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NOTE ON H-SEPARABLE EXTENSION
Dedicated to Professor Mutsuo Takahashi on his 60th birthday
TAICHI NAKAMOTO

Throughout the present note, A/B will represent a ring extension
with common identity 1, and V the centralizer V,(B) of B in A. Let
N te a unital right B-module, B' = End(N;), and A'=End(NQzA.,).
Further, we consider the ring homomorphism 6: B’ —— A’ defined by
)Y (nRa) =b(n)Ra. Forany v € V, v will represent an element
of V.(6(B") defined by v'(nQa) = 2 Q va.

Following K. Hirata ([1] and [2]), A/B is said to be centrally
projective if A is B-B-isomorphic to a B-B-direct summand of a finite
direct sum of copies of A, and A/B H-separable if A& A is A-A-
isomorphic to an A-A-direct summand of a finite direct sum of copies of
A. To be easily seen, A/B is centrally projective if and only if there
exist some w, € V and f. € Hom(zAs zBs) (=1, -+, p) such that
S fl@)w, = a for all a € A. Such a system {ws; fi}, will be called a
centrally projective coordinate system for A/B. If B is a left B-direct
summand of A, especially if A/B is centrally projective (cf. [1, (5. 6)]),
then the ring homomorphism 6 is a monomorphism, and A'/B' may
be regarded as a ring extension via #. On the other hand, A/B is
H-separable if and only if there exist some », €V and > 2; Qv €
(AQzA)* (=1, ---, g) such that ., 2; @ yi,»: = 1 Q1. Such a system
{v:; 22, %5 @ ) will be called an H-system for A/B (cf. [3]).

Theorem. If A/B is a centrally projective H-separable extension,
then sois A'/B'.
In advance of the proof of our theorem, we state a couple of lemmas.

Lemma 1. Let {v:; 225 ay @ y.;}: be an H-system for A/B. Then
there holds the following :

1) 2, nf(axy) Qyy = X, nf(xy) Q v a,

2) Xisnf(aw: a; %) Q 3y = nf(a) Q a,,

where f& Hom(zAz sBp), nE N, and a, a,, a, € A.

Proof. Easy by the definition of an H-system.

Lemma 2. Let {w.; fi}: be a centrally projective coordinate system
for A/B, and fl: A'—> B' the B'-B'-homomorphiems definied by
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fi@n) =1 Q f) (@ (n@1)). Then {wh; file is a centrally projective
coordinate system for A'/B'.

Proof. Noting that 2, (1 ® )R a) Quw. =n Q@ X fi(@w, =

n @ @, we obtain

(Zk Fi(@wl)(n @ a) = 20 0(fi(a) (n Q wa)
=2 (1R (@nQ1)Qwa
=a'(n® 1)a
=an® a),

which means that {w}; f}}. is a centrally projective coordinate system
for A'/B'.

Proof of Theorem. Let {w,; fi}. be a centrally projective coordi-
nate system for A/B, and {v,; 2, 2, ® ¥4}, an H-system for A/B.
Let f. e Hom(;A'z., »B'p) be given as in Lemma 2. Moreover, we
define ali€ A' by al(n Q@ a) = X nfilaxy) @ v,y = 2ynfil(xy) Q yua
(cf. Lemmal). Then, X ; ghvi(n Q @) = X2 ah(n @ via) = X, nfi(viax,)
& 3y = nfi(1) ® ¢, which means

(1) 2 ah vl =0 (fL (1)
Next, we claim that
(2) S fli(a"wl) ala' = aid'a" (@', a" € A).
In fact, if a'(n®1) =2, n®a, and a"(n, ® 1) = X3, n,, X a,, then

(% flla"wh)ala) (n Q a') = 3. fila"whal, (2, 7. Q a.a)
= 2. 0(fl(@"wh)) (., Q2 fila-ax.) y))
= X, fi(a"wh) (n,) @ X, filarax,y) 31
= Phrs Brs fi@rs w) Q@ 2y fi(a.axy) y.,
=2 Q ZJ.kfz(arawkﬁc (a,a%.p) yi5
=2l stn ® 205 fi (arsarax,y) ¥
= ah (T, s Q a.a.a)
=alha'ad n Q@ a).

Now, let f'= 2, fl: pwA'y —> »(B'® - D B)p. Since
{wl; Fi}. is a centrally projective coordinate system for A’/B' (Lemma
2), 'Rl =2, f1Q1: pA R pA'y —> (A" D - D ANy is a
monomorphism. By (2), for any @' € A’ we have 3, fi(a'w}) al, = al.a’
= 3 fi(w}) al.a’, which means
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(fIQ®1) (Teawt @ ak) =(fIQ 1) (L. wi Q aiwa’) .
Hence, it follows X a'wi ® @l = 2 wi Q aix @', namely
Sl @€ (A'Q AN .

Finally, by (1) and (2) we have X.. fi(wial v\ = 2 alwi =
0 (fi(1)) = £4(1) - 1. Recalling again that f'®1 is a monomorphism,

we obtain eventually

2 Wh ® aly v} =1 ® 1,

which means that {o!; 3wl ® al}; is an H-system for A'/B'.
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