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NOTE ON HOMOTOPIES OF SOME CURVES IN
TANGENT BUNDLES

TOMINOSUKE OTSUKI

In this note, in connection with [1], §8", the author will prove the
following theorem which shows that the restricted homogeneous holo-
nomy group H%y) of a regular connection of the space of tangent direc-
tions of a differentiable manifold X at any point y € T\(X) which was
defined by means of only the a-curves a-homotopic to zero may be defined
by means of the a-curves komotopic to zero.

Theorem. If any two a-curves Co, C, are homotopic to each other,
then they are also a-homotopic to each other, when dim X = 3.

In order to prove this theorem, we shall state some definitions with
regard to a-curves® and prepare the following lemmas.

A proper a-cure C in To(X) given by 7 will be called of positive or

negative type if f and f40/6t, f=<- ﬁ have the same or opposite tangent
direction of ¥ at each point of C. Furthermore, an a-curve C will be
called of positive or negative type if all the proper a-subarcs® are simul-
taneously of positive or negative type. Otherwise, C will be called of
zero or mixed type according as it lies in the tangent space at a point of
% or does not so.

Lemma 1. Any a-curve of mixed type is a-homotopic to an a-curve
of positive (negative) type, keeping its end points fixed.

Proof. Let an a-curve C = C, which is of mixed type be given by
fﬂ . I— TX), where I is a closed interval of parameter ¢. Since C is of
mixed type, we can take a subarc such that it is a proper a-curve of
positive (negative) type for [#, ], lies in the tangent space at a point for
[#, ¢] and is again a proper a-curve of negative (positive) type for [#,
£;], where f, <t <t <t;. Put C=+<C and f=t-f. The subarcs of
C corresponding to the interval [#, #,] and [#, #;] may be considered
lying in a two dimentional local submanifold X%, of class C* in the sense of
H. Whitney [2]. Then, the subarc for the interval [#, #)] can be de-
formed to a curve in tha tangent space to X, at fy(¢;) = fi(f.) keeping its

1 In this note, we will use the notations and concepts in [1].
2) See, [1], §7.
- 3) An a-subarc is a subarc which is an e-curve,
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end points fixed. And so, we may suppose firstly that the subarc for [¢,,
t.] lies in the tangent space to X, at the point. Then, we can construct
an a-homotoy f,, 0 < s <1, such as () £i([t,, &.)) = £it), f. =<1, (b)
Ffil [, #], for 0= s <1, and f, | [£., #;], for 0<s<1, are proper a-
curves and (c) f, is stationary for t <4, and #3 <¢, that is to say, let
one proper a-subarc swallow the other proper a-subarc as showed in
Fig. 1.

Continuing this process for the given curve, we can decrease the
number of proper a-subarcs of negative (or positive) type, and so we
may lastly obtain an a-curve of positive (or negative) type which is a-
homotopic to the first curve.

Lemma 2. Any a-curve C of positive (negative) type is a-homotopic
to an a-curve of mixed type, keeping its end points fixed.

Proof. Let C=C, be given by fo: I— T (X). By the assumption,
we may put, C has at least one proper a-subarc of positive type, say the
arc corresponding to the interval {, =Xt <¢. For any ¢, £, t, <t <

t, << t;,, we can construct an «-homotoy f;, 0<s=<1, as follows: (a)it
is stationary for ¢ <, and #, <¢, (b) the subarc corresponding to #, <
t < t, is a proper a-curve of positive type when 0 < s <1, (c) the subarcs
corresponding to 4 =<?¢ =t and 4 <¢<1+¢ when s =1 are so but the
subarc corresponding to ¢ =¢ =<+t lies in the tangent space at f(¢,),
making use a two dimensional local submanifold containing this subarc of
C, where f, = r-ﬁ. Nextly, taking any &, 4, i, <L <t <<i, wecan
construct analogously an a-homotopy f;, 1 =< s =<2, as follows: (a) it is
also stationary for t =< # and £ <, (b) the subarcs corresponding to #, <
=<t and § ¢ =1; are proper a-curves of positive type, (c) the subarc
corresponding to #, = ¢ =<, is a proper a-curve of negative type, (d) the
subarcs corresponding to #, =<t =<+t and # <¢ =<1 lie in the tangent
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spaces at f,(¢,) and f.,(¢;). Then the a-curve given by f» is of mixed type.

Lemma 3. Any a-curve C of positive type is a-homotopic to a proper
a-curve of positive type, keeping its end points fixed.

Proof. Let C be givenby f: I— T, (X) and put C=C, f=¢-f,
Firstly, we can construct an «-homotopy f, which deforms all the subarcs
over the angular points of C and its both end points to arcs lying in the
two dimensional tangent subspaces at the points which are spanned by
their both end elements (tangent vectors). Then, the curve C, obtained
through the homotopy may be considered as lying in a two dimensional
local submanifold. Nextly, we may deform C, to a proper a-curve C, of

positive type by means of the smoothing operation for the angular points
of C; = C, and its end points.

Remark. These three lemmas hold good if dim X = 2.

Proof of Theorem. By virtue of the above lemmas, we may assume
that C, and C,; are proper a-curves of positive type and the lifts in To(%)
of C, = zCyand C; = zC,. We shall prove this theorem by making use of
the theorems and lemmas in a paper of H. Whitney [2]. Let C, and C, be
given by Foand £, such that fo=xc-f,, fi=r-f, are of class C% By the assump-
tion, there exists a homotopy F : I x [0, 1]— T,(X) such that fo() = F(t,
0), f,(f) = F(¢, 1). We may consider as f,, f; are of class C” on an open
interval I' containing the closed interval I and F is defined on I’ X 7,
where J'is an open interval containing [0, 1]. Then, we take an auxi-
liary function 7 defined on I’ X J’ such that it is positive on I’ X (J'— 0 — 1)
and zeroon I’ X 0\J I' X 1. Since I' X 0 and I’ X 1 are relatively closed
in I’ X J/, according to Lemmas 7, 9, 10, 23 in [2], there exists a map
F': I'x J' = X of class C* which approximates (F, I' X (J' — 0 —1), 2,
% z) and F=F'on I'x 0\ I'x1. If dim =3, by an analogous method

to the one utilized in the proof of Lemma 18 in [2], we can prove that
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the properties of F'’ which approximates (F', I' X (J/—0—1), 2, %;7)
and 8F''/8t %0 is the logical sum of a denumerable number of (F’, 2,
-;- z)-properties. Hence, by Lemma 12 in [2], we can take such a map F'":

I'x(J)—0—1)—>% F"isclearly a (F, I'x(J'—0—1), 2,%)-approxima
tion and 6F"/6t =0 everywhere on I'’X(J'— 0 —1). If we extend F”
onto I' X J/, putting F'"=F on I'x0\U I’ X 1, then it is of class C* by
Lemma 10 in [2].

Now, making use of this map F', we put f/(f) = F"(, s) and
define the family C! in To(X) by (f/")«8/6¢. This family will give an a-
homotopy between C,and C,.

When the homotopy F is stationary at both end points of C,, we can
take also such homotopy F'' by a slight modification of the above men-
tioned «-homotopy.

Corollary.?) For any point y € T(X), we have £2°(y) = A y)ﬂ!?“(y).
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