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ON THE WEIGHTED ERGODIC PROPERTIES OF
INVERTIBLE LAMPERTI OPERATORS

RYOTARO SATO

ABSTRACT. In this paper we investigate the weighted ergodic properties
of invertible Lamperti operators. Some results of Martin-Reyes, de la
Torre and others in Mélaga (Spain) are unified and generalized.

1. INTRODUCTION

Let (X, F, ) be a o-finite measure space and let M (u) denote the space
of all complex-valued measurable functions on X. Two functions f and g in
M (p) are not distinguished provided that f(z) = g(z) for almost all z € X.
Hereafter all statements and relations will be assumed to hold modulo sets
of measure zero. By a Lamperti operator T on M (x) we mean an operator
of the form

(1) Tf(z) = h(z)®f (=),

where h € M () is a fixed function and ® : M(u) — M(p) is a linear and
multiplicative operator. We recall that ® is a multiplicative operator if ®
satisfies ®(fg) = (®f)(®g) for all f, g € M(p). ‘

In this paper we always assume T to be invertible on M(y). Hence it
follows that 0 < |h| < oo a.e. on X and that @ is invertible on M(u). The
following properties of T' are known (cf. [11], [13]).

(I) If we put hy = h, hg = 1, h_1 = 1/‘13_1’?,, hp, = hy - ®hyp1 and
hopn=h_1-® 'h_ny1 (n>2), then for each j,k € Z we have

(2) Tif =hj-®f and hjr = hj- ®Thy.

(IT) By the Radon-Nikodym theorem, for each j € Z there exists a positive
measurable function J; in M(u) such that if 0 < f € M(u) then

(3) /Jj-cpffdu = /fd,u and Jjix = J;- ®J; for jk€Z.

Let 7f = |h1|-®f for f € M(p). Then 7 is a positive invertible Lamperti
operator, and for each j € Z we have
(4) Tf =|hj|-@7f and |r'f|=|T'f| for feM(u),
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so that 77 becomes the linear modulus of 77.

We recall that if T' : LP(u) — LP(u), where 1 < p < o0, is a positive
linear operator with positive inverse then T has the form (1) for f € LP(u)
(cf. [11]), and thus the operator has a unique extension to an invertible
Lamperti operator on M (u).

Let w be a nonnegative extended real-valued measurable function on X.
Then, since the measure wdy on F is absolutely continuous with respect to
i, f =g a.e. (u) implies that f = g a.e. (wdy). But the converse does not
hold. Therefore, as it is easily seen, a Lamperti operator T' on M (u) is no
longer an operator on M (wdy) in general. And even though it is the case, the
operator T is not necessarily invertible on M (wdp). In the case where T is
invertible on M(wdp) and the measure wdy is o-finite, the study of weighted
ergodic properties of T on M (wdy) reduces to that of T on M (u); and there
are many papers investigating successfully invertible Lamperti operators T
on M(p). See e.g. 1], [2], [3], [5], [15], [17] and (23], etc. However it should
seem that the study is not enough for the non-invertible case, although
some papers have treated of not necessarily invertible Lamperti operators
(see e.g. [11], [12]), and hence the author thinks that it would be interesting
to investigate the weighted ergodic properties of T' on M (wdy), without
assuming the invertibility of T on M (wdp). This is the starting point of the
paper. Here we remark that, by an easy observation, an invertible Lamperti
operator T' on M(u) defined by (1) becomes an operator on M (wdy) if and
only if ®x4 < xa, where we let A = {z : w(z) = 0} and x4 denotes the
characteristic function of A.

For an invertible Lamperti operator T on M (u) we introduce two ergodic
maximal operators M (T) and M(T) on M(u) by the relations

(5) M*(T)f = sup T, nf|
n>0

and

(6) M(T)f: Su}; ‘Tm,nfla

where we let

1 LI
T =— T.
m,n m+n+11:Z

-m

For simplicity 7 will denote a positive invertible Lamperti operator on
M(u), unless the contraty is explained explicitely. In Section 2 we first
characterize those r for which the ergodic maximal operator M*(r) [or
M(7)] is bounded in LP(wdu),1 < p < oo. Among other things we will
observe that M*(r) is bounded in LP(wdy) if and only if 7 is an operator
on M(wdy) and satisfies

(7) >0 70, ll o ey < 00-
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This generalizes Martin-Reyes and de la Torre’s dominated ergodic theorem
[17]; they considered the particular case where 7 comes from a positive linear
operator in LP(p),1 < p < oo, with positive inverse and w = 1 on X. We
then apply the results obtained to prove the a.e. convergence of the ergodic
averages (1/n) 37" T*f and ergodic partial sums 3 p_ (T*f — T~%f)/k.

In Section 3 we consider an invertible Lamperti operator T' on M (u) such
that

(8) Koo :=sup [|T"||ge,,) < 00
neZ

Under the additional hypothesis that ® has no periodic part (i.e. for any
n>1and E € F with pE > 0 there exists a non-null measurable subset A
of FE such that ®" x4 # x4a), we prove that the ergodic maximal operator
M*(T) is of weak type (p,p),1 < p < oo, with respect to the measure wdu
if and only if the linear modulus 7 of T is an operator on M(wdu) and
satisfies norm condition (7). We also consider the ergodic maximal Hilbert
transform H*(T) on M(u) defined by the relation

i THf —T7*f

®) H(T)f = sup .

n>1

k=1

It will be proved that H*(T) is of weak type (p,p),1 < p < 0o, with respect
to the measure wdy if and only if the linear modulus 7 of T is an invertible
operator on M (wdp) and satisfies

(10) sup ”T‘":"HLP(wdp) < 00.
n>0

These generalize results of Atencia, Martin-Reyes and de la Torre (cf. [1],
[2], [3]); they considered the case where w and T are such that 0 < w € L!(u)
and T is of the form T f(z) = (f o ¢)(z) = f(¢z), where ¢ is an ergodic
invertible measure preserving transformation on a nonatomic probability
measure space. Our proof is an adaptation of their arguments.

Lastly we unify the weighted inequalities obtained here and recent results
of [4], [5], [15] to prove the a.e. convergence of the ergodic sequence {T"f}
and the ergodic partial sums {3_p_,(T*f—T~*f)/k} in the sense of Cesiro-
o means.

Throughout the paper C will denote a positive constant not necessarily
the same at each occurrence.

Acknowledgement. The author thanks the referee for helpful comments
which made the paper readable.

2. WEIGHTED STRONG TYPE INEQUALITIES AND APPLICATIONS

In this section we first consider a positive invertible Lamperti operator 7
on M(u). Let 7f = hy - ®f. Then (2) holds with 7 instead of T, and we
have 0 < h; < 0o on X for each j € Z.

Produced by The Berkeley Electronic Press, 1998
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Theorem 1. Let 0 < w < oo on X and let 1 < p < co. Then the following
statements are equivalent for a positive invertible Lamperti operator T on

M(p).
(a) T is an operator on M(wdp) and there ezists a positive constant C such

that for any f € LP(wdpu)

(11) [t @ipwdn<c [1ipwds.

(b) 7 is an operator on M (wdy) and there exists a positive constant C such
that for any f € LP(wdy)

(12) sup [ IronfPuds<C [ IfPwdn

n>0
(c) There ezists a positive constant C such that for a.e. ¢ € X and allk >0
k k p-1
. . =1
(13) (E h_i<m>-PJ_i(m)¢>-*w<x)) : (Z[hi(mr"Ji(m)@*w(m)}ﬁ)
i=0 i=0
< C(k+1)P.

Theorem 2. Let 0 < w <00 on X and let 1 < p < oo. Then the following
statements are equivalent for a positive invertible Lamperti operator T on

M (p).
(a) 7 is an tnvertible operator on M (wdp) and there exists a positive constant

C such that for any f € LP(wdy)

(14) f \M(r)fPwdyu < C ] |FIPw dp.

(b) 7 is an invertible operator on M(wdp) and there erists a positive con-
stant C such that for any f € LP(wdy)

(15) sup [ ronnfPudu<C [17Pwdn.
n>0
(c) There ezists a positive constant C such that for a.e. z € X and allk > 0
k k p-1
. . -1
(16) (Z hi(z>-PJi<x)¢>‘w(x)) : (Z[hi(w)-fvi(x)@’w(m)]ﬁ)

< C(k +1)P.

As in [16] and [17], to prove these theorems we need the following result
about weights on the integers.

Lemma 1 (cf. [14], [18], [21]). Let 0 < w < oo on Z. For a function f on
Z, define the functions f* and f** on Z by the relations

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/iss1/18
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. |
f (1)=§;13 mjgof(zﬂ)

and

m,n>0

1 n
f*(i) = sup e S fE+5)]-
i=—m

Then we have:
(I) When 1 < p < oo, there exists a positive constant C such that

SR o (FH))Pw(i) < CY2_o |f(@)IPw(i) for all f if and only if there
ezists a positive constant C such that for allj € Z and k > 0

k k p—-1
(17) (Zw(j—i)) . (Zw(jw)ﬁ) < C(k+ 1)P.

=0 i=0

(II) When 1 < p < oo, there ezists a positive constant C such that

Y2 (FHE)Pw(E) < CYZ_ o [f(D)Pw(@) for all f if and only if there
erists a positive constant C such that for all j €Z and k£ > 0

k k . p-1
(18) (Zw(j+i)) . (Zw(ﬁi)ﬁ) < C(k + 1)P.

i=0 i=0

(III) There exists a positive constant C such that for all f and A > 0

: R
Y. w@®) <O D (D))
(i:f*()>A} i=—o0
if and only if there ezists a positive constant C such that for all j € Z

n

> w(j — i) < Cw(j).

=0

19
(19) >0 1

Proof of Theorem 1. (¢) = (a). Let A = {z : w(z) = 0}. We apply (13)
with k = 1 to see that ® x4 > x4. Hence ®x4 < x4, and thus 7 becomes
an operator on M(wdpy). Let 0 < f € LP(wdy). For an N > 1 we put

*
In= R To,nf -
Then for each L > 1 we have, by (3),

1 L .
(N wdp = —— (T fX)P (R P J; ®lw) dps,
/ N L+1/; N

Produced by The Berkeley Electronic Press, 1998
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where by (2), (3) and (c),

n

Jfr DI — R ip. . it
I fy hj - ®I i = h; Orsr:laéan_*_l;tI)h, itif
1 n
= j+i
Og:zang n+1 Z;T f
and
k -1
.. -1
(Zh T & ‘w) - (Z[hJLJH <I>’+'w]pTl) <Ck+1)P ae.
i=0
on X for all j € Z and k > 0. Thus we apply Lemma A to obtain that
L+N
*\pD < i P t
Jtrwds < L+1fZ (PP (b J; ) d
L+N
= 1 fP
—— Z/‘I’(fw) Jidy

- C(L+N+n/}vd (by (3))

- L+1 weH yAS
By letting L 1 oo and then NV 1 oo, it follows that

Jur@rods<c [ oo du

(a) = (b) is obvious.
(b) = (c). Let 7* denote the invertible Lamperti operator on M (u)
defined by the relation
J_
f = h—l- 1§ for fe M(p).
-1
Using (2) and (3), we have

(20) rrif = 2

h__i"I’_if for i€ Z,

and
(21) / (¥ f)g du = / frig)dy  for 0<f,g€ M(u).

Let 1/p+1/p'=1. If 0 < f € LP(u) and k > 0 then by (b)
/[w:l’ . To'zk(fw_Tl)]p dy = /w . [Toygk(fw%l)]p d

<c/ (fPw wdu<Cff”d,u,

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/iss1/18
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1 -
so that the mapping f — w? - 7p 2k( fle) is a bounded linear operator
from LP(u) into LP(u) with norm less than or equal to C »; and from (21)

b

it follows that its adjoint operator defined on LP (y) is identical with the
-1 1 ,
mapping g = w? - Tg 5 (gw?) for g € LP (). Thus if 0 < f € LP(p) then

we have
=1 1 _1 \P
/(w (’"})P'[T5,2k(fp_lw‘l’)] ‘“11) dy

=1 * -1, L v
= [ (0% 7o o) dusC [ £ dp.
Let us assume for the moment that p > 2. Since p — 1 > 1, the operator
U : LP(u) — LP(u) defined by the relation
1 =1 =1 . 1 L7
Uf =wr o o(Iflw) +wE5 - [r5 5, (1P ws)]
satisfies U(fy + fo) SUfL +Ufo for fi, f2 € LP(u), and clearly we have
U] < 2C.

Then choose a function g € LP(yx) with g > 0 on X, and define a function
G on X by the relation

G = - .
2; oy
It follows that 0 < G € LP(u) and that
i+lg

00
UGSZ %C—);' < 3CG < o a.e.
i=0

on X. Therefore we get

(22) 0,26(G w7 ) < (3CG)-wr ae.
on X, and
(23) Tg,zk(Gp_l . W%) < (3CcG)Pt. wr ae.

on X. Consequently if we put

1 -1
wy =GP l.wr and wa=G-w>r,
then
1 —1\1-p _
wz(Gp"l-wP)-(G-wP) =w1-w;p

and further by (23) and (22),

)
7o, 26W1 < (3C)P"'w; and 79 opwe2 <3Cws ae.

on X.
—1

¥4
Next, let 1 < p < 2. Since p' > 2 and w™ /P = (wP-l) , we can apply

Produced by The Berkeley Electronic Press, 1998
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the above argument to p’ and observe that there exist two functions w; and
wsg such that

-1

1-p' —
wrl =wy -wy P, 79 2kw1 < (3C)P lw, and 7o kW2 < 3C wy.
. 1-p\17P 1-p . :
Since w = (w1 " Wy ) = wz - w; ', we conclude that, in any case, w
has the representation
1— -
(24) W= wy - Wy P with T()',kal < Cw; and 7921wz < Cuwo,

where C is a positive constant independent of k > 0.
If 0 <1 < k then we have

k
ZT’wz < (2k+ 1)1""(7'0,2;c wy) < 2C(k + 1)‘r“iw2,
s=0
whence
L : ; 1 l-p k
25) 3 [(rtwn) - (r w7 < (% ) Y,
1=0 =0
Similarly, since Ef:u 5w < 2C(k + 1)7*"w, for 0 < i < k, we get
k . . l—p’ k .
(26) Z [(T*_‘w)l_p . T’wg] < (20 T kwl) Z T ws.
i=0 i=0
Now we use the relations
(T*%wy) - (77 wp) P = ’{_i -® 7wy - (R i’_iwg)l_.p
—i

= hPJ;- 8 Hwwy P)=hPJ ;& Hw
and
(77w ey = hf' Jil_p' . @i(w}_plwg)
= (h; P J;- ®w)' P
By these together with (25) and (26) we have

k k p-1
(Z hPJ_; qriw) : (E[h;” J; ®'w] ﬁ)
=0 1=0
1 1-p [k 1 1/ kP!
(%T()sz) (; T”wl) . (%Tg,k wl) (; T’wz)

< (2C)Y(k+1)? a.e.
on X, which completes the proof. O

Proof of Theorem 2. This is similar to that of Theorem 1, and hence we
omit the details. O

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/iss1/18
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Remark 1. (i) Let A = {z : w(z) = 0} and B = {z : w(z) = co}. Then
each of statements (a), (b) and (c) of Theorem 1 implies that &x4 < x4
and ®xp > xp. But in general we have x4 # xa and ®xp # xB. On
the other hand, each of statements (a), (b) and (c) of Theorem 2 implies
that ®x4 = x4 and ®xp = xB. In this case we may assume without
loss of generality that X = {z : 0 < w(z) < oo}. Then it follows that
M(wdp) = M(u) and

/ B (@) wdp = [ 1 wiu

w
foralli € Z and 0 < f € M(u). By using this together with Theorem of
[16], we could give another proof of Theorem 2.

(ii) For a function f on Z if we define the function f% on Z by

aeny L &,
£4() = sup —n+1§0m hIe
then it follows clearly that
FE) S £ + ) < 27() (i € Z).

Using these inequalities together with Lemma A, we could prove that The-
orem 1 implies Theorem 2.

Theorem 3. Let 0 < w < oo on X and let 1 < p < oo. If T is the linear
modulus of an invertible Lamperti operator T on M(u), then the following
statements hold.

(a) If T becomes an operator on M (wdy) and satisfies sup,>q ||T0,n||L,,(wdﬂ)
< oo, then for any f € LP(wdu) the limit

1 n—1
o1 i
S o 2T
=
erists a.e. on the set {z : w(z) > 0}.
(b) If T becomes an invertible operator on M(wdu) end satisfies
SUPp>0 ”T"‘nvn”LP(wdy.) < 00, then for any f € LP(wdy) the limit
n
lim Y (T*f —T7*f)/k
k=1

n—o00

exists a.e. on the set {z : w(z) > 0}.

Proof. (a) By using Theorem 1 it follows from (7] that

lim l1'"|f| = lim lT"f =0 a.e.
n—oo N n—oon

on the set {z : w(z) > 0} for any f € LP(wdu). Since the set {g+(f—Tf):

Tg = g,f € LP(wdy)} is a dense subspace of LP(wdu) by a mean ergodic

theorem, we then apply Banach’s convergence principle (see e.g. [8]) to infer

that (a) holds.

Produced by The Berkeley Electronic Press, 1998
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(b) By Remark 1 (i), T and 7 can be considered to be invertible Lamperti
operators on M (wdyp) = M (). Thus (b) is a consequence of [19].
The proof is complete. 0

3. WEIGHTED WEAK TYPE INEQUALITIES AND APPLICATIONS

In this section we assume that an invertible Lamperti operator T on M (p)
satisfies

(27) Koo :=sup ||T"|| pes ) < 00
neZ

Hence from (2) we observe that

1
(28) 7o <l|hn| < Ko ae.

00

on X for each n € Z. For f € M(p) we let
M+(¢)f=51;p0 [®0,,f| and M(®)f = sup |[®m,nfl,
n_

m,n>0
where
1 n
® =— B'f.
m,nf m+n+1 1_:5_-:"1 f
If T denotes the linear modulus of T, then by (2), (4) and (28) we have
1
(29) E“@m,n < Tm,n < Kooq)m,n )
o0
so that
L MH@) < MF(r) < Koo M (3) and
K
(30) >
—M(®) < M(r) < KooM(3).
K

Using these relations we first prove the following weighted weak type in-
equalities.

Theorem 4. Let0 <w < ocoon X andletl <p < oco. If T is an invertible
Lamperti operator on M (p) satisfying (27) and ® has no periodic part, then
the following statements are equivalent.
(a) T becomes an operator on M (wdp) and there ezists a positive constant
C such that for any f € LP(wdp) and A >0
1
(31) / wip <05 [ 1P
{z: M+(T)f(z)>A} AP
(b) The linear modulus 7 of T becomes an operator on M (wdp) and there
ezists a positive constant C such that for any f € LP(wdy)

sup f |70, fPw dps < C ] |fPw dp.

n>0

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 40/iss1/18
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Theorem 5. Let 0 < w < 00 on X. If T is an invertible Lamperti opera-
tor on M(u) satisfying (27) and ® has no periodic part, then the following
statements are equivalent when 1 < p < oo, and statements (a) and (b) are
equivalent when p = 1.

(a) T becomes an invertible operator on M(wdp) and there exists a posi-
tive constant C such that for any f € LP(wdp) and A >0

(32) wd,uSC%/[f[pwd,u,.

'/;I=H‘(T)f(=)>A}
(b) The linear modulus T of T becomes an invertible operator on M(wdp)
and there ezists a positive constant C such that for any f € LP(wdu)

sup /‘|T_,,7nf|”w du < C’f | f|Pw dp.
n>0

(c) T becomes an invertible operator on M(wdy) and there ezists a positive
constant C such that for any f € LP(wdy)

/ \H*(T)fPw dp < C / P dp.

Proof of Theorem 4. Let 1 < p < co.

(b) = (a). Since |M*(T)f| < M*(7)|f| for f € M(y), this implication
is obvious from Theorem 1.

(a) = (b). By (29) it suffices to prove that

(33) a3 120,nll L7 (waw) < oo

To do so, we apply Theorem 1. We see that it is enough to prove the
existence of a positive constant C such that for a.e. z € X and all k > 0

p—1
(34) (ZJ-;(w)@ w ) (Z[J(w)@' 1v-) < Ok +1)P.

As in the proof of Lemma of [20], we may assume without loss of generality
that there exists a one-to-one onto mapping S from X to X such that

(i) A€ F ifand only if SA € F,

(ii) p(SA) > 0if and only if uA > 0,

(iii) ®'f = foSiforalli € Z and f € M(p).

For simplicity, from now on, we will always assume that the one-to-one
onto mapping S : X — X satisfies the above conditions (i), (ii) and (iii).

For an integer k with & > 0 we define a nonnegative extended real-valued
function di on X by the relation

k

(35) di(x) = 3 [Ji(z)w(S'z)) 7

1=0

Produced by The Berkeley Electronic Press, 1998
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Write D_o = {z : di(z) = 0}, Do = {z : di(z) = o0}, and

(36) D, ={z:2" di(z) < 2"t} for neZ.

1
< — -
~2(k+1)
Then we have
X =D_oUDo U (| D)
nez

and it is clear that (34) holds on D_. On the other hand, (a) implies that
{z : w(Sz) = 0} C {z : w(z) = 0}, and therefore we get
k

Z J_i(z)w(87'z) =0 on D

i=0
It follows that (34) holds on Do,. To prove (34) on each D,,n € Z, we
apply the hypothesis that ® has no periodic part. By this hypothesis, D,
has the form

where the B; satisfy
(38) B;NS‘B; =0 for 1<£<2(k+1).

Let us fix Bj, and let A denote a measurable subset of B; with 0 < u4 < oo.
Then define a function f on X by the relation

otherwise.

£(Si) = { :]z,-(w)_l (@) w(Siz)7 ifoec Aand 0<i<k

Since A C Bj C Dy, and hiyj(S~9z) = h;j(S7Iz)hi(z) by (2), it follows that
forze Aand 0<j <k,

k
Ehm(s-fz)f(s“f(s-fz))

o 1
M*(T)f(S™z) Zm

Zh (S7z)hi(z) f(S'z)

k +1)
1 1 i =k
23+ D) K g[Ji(w)w(s o)} (by (28))
1 1 1 n
K. 2(k—+1)'dk(x) > (E) -2 (by (36)).
Hence if we set
k
1)_US'A and E(1 USZ
=0
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then
+ 1 n
MY(T)f>(—]2 on E(-1).
Ky

Thus (a) implies that

Ko \? »
(39) L pase(52) [urva

where by the definition of f

k
/ fPwdy = / fPwdp =3 ] fPwdn
E(1) =3 Jsia

k
-3 [ 1S puse) (by (3))
k . —1
4 i(z)w(S'z)]P—1
sxwg /A Vi(@)w(52)]7 dy (by (28)),

and by (3)

k k
wdy = / wdy = /wS_imJ_izd.
/E(_U S [ =X [ el dn
Consequently we get
k k
(40) 2""/ Z J_i(z)w(S~iz)dp < C- Kgg/ Z[Ji(x)w(sim)];_—ll dpu.
Ai=0 Ai=0
On the other hand, since A C B; C Dy, it follows that
1 / Liu(m)w(sh)}% dy < 272
pA ok +15 =
Combining this with (40) yields
1 1 & 1 1 <& i
(#—A Lk—H;J—i(I)w(S_ z) dﬂ) : (p,_A_/Ak_-l-l Z%[Ji(fb”)w(-Sv -'C)]'ﬁdu)

<C-2°? K?P,

Since this holds for every A, arbitrary measurable subset of B; with positive
finite measure, we conclude that for a.e. z € B;

1 k y 1 k N p-1
(k—‘f'].g J—t(l')w(s :B)) . (k_—}-l ;[Jl(x)w(s ;I;)]p—l)

<C-2 K%
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whence (34) holds on D,, n € Z, and thus (b) has been established.
Let p=1.
(b) = (a). By (29), (b) is equivalent to

(41) C = sup [[®o,nll p1(wquy < 0
n>0
Since (3) implies

/(@0,1]‘ cwdp = /f ( +IZJ_,<I> w) du

for 0 < f € M(p), (41) is equivalent to

1 < ;
42 su J_i(z)w(S7'z) < Cw(z) a.e.
(42) oy 3 (S ™) < Col)

on X. Hence, using (3) again, for a.e. z € X and all j € Z we have
(43) sup 1 Xn: Ji_i(z)w(S7 i) < CJj(z)w(S z).
n>0 N+ 1 o I - I

Let 0 < f € L} (wdp). For an N > 0 we then define

j B
fq’N_oinaéxN o,nf (_ og,‘fg";v n+1z¢'f)

i=0

It follows that f3 y + M*(®)f a.e. on X as N — oo; and for any L > 0 we
have, by (3),

L

(L+1) wdp = /
{z:£3 n(2)>2) i=0 Y {z: f3 n(S'2)>A}

=/ ) Ji(@)w(Siz) dp.

{0<i<L: f3 p(Siz)>A}

Ji(z)w(Siz) du

We then apply Lemma A together with (43) to infer that there exists a
positive constant C independent of N, L > 0 such that for a.e. z € X

' c LtV . .
> Ti(@w(S's) < 5 Y f(S'e)h(z)u(S').
{0<i<L: 3 n(S'z)>A} i=0

Hence
L+N
C +

w dy SX I+1 fo(Slg;)J (z)w(S'z) du

L+N+1
d
TL+l ffw"

»A:C : f;,N(m)>A}
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By letting L 1 oo, and then N 1 oo, we see that (a) holds.
(a) = (b). Since ® has no periodic part, if n > 0 is an integer then X
has the form

(44) x =B,
j=1
where the B; satisfy

(45) B;NS'B; =0 for 0<f<n.
For the moment let us fix Bj, and let A be a measurable subset of B;. If
we set

n
F(-1):=|Js7a
i=0
and if £ € F(—1) then by (2), (28) and (45) we have
k

Y Tixa(z)

i=0

1 1
n+1 Ko

max >
0<k<n k+1 -

Therefore by (a)
/ wduSC-(n+1)K°°/wdu.
F(-1) A
Since

n n
wdyp = f wdp = f J_i(z)w(S i) dy,
/F(—l) ; s-ia g A

we then have

J

which implies, as before, that

1 < ;
—i ') < 0o .€.
——l iz:; J_i(z)w(S7'z) K CKow(z) a.e

1 < ;
-1 o < . y
n+1§J (2)w(S7'z)du < C Koo/Awdu

on B; and hence on X. Since the constant CKy, is independent of n > 0,
this establishes (42) and hence (b).
The proof is complete. O

Proof of Theorem 5. Let 1 < p < oo.

(c) = (a) is obvious.

(a) = (b). As in the proof of Theorem 4, it suffices to prove that there
exists a positive constant C such that

k

k p-1
(46) (Z Ji(w)w(Siw)) . (Z[Ji(fﬂ)w(siw)]f"—‘) < C(k+1)*
i=0

i=0
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forae.z € X and all £k > 0.

To do so, let di, D_o, Do and Dy, (n € Z) be the same as in the proof
of Theorem 4 (cf. (35) , (36)). Since ® has no periodic part by hypothesis,
(a) implies that {z : w(Sz) = oo} = {z : w(z) = oo}. Indeed if this is not
true, then we can choose an F € F, with uF > 0 and fE wdp < oo, such
that

SE C {z:w(z) =00} and S*(E)N(EUSE)=0.

Then the function f = xg (€ LP(wdp)) satisfies H*(T)f(z) > 1/Kx on
SE, whence

/ wdy = oo for all A with 0</\<L.
{z:H* f(z)>\} Ko
This is a contradiction. Similarly (a) implies that {z : w(Sz) =0} = {z :
w(z) = 0}. Therefore we have
D_o={z:w(r) = 0}, Deo={z: w(z) =0}, SD_c=D_o and SDe= Dc.
Thus (46) holds clearly on D_o U Dy. To prove (46) on each D,, n € Z,
we represent D, as

[e ¢}

D, =] B,
j=1

where the B; satisfy
S'B;(\Bj=0 for 1<€<4(k+1).

If A is a measurable subset of B; with 0 < pA < oo, then let

k ) 2k+1 .
E(1):=|)S$4 and E(2):= |J S4.
i=0 i=k+1

If0 < f € M(p) and {z : f(z) # 0} C E(1), then define a function f~ on

X by the relation

{ F(S*+i-iz) = [sgn h_;(S*tiz)|~1- f(S¥*17iz) forze Aand1<i<k+1,
f~=0 on X\ UL,5'4,

where sgn a = a/|a| for a complex number « # 0, and sgn 0 = 0.
Then forz € Aand k+ 1 < j <2k + 1 we have

| S i iken(ST) - Y (SHHLig)
) N i—(j—k-1)
H (D)~ (82) > | Y v G-k-1)

i=1
Since hj_k_1(S**1z) - h_i_(j_k_l)(S'j'k‘l(S'k“:z:)) = h_;(S¥*1z) by (2),

h_i(Sk"'l:l:)
hj—k-1(Sk+lz)

h_i_(j-k-1)(Sz) =
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Therefore for z € A and k+ 1 < j <2k + 1 we have

k+1
(47) H*(T)f~(Sz) > 3

|h_, Sk+1 | f(S'k'H_ia:)

h]lek“x Z i+(j—k-1)

> 1
> K3 2k+1 Zfs (by (28).
In particular, if 0 < f € M(p) is such that
f(Siz) = [Ji(z)w(S'z ]Pl forre A and 0<i<k,
A on X\ UL, 54

then, by (36) and the fact A C B; C Dy, we have

* ~(QJ - 1 : i =L
HY(T)f~(§'z) > Koo"’-z(k—ﬂ—)i};a[.f,-(z)w(Sx)]»—l

1
= K>2.__~ .4 > K-2.9n
00 2(k+1) k(:’:)—Koo 2

forceAdandk+1<j<2k+1.
Thus by (a)

wdp < C-K¥» — / Pwd
/13(2) i o fPwdp.

Since (3) implies

k k
P — P — i i .
/E WEZDY /S  fPudu z_; L 1P(Siz)w(Si)Ji(z) du,

we can apply the following equations
k k
Y PA(Se)yw(S'e)Ji(z) = Y [Ji(x)w(S'2)] 7T = di(s),
i=0 i=0
to obtain that
1

(48) /E (Z)wdu <C-K?F o |, di(z) dp.

163

Next, if 0 < f € M(p) and {z : f(z) # 0} C E(2), then define a function

f~ on X by the relation

{ f~(S*¥iz) = [sgn h;(S*z)]7'- f(S**iz) for t€ A and 1<i<k+1,

fu=0 on X\UHL siA.
Then for x € A and 0 < j < k we have

k1,
Rit(k—j)(87z) - fu(Sk¥iz)
Z i+ (k—j)

H*(T)f~(S72) 2

=1
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Since hj_i(S*z) - hi+(k_j)(Sj_k(Skm)) = h;(S*z) by (2),

; hi(S’km)
hit(k—5)(S7z) = Ty s (SF2)

Hence it follows that

1 & |hi(Ska)] - f(SHHz)
W) HOMSD 2 prem D T )
2k+1
2 2(k+1 ;lfsu:) (by (28))

for r € A and 0 < j < k. In particular, if f = xpg(2) then
H*(T)f(Sz) > K2 - = =
for z € A and 0 < j < k. Thus by (a)
/ wdp,SC.Kgo"Q”/ wdy .
E(1) E(2)

We then use the following equations

k k
wdy = / wdp = /wSi:z:Ji:vd,
/E(l) " ; Wik Z;A( )Ji(z) dp

to obtain that

k
(50) / Z Ji(z)w(S'z)dp < C - K2P . 2P f w dy.

4520 E(2)

Combining this with (48) yields

k
/AZJ,-(:I:)w(S“a;) du < C?-K4P. 2n T fdk z)dp.

Since 2™ < dy/2(k+ 1) < 2"t on D,, and A C Bj C Dy, it follows that

1 1 P
2(n+1)p < _/ < (Tl+2)p.
< \ua A—k+1dk($) dp) <2

Thus we obtain

(”IA/’“+IZJ(m)w se )d“) (,}Afkildk(z)du)”“l

< C%.Kir.2%P
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and therefore

1 k i 1 k ) . p-1
(k_-l——f ; Ji(z)w(S 33)) . (m ;[Ji(z)w(S"a:)]p-l)
<C?.KP.2%P ae.

on B; (and hence on Dy,). Since the constant C2 - Kof - 2% is independent
of k > 0, we have proved (46) and hence (b).

(b) = (c). By Remark 1 (i), we may assume without loss of generality
that X = {z : 0 < w(z) < oo}. Then T and 7 can be considered to
be invertible Lamperti operators on M (wdu) = M(u), whence (b) = (c)
follows from Lemma of [19].

Let p=1.

(a) = (b). As in the proof of Theorem 4 (cf. (41), (42)), (b) is equivalent
to the existence of a positive constant C such that

; r) < .
(51) fé% 1 i;ﬂ Ji(z)w(S'z) < Cw(z) a.e

on X. To prove (51), let N > 1 be fixed arbitralily. Since @ has no periodic
part by hypothesis, X has the form

X =8B,
j=0
where the B; satisfy

B;NS'B;j=0 for 1<¢<2N.

If A is a measurable subset of B; such that 0 < uA4 < oo, and if z € SA for
some ¢ with 1 < |¢] < N, then by (28) we have

1
Ko N

H*(T)xa(z) 2
Hence (a) implies
N
Z/ wdp <C-Ky N / wdpy .
li|=1 S'A 4

We now apply (3) to infer that

N
1 ,
. < .
//; NI i:E— Ji(z)w(S'z) dp < (CKoo + I)Lwdu,

therefore

1
2N+11_

N
Z Ji(z)w(S'z) < (CKe + 1w ace.
=—N
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on B; and hence on X, completing the proof of (51).
(b) = (a). By (51) and (3), we have

T 2 inilahu(S7a) < O Jahu(sTa)

1=—n

(52)

fora.e.z € X and all j € Z and n > 0. For an N > 1 we then define the
truncated maximal operator Hy (T') on M(u) by the relation

~, TFf
2 %

=-n

Hy(T)f = max

1<n<N !

where the prime means that the term with zero denominator is omitted.
Clearly we have

(53) Hy(T)f(x) t H'(T)f(z) a.e.
on X as N - oo. If j € Z, then

Z", hj(z)he(57z) £ (§7*x)

|hj(2)| Hy(T)£(S’z) = max .

1<n<N

=-n

i' hjvk(2)f (57 *z)

= max, z o
so that
. 1 % hir(@)f (STt
* J = ' J+k
69 HY(Df(S2) = o 3, kZ=—n *
2, hik(@)f(STHE)
) 1 itk
< Ko lglaéxN kZ: k
=—n

By this together with (3) we observe that for L > 1 and A >0

L .
Ji(z)w(Sz) dp

(2L +1 / wdy = /
{z:H}(T)f(z)>A} j=—1L {z: H}(T)f(Siz)>A}
= Z Ji(z)w(S) dp

{-L<j<L:H} (T)f(5iz)>A}

= / Z Ji(z)w(S7z) dp.

hj sitk
{—LSjSL:maxlSnSN B - LA >,\/K,,°}

k=-n

Next we apply (52) together with a known result about the classical discrete
Hilbert transform (see e.g. Theorem 10 of [10]) to infer that there exists a
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positive constant C such that

3 Ji(z)w(Sz)
{—LSjSL:maxlSnSN I " h=—n Mﬂs}_l >A K}
K N+L . .
<cf2 S @i St
j=—N-L

for a.e. z € X and all A > 0 and N, L > 1. Thus by (28) and (3)

(2L +1) wdp
{z: Hy(T)f(z)>A}

K N+L ) )

< /X c.==. (__XN:Llhj(w)f(S’rv)l-Jj(z)w(S’fv)) dp
K2 N+L

<C-—== F(8z)| - Jj(z)w(S )
A '/ j—§ L
K2

- i~ L .

C-=2- (2N +2 +1)/X|f|wd,u

Letting L 1 oo yields

/ wdp < C- —/ |flwdp .
{z: H}(T)f(z)>A}

Hence (a) follows from (53), and this completes the proof of Theorem 5. O

Remark 2. The hypothesis that & has no periodic part was used only in
the proof of implication (a) = (b) of Theorems 4 and 5. Thus, without this
hypothesis, implication (b) = (a) of Theorem 4 and implications (b) = (c)
= (a) of Theorem 5 are true. A

In the remainder of the paper we investigate the a.e. convergence of the er-
godic sequence {T™f} and the ergodic partial sums {}_r_, (T*f-T"%f)/k}
in the sense of Cesaro-a means. For the basic properties of Cesaro-a means
we refer the reader to Zygmund [24].

Following [4], for a real number a with —1 < a < 0 we write

1 Z k
A1+a Aﬁ kT f
k=0

Rn,1+a(T)f

and

n

kg _ -k
HooT) = AlaZAfiH-k (W)

n k=1

Produced by The Berkeley Electronic Press, 1998 21



Mathematical Journal of Okayama University, Vol. 40[1998], Iss. 1, Art. 18

168 RYOTARO SATO

where the Cesaro numibers AE are given as
(B+1)...(B+n)
n!

Two maximal operators M " o(T) and Hy(T) on M(u) are defined by the
relations

AB = and A€=1.

M (T)f = S‘;I; |Rn14+a(T) f
and B
Hy(T)f = sup |Hno(T)f] .
n>0

Note that M; (T)f = M*(T)f and HJ(T)f = H*(T)f. In the theorems
below we use the Lorentz spaces L,;(wdy) with 1 < r < oco. Recall that
f € Ly 1(wdy) if and only if

0o 1/r
”f”r,l;’wdp. = / (f 'Wd},l,) dt < 00,
0 {z:|f(z)|>t}

that ||xellr,1;wan = (wadu)l/r for E € F with [pwdy < oo, and that
L, 1(wdp) C Ly (wdp) = L"(wdp). These properties of Lorentz spaces are
explained in Hunt [9].

Theorem 6. Let 0 <w <coon Xandletl <p < oo. If T is an invertible
Lamperti operator on M (u) satisfying (27) and if the linear modulus 7 of T
becomes an operator on M (wdy) and satisfies

(55) sup {70, nll 2o (wdy) < 00,
n>0

then the following statements hold.
(a) When 1 < p <r < oo, the limit
nlingo Rn,p/r(T)f

ezists a.e. on the set {z : w(z) > 0} for all f € L"(wdy); further there exists
a positive constant C such that

(56) 1M, (D) f Iz (way < C 1]

for all f € L™ (wdy).
(b) When 1 =p < r < oo, the limit

nlirnolo Rn.,l/r(T)f
exists a.e. on the set {z : w(z) > 0} for all f € L, 1(wdp).

L7 (wdp)

Theorem 7. Let0 <w < coon X andlet1 <p < oo0. If T is an invertible
Lamperti operator on M(u) satisfying (27) and if the linear modulus T of T
becomes an invertible operator on M(wdy) and satisfies

(57) sup “Tn,n”LP(wdy) < oo,
n>0
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then the following statements hold.
(a) When 1 <p <r < o0, the limit
lim Hn,(p/r)—l(T)f

n—o0

ezxists a.e. on the set {z : w(z) > 0} for all f € L"(wdy); further there exists
a positive constant C such that

(58) 1 H{p/r)-1 (D)l (wawy < CIISI

for all f € L™ (wdp).
(b) When 1 =p <r < oo, the limit

Jim Hy, 1/n)-1(T)f
ezists a.e. on the set {x : w(z) > 0} for all f € L, 1(wdy).

L™ (wdp)

Proof of Theorem 6. (a) By (29), ® becomes an operator on M(wdy) and
satisfies

sup Il‘pO,ﬂllLP(wdp) < o0,
n>0

whence we can apply Theorem 1 together with (28) to infer that there exists
a positive constant C' such that

k k . p—1
(Z |h_i(m)|-v_i(m)w(s—‘m)) : (Z[ |hi(x)|-*Ji(x)w<S"m)1ﬁ)
1=0

i=0
<C(k+1)P
for a.e. 2 € X and all k > 0. Since 0 < p/r < land 1 < p = (p/r)r, it
follows from [15] (cf. especially the proofs of Corollary 3.4 and Theorem 3.1
of [15]) that

(i) the limit lim, 00 Ry p/r(T)f exists a.e. on the set {z : w(z) > 0} for
all f € L™(wdpu), and

(ii) the maximal operator M:/r(*r) is bounded in L™ (wdp).

Since 0 < M;L/T(T)f < M;r(r)lﬂ for f € L"(wdp), (56) holds. And
the a.e. convergence of R, ,/.(T)f on the set {z : w(z) > 0} follows
from Banach’s convergence principle, because {g+ (f —Tf) : Tg = g,f €
L"(wdp)} is a dense subspace of L"(wdp) by a mean ergodic theorem, and
for f € L™ (wdu) we have

(59) nli)n:olo Rn,p/r(T)[f -Tfl=0 ae.

on the set {z : w(z) > 0}. Indeed (59) holds for f of the form f = xg by
the proof of Proposition 3.2 of [15], and thus an approximation argument
together with (56) can be used to see that (59) holds for any f € L™ (wdy).

(b) Let r < s < 00, where 1 =p <7 <o0o. Thenp=1<s/r <s, and
the Marcinkiewicz interpolation theorem implies that

sup || 7o, s/ < o0o.
nzlg ” n“L /m(wdp)
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Since 1 <s/r<s, we then apply (a) to infer that the limit limy, ;00 Ry, 1/ (T) f
exists a.e. on the set {z : w(z) > 0} for all f € L*(wdu).

Since the Lorentz space L, j(wdp) is a Banach space and L*(wdp) N
L,,1(wdpy) is a dense subspace of L, 1(wdyu), it is enough to prove by the
Banach convergence principle that

.Ml"}r(T)f < oo a.e.

on the set {z : w(z) > 0} for all f € L, ;(wdp). By (29) and (4) it suffices
to prove the following weak type inequality:

(W) There ezists a positive constant C such that

1
(60) / wdps < C 52 171 1
{a::Ml"}r(é)f(z)>/\}

for all f € L, 1(wdy) and A > 0.

If = 1 then, since & satisfies (41), (W) follows from Theorem 4 (cf. also
Remark 2).

If 1 <7 < oo then, by the proof of Theorem 3.13 of Chapter V of [22], it
suffices to prove the existence of a positive constant C' such that

(61) wdusgr/wdp
A" JE

/{z:Mr,,(@)xE(m)»}

for all E € F and A > 0. To do so, we adapt the argument of Bernardis
and Martin-Reyes [4] as follows.
Let f = xg, where E € F. If we define, for an N > 1,

n

r)—1
1/r z Ale-/k) xe(5*z)
‘A" k=0
then M{I},(‘I’)N xe T M1+/,.(‘I’)XE a.e. on X as NV — oco. For the moment let
us fix an N > 1. If we set

A:={z: Mf/,.('P)N xe(z) > A},

M}, (®)w x5(z) = sup

0<n<N

then by (3)

L
1) [wds = [Y xalSo)u(S's)5(a) du

i=0
= / Z Ji(z)w(Siz) du.
{0<i<L: M) (2)wxe(Siz)>A}
On the other hand, we know (cf. (41), (42), (43)) that there exists a positive

constant C such that

1
su
.,IZI(; n+1

Z Ji—i(zx)w(§77z) < C - Jj(z)w(8%x)
1=0
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for a.e. z € X and all j € Z. Thus by Lemma 2.6 and Theorem E of [4]
there exists a positive constant C such that

z Ji(z)w(Siz)

{0<i<L: M}, (2)nxE(Siz)>A}

c - 1/r T

< x5 / > Ji(z)w(Siz)| dt
0 |{0<i<N+L:xe(5c)>t}

Therefore we have

T

1/r
1
(L+1)/Awdp§ )‘E/X '/o [ ¥ Ji(z)w(Si:c)] dt| du

{0<i<N+L:xg(S'z)>t}

c N+L _ _
< = / z Ji(X)w(S'z)xe(S'c) | du (by Hélder’s inequality)
xS
o
=—-(N+L+1)/wdy (by (3)).
Ar E
Letting L 1 oo and then N 1 0o, we see that (61) holds, and this completes
the proof of Theorem 6. O

Proof of Theorem 7. By (57) we may assume without loss of generality that
X ={z:0 < w(z) < o©}. Then T and 7 can be regarded as invertible
Lamperti operators on M (wdy) = M(u).

Let p < r < oo. Then by the Marcinkiewicz interpolation theorem

(62) sup ||Tn,n L7 (wdp) < 00
n>0

Hence T' becomes a bounded and invertible operator on L (wdu). Let 7/,
denote the invertible (positive) Lamperti operator on M(wdy) = M(u)
defined by the relation

T f = |la[7P- &f .

Then we have

e f = P& = (h PP (ie2)

and by (28)

N SKEOR e,
Thus

1 n
—_— i

(®) swlls—g S| <o

=z t=—n LP('wd,u)
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Since 0 < p/r < 1 and p = (p/r)r, (a) now follows from [5] when 1 < p <
r < 00, and from [19] when 1 < p = r < co. (b) is a consequence of Theorem
1.4 of [4]. O

Remark 3. (i) In statement (b) of Theorems 6 and 7, the function f in
L, 1(wdp) cannot be replaced by a function in L™ (wdp) when 1 = p <7 <
0o. In fact, if we consider an ergodic invertible measure preserving trans-
formation ¢ on a nonatomic probability measure space (X,F,p) and an
operator T' on M(u) of the form Tf = f o ¢, then clearly ||T"| zr() = 1
foralln € Z and 1 < p < oco. Déniel proved in [6] that if 1 < r < o0
then there exists a function f € L"(u) for which the a.e. convergence of
the sequence { Ry 1/+(T)f(z)}52, fails to hold. Later, modifying the idea of
Déniel [6], Bernardis, Martin-Reyes and Sarrién Gavildn proved in [5] that
if 1 < r < 0o then there exists an f € L"(p) for which the a.e. convergence
of the sequence {Hy, (1/)-1(T)f(z)};2; fails to hold.

(ii) Statement (b) of Theorem 6 is not true if the hypothesis (27) is omit-
ted. A counterexample can be found in [4].

(iii) Statement (b) of Theorem 7 is not true at least for thecase 1l =p =r
if the hypothesis (27) is omitted. This can be seen from [19].

4. CONCLUDING REMARKS

The purpose of this section is to prove the following weighted ergodic
theorem, without assuming that T satisfies (27).

Theorem 8. Let 0 < w < oo on X and let 1 < p < co. Then the following
statements hold for an invertible Lamperti operator T on M (u).
(a) If T is an operator on M (wdy) and satisfies

K*(p) := sup [|T"||1r (wap) < o0,
n>0

then for any r with 1/p < r < 1 the limit
o, B (1)

erists a.e. on the set {z : w(z) > 0} for every f € LP(wdp); and the mazimal
operator M} (T) is bounded in LP(wdp).
(b) If T is an invertible operator on M(wdp) and satisfies

K(p) := Ssup ”Tm“LP(wdp) <00,
nez
then for any r with 1/p <r <1 the limit
i, Hora(T)f

ezists a.e. on the set {z : w(z) > 0} for every f € LP(wdp); and the mazimal
operator H_,(T) is bounded in LP(wdp).

Remark 4. In the above theorem we cannot take r = 1/p. See Remark 3

(i).
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Proof of Theorem 8. (a) If 7. denotes the invertible Lamperti operator on
M (p) defined by

= |m|Y" - ®f,
then we have
i f(z) = |hi(z)[/" - B f(=) (i € 7).

If0 < f € M(p) then, since rp > 1, it follows from Hoélder’s inequality that

n

LA R | .
(n+1§’r:.f> Sn-}—lZD(TIf)rp
1 1 1
= nHZ[IhI () Z[r(f )i

whence

1 . ) ifer
/X(Ml;w) wdu<——2/[r(f WP w dy

<&@ [ 17w

Therefore 7. becomes an operator on M(wdy) and satisfies

n

nilzﬁ.

i=0

sup
n>0

< 0.
LrP(wdp)

Thus by Theorem 1 there exists a positive constant C such that

k k " rp—1
(Z |hei (@) P —i(2) w(s—fm) : (Z[ (k@) P Ji(z) w(S'a) 1ﬁ)
1=0

i=0
<Ck+1)”

fora.e. z € X and all £ > 0. Since 0 < r <1 and 1 < rp, it follows from
[15], as in the above proof of (a) of Theorem 6, that

(i) the limit limp_y00 Rn, r(7)f exists a.e. on the set {z : w(z) > 0} for
every f in LP(wdy), where 7 is the linear modulus of T, and

(ii) the maximal operator M;}(7) is bounded in L?(wdp).
Thus (a) follows similarly, as in (a) of Theorem 6.

(b) We may assume as before that X = {z : 0 < w(z) < oo}, and hence
T can be considered to be an invertible Lamperti operator on M (wdy) =
M(p). As in (a), we observe that

n

1 .
2n+1 ZT:

i=—n

< K(p)'/".
Lre(wdp)

sup
n>0
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Thus (b) follows from [5] when 1/p < r < 1, and from [19] when 1/p <r =
1.
This completes the proof of Theorem 8. O

The next proposition may be considered to be a supplementary result to
Theorem 1.

Proposition. Let0 < w < oo on X and let 1 < p < co. Then the following
statements hold for an invertible Lamperti operator T on M (p).
(a) T becomes an operator on M(wdp) and satisfies the norm condition

K+(p) ‘= sup HTm“LP(wdu) < oo
n>0

if and only if there exists a positive constant C such that for a.e. x € X and
alln >0

(64) |h—n(z)|PJI_n(z) 27"w(z) < Cw(x).

(b) The linear modulus T of T' becomes an operator on M(wdu) and sat-
isfies the norm condition

sup |70, nllpi{wdy) < O©
>0 ” 71" (wdy)

if and only if there ezists a positive constant C such that for a.e. ¢ € X and
alln>0

(65) nL-i-l Z |h_i(z)| " T _i(z) ®w(z) < Cw(z).
i=0 .

Proof. (a) By (4) we may assume without loss of generality that T is positive.
Then for 0 < f € M(u) and n > 0 we have , by (2) and (3),

(66) 1T Wy = (@ 5) win = [ £7-(hnl PIn®"0) i
Thus (64) implies that T becomes an operator on M (wdy) and satisfies the
norm condition: K¥(p) < co. Conversely if T' is an operator on M (wdp)

and satisfies the norm condition: K*(p) < oo, then for f = x4 with A € F
we have by (66)

(67) fA (b P T @) dp = / (T"xa)P w dp

< T Wy [0 < (K¥ @) [ wi.

This completes the proof of (a).
(b) We may assume, as above, that 7 = T. Then for 0 < f € M(u) and
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n > 0 we have, using (66) with p = 1, that

68)  l7onflztuan) = / (ro.nf) - dp

1 < _ _;
:/f n+1Zlh_i| IJ_.,"I’ ‘w| du.
1=0

Thus (65) implies that 7 becomes an operator on M (wdu) and satisfies the
norm condition.
Conversely if 7 is an operator on M (wdpu) and satisfies

C :=sup [|70,nll L1 (wdp) < 00,
n>0

then for f = x4 with A € F we have
1 O _ i
(69) /;1 m;]h_d 1y ;o 'w d#=/(T0,nXA)'UJdH

< 70, nll Lt (wdp) 'LWd# < C/A’wdﬂ-

Hence (65) follows, and the proof is complete. O
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