:“"ap (1 g i <j gp)~
' O ¢)]

The necessary part is obvious.

For the system to be completely integrable, it is necessary that
(3. 4) chbalﬂrzas...up + VCUbuzalaa...ap = 0
and

Vchvbal...a - Vv‘Vdvbml...a
(3.5) ’ ’

’1
]
= "'[ : Rdfl‘ ca;),of)b .o f’)‘b nuP+Rﬂch Ogo()b}. .o 8@5]030;“
i=1

It follows from (3. 4) and (3. 2) that
(3.6) [Besayigey. .,

..h ) b|...b =
» r -+ B‘Mz"‘las""‘p 1’] Dbl...b 0
where we have put

»
Dby eab . o
Bepa,...a V2= 3 Ry, “0g). . . 6. . . Oa?
i 1 i 1 »

P =

b, b
= (Roaye * + Reap)3eidaz. . . dar
- Y‘ Rbuln Ocloaz . ﬂe - 62;’

‘1 enb, ah, ab. ab
= 2 Ruapa, ‘0060z . . Beie . . Bar .

|=2

Since ..., are arbitrary and (3. 3) holds, it follows from (3. 6) that

#(d)...x{d LI NTT (. Ji .
Z € Bcbulm, "p ¢ 1) h p) + S E:Bcbaza.l,,,apr( 1) w« P) = 0
€8, B,

where ¢, denotes the sign of the permutation 7 € &,. If we put

= Z €0 “"’) .. 009 = det (0Y),
we get from the above that
(Rbalu'n + Rca,be) 821’) ap + (Rba c + Rca b )061 b2b3

e lllﬂ3

P
¢ 8B.b,By... b
+ (R”“l“z + R”"'zalc) 8"‘2"3-"“; +Z Rbala omnz b apt D Ry, o tOm b2 it

{’c a € "'ap ;_::3 9% ; ajag...c n;:
4 €\ ab.d, E\D b b .b
-+ (Rmz.la2 + R""z“[ )0b1e2a3 Z Rca 124 0y n% el
14
L b, 950 b, b
Ab Byba.. byl —_
+ E -Rm,a 0b1ﬂ2r13...c7’...n;; - 0-
i=3 -
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Contracting this with respect to ¢; and b; (2=<j=<p), and taking
account of the identity
oa} 3’%"*1 b" = {(m—k)! [(m—p)!} 5b‘ b’“
we can get W't + Woot = 0. It follows from this that
(3. 7) Wacba = 0.
On the other hand, from (3.5), (3.2) and (3. 1) we have
[Bcbal...a?bl'"b”ago - Bdbul...apblmbpa:“

?
-2 Rdcai eag‘@g{- L. 00 o0 _‘ZRacbeag"(?:{- 8oV
i=] P P 01 P

.0 “ee
+ [VdBcba,l...a.phl = Vchbal...upbl DP] vbl...bp = (.

From this and the assumption of the theorem, we have

3 € Buaa,...a, P00 — 3 € Bay...a, P00
€&, P €6, »

P
—2 121 Rﬂcai booal e ap - 2R¢cb"°331 ap = 0.
If we contract this with respect to 4 and d, & and ¢, and b, and q;

(2=<j=<p), wecanget R, = 0. Substituting this into (3.7), we have
Rdcba = 0. Q. E. D.

Last of all, we see the corresponding problem on projective Killing
tensor of degree p. If in this case we consider the system (3. 1), (3. 3)

and
chbal...aﬂ = - (1/2)Bcbal...apb1“-Dpvb‘...bp
yd
(3.8) + (1 m=p+2)) 2 (1 (Lo, V0" 0, 5y,

+ gbachvc ea I ..:L:....ap),

we have the following

Theorem 10. If there exists locally a projective Killing tensor v, .. -,
of degree p satisfying va,..a, (@=0C,,. .a, SO any point Q of M™(m=3)
and any skew symmetric constant Ca1~-~a,,: then M™ is a space of projectively

Aat.
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Proof. 1t follows from (3. 4) and (3. 8) by the same computation as in
the proof of Theorem 9 that the equation (3. 6) holds. By the assumption,
we then have (3.7). Q.E.D.

REFERENCES
[1] T. Kasuiwapa: On conformal Killing tensor, Nat. Sci. Rep. Ochanomizu Univ, 19
(1968), 67—74.

[2] S. TacmBana: On projective Killing tensor, Nat. Sci. Rep., Ochanomizu Univ. 21
(1970), 67—80.

DEPARTMENT OF MATHEMATICS
OKAYAMA UNIVERSITY

(Received January 24, 1978)

Produced by The Berkeley Electronic Press, 1979



