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A CONDITION THAT A SPACE IS GROUP-LIKE"

MAasAHIRO SUGAWARA

1. Introduction

In the previous note [4], we studied a condition that a topological
space is an H-space, and represented a necessary and sufficient one by
the notions of the weak homotopy equivalence and the contractibility ([4],
§1, Theorem 1). In the present note, we shall study conditions that a
space is a homotopy-associative H-space or a group-like space,” by dis-
cussing similarly with [4].

Our main result is

Theorem 1.1. A countable CW-complex F is a group-like space if,
and only if, there exist a countable CW-complex E, containing F as its
subcomplex, and a topological space B and a (continuous) map p of E
into B, satisfying the following properties (1.2) and (1. 3):

(1.2) E iscontractible in itself to a vertex ¢EF, leaving = fixed
(throughout the contraction);

(1.3) p(F) =0, a point of B, and the map p:(E,F)— (B, b) isa
weak homotopy equivalence, i.e., its induced homomorphism

Pyl E, F) > (B, b),

of the relative homotopy groups, is an isomorphism onto for every
integer n >0,

Concering to the homotopy-associativity of a CW-complex F such
that the product space FXFXF is also a CW-complex, we obtain the
following two theorems.

Theorem 1.4.2 We assume that there exist topological spaces E;D
E\DF,B.DB,2b (a point) and a map p: (E., E,, F) — (B,, By, b), satis-
Sfying the following properties (1.5)—(1. 8):

(1.5) F is contractible in E, to a vertex ¢ EF, leaving ¢ fixed;

(1.6) E, is a CW-complex containing F as its subcomplex, and
E\XF is also a CW-complex. Also, E, is contractible in E. to ¢, leaving

1 Cf. §§2—3 below, for the definitions of these spaces. The author notices here
that the term “group-like space” is used, in this note, in the more restricted sense
than [5].

2) The existence of p:(E;, F) - (B1,b) satisfying (1.5) and (1.7) is a necessary and
sufficient condition for the fact that F is an H-space, ([4], §1, Theorem 1).
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e fixed ;
(1.7) p| Ey:(Ey, F)—> (By, b) is a weak homotopy equivalence, i. e.,
(0| E)x : mE\, F) =~ (B, b), for every integer n >0 -
(1.8) p:(E,, F)— (B,, b) is also a weak homotopy eqivalence, i.e.,
Px i wl(Eoy F) = 7,(B,, b), Sor every integer n >0,
Then F is a homotopy-associative H-space having an inversion.

Theorem 1.9. If F is a homotopy-associative H-space (and hence
has an inversion by Lemma 2.5 below) and also satisfies the assumption
(2.13) below, then there exist topological sapces E.D E, D F,B,D B,
S b (a point) and a map p:(E., E,, F) > (B,, By, b) satisfying the proper-
ties (1.5)—(1.8).

In the following two sections, H-spaces and group-like spaces are
defined. Theorem 1.9 and the necessity of Theorem 1.1 are proved in
§§4—7, constructing spaces and maps analogously with the constructions
of [2, II]. The sufficiency of Theorem 1.1 is proved in §8, and the last
two sections are concerned with Theorem 1. 4.

2. Homotopy-associative H-spaces

A topological space F is called an H-space, if there is a (continuous)
map p:FXF—> F, called an H-structure or a multiplication, such that

(2.1) plx, 2) = ple, x) = x, for a fixed point ¢ (called an unit) and
any point x of F.

An H-space F is said to be homotopy-assciative, if

(2. 2) the two maps (x, 3, 2) = u(u(x, ), 2) and (x, 3, z) = u(x, p(y, 2))
of FXFXF = F®into F are homotopic each other rel. (e, ¢, ¢) = ! F>,

This homotopy will be denoted by f;:(F? ¢*) — (F, ¢), where
(2.3) falx, 3, 2) = plpelx, 9), 2), fi(x, 3, 2) = nlx, (3, 2), for x, y, zEF.

An H-space F is said to have an inversion, if there is a (continuous)
map o:(F, ) = (F, ¢), called an inversion, such that

(2. 4) the maps x—p(x, 7(x)) and x — p(a(x), x) of F into itself are
homotopic rel. ¢ to the constant map x—e, respectively.

We often write x-y or xy instead of u(x,y) and x~’ instead of
a(x).

By [4],% we have

Lemma 2.5. Let F be a CW-complex such that FXF is also a
CW-complex. If F is a homotopy-associative H-space, then it has an
tnversion.

3) Cf. Lemma 6 of p. 118, Remark of p. 117 and Proof of Theorem 5 of p. 128 of
[4].
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In this note, we use the following notations concerning to the compo-
sition of homotopies :

Let X, Y be two spacesand fi{:X—Y, i =1, n behomotopies
such that

Fl=f% fl=f=f"for i=1,+, n—1; f1=f"
The homotopy g.: X— Y between go= f and g, = f", defined by
i) = fhn (x), for (—1/n<t<iln, i=1,+,n—1, z€X,
will be denoted by

N e

Now, let F be a homotopy-associative H-space having an inversion.
Let < :(F,¢)— (F, ¢) be a first homotopy in (2. 4), such that

@.7 ex) = 6, efx) = 2x-27", for x&F.

Let &, & :(F,e) = (F,¢) and j,: (FXPF, (¢, e))—(F, ¢) be the homo-
toples, defined by using this and f. of (2. 3) as follows: for x, yEF,

(2.8) ilx) = {" ~m (@ @) ) ~ (27 () e~ (57 }

Jie E1-¢* (x_l)~
(2- 9) z (x) {E '\: x! (x‘l) l’x‘:;‘:: X ‘-x} .
; = [@y)T e (x9) 7 (0 27 e
(2.10) Jx, ¥) —{ Y (xy) e (x) " (x(ee- x77))
(x3)7 ((py )2 ™")) ~~~~~ (x3) 7 (2(y(y77Y)) e~~~
(xy)""(xf2) (xy) e
()" ((x)(7'27)) ~ (2 (@9)-(p7'27) ~~~~~ y7x "’}
Si-t €1t (.V x_]) )

Combining these homotopies, we obtain several homotopies, and
Lemma 2.11. Among them, the following homotopies F"— F, for

n=1,2, are homotopic rel. F"X jU "X I® to the stationary homoto-
pies, considering the homotopies as the maps F*X I — F:

4) In these notations, x:&, fi-t and & _t-(x—1)~1 are abbreviations of x-&(x-1),
fi~dx, x-1,(x-1)-1) and &;-«(x)-(x—1)~1. We often use such abbreviations.
5 F'=Fx-.-X F, the product space of n-copies of F, and &' = (€, ---, &) F. I =
. [0,1], the closed interval, and f={0,1}.
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{x ~e (xx ™ Nx ~ (57 %) ~~~ x}
Et* X _fg X e1—¢

{e ~ (x3) (x3)7" ~~~ (x9) (7'27") ~~ ((ap)y™ )2~

& (x3)- 7 Si-e
~ i~ (x(yy"l))x_‘ i XXV~~~ g}
Joox™! (x-el_,)-x" €1-¢ ‘

This lemma follows directly from the definitions (2. 8)—(2. 10) and
we shall omit its proofs.

Besides these homotopies, there are homotopies such that the author
does not know whether they satisfy the properties of Lemma 2.11, for
examples,

{x—l —~——~—~ ((x—l)--])—] i~~~ x—l}

i(x7) (i1-dx))™

{((xy)z)w ~~ (x(y2Nw ~ x((y2)w) ~~
o W I xf:

2(y(zw)) ,;~ (xy) (z2w) ~~ ((x3)2) w}’

1-t 1-t

{xy“ ~r~—m (27 2)y™) ~ 227 (xy 7))
x(Ec+y) zfe

(2.12.1) ~~ (xx77) (xy7") ~~ xy“}

S El-t'(xy_l)
{xy" ~e~ (237 9)y ™~~~ (kv Dy)y ™!
(xz)y™ Sieey™

~ (xy") (yy7) ~~~~ xy“}
fe (xy™) e1 :

(2.12.2)

We consider the following assumptions for a homotopy-associative H-
space F having an inversion, which is assumed in Theorem 1.9:

Assumption (2. 13). The homotopies f; of (2.3) and ¢, of (2.7) can
be so taken that the homotopies (2. 12. 1—2), of F X F into F, are homo-
topic rel. FXFX I\U (e, &)X I to the stationary homotopy, respectively,
considering the homotopies as the maps FXFX I— F,

For the later purpose, we prove the following lemmas, where F is
assumed to satisfy (2.13):

Lemma 2.14.1. Let A be a space and K., G.: A — F be homotopies
and Hy, Hi: A— F be maps such that

(2.15) K(a) - (H{a))™ = G(a), Jfor t=0,1; acA.

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 7/iss2/2
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Let Hy: A—F be the following composed homotopy between H, and H,:
{Ho"_’(HBl)—’ ~~~~ (K" Ko) H”)™ Z"’)‘:I(KEI(KnH(T]))_I

7¢ €’ Ho t
(2. 16) =(K1_I Gu)_] ’Z”‘:""’)’_‘; (Kl—] GJ)_]=(K;1(KI HI_J))—I
~~~((KK) )"~~~ ()7 o H:}s)
(fi-0)™? (g1-¢* HTY™ 11—t

Then, two homotopies G, and K, - H', considering as the maps
AXI—F, are homotopic each other rel. AX 1.

Lemma 2.14.2. Let A be a space and G, H,: A— F be homotopies
and Ky, K,: A—>F be maps such that K.- H*=G,, for t=0, 1.
Let K,: A—F be the following composed homotopy between K, and
I(| :
{K ~~ Ko H HD)“’(KoHo])Ho— G, H,
UEL 1—t
Lt dtangd GJ H] = (K] Hl-l) Hl ~ K]( Hl_] H]) "‘:"’ I(]}
Gn' Hc ft Klsl—t '

Then, two homotopies G, and K, - H', gonsidering as the maps
AXI— F, are homotopic each other rel. AX I,

Proof of Lemma 2.14.1. K, H7' is homotopic rel. AX I to
{KoHo ~r~ K((Hg") ")~~~ K(((KG' Ko) Hy ') ™')™ ~oo~

K™ K((z- Ho")™™ K(r )™
RS (G H) ) e (KR ) i
(K- 6)) K

K((K'K) H) ') ~~~~~~~ K((H) ') ~~ K HY }

K- H{) 7)™ K™ ’

and the latter is homotopic to

{KoHo T~ Ko((Ko 1Ko) Hy ') —~ Ko(Ko 1(KOHD ]))

0(5 Ko
"”‘”“’VKJ(KJ '(K. Hy ])) —~— KJ((KI lKl) Hf l) ~~~~~ K, Hf }
K(K_ ) Klf Kl(S' HJ ]) ’

by using the homotopy /., and also to
{Ko Hy' ~~~~ K((Ki'Ko) Hy')~~ K K;' (K, HE’))}*(KDKT’)(KO HyY)

0(5 * Ho_ 0

6) H-1: A- Fis the map or the homotopy defined by H-!(a)=(H(a))-! for a € A.
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~~~~ K H' =G~ G= K H' ~~~~ (K,K{") (K, H")

e'(IfGHO—]) G E'(KlHl-‘l)
~ K(K7'(K, H)) ~~ K((K'K,)) H') ~~~~ K, Hfl}
f K f K\(z- Hi) ’
by using the homotopy {K(K_] +G) 7 (KK™)-G :E G}. Because the

partial homotopies {K, H;' ~ K, H;'} and {K Hi'~ K,H;"} in the last
homotopy are those of (2.12.1), they are homotopic to the stationary
homotopies by the assumption (2. 13). Therefore the last homotopy is
homotopic to G, and the lemma is proved.

Lemma 2.14.2 is proved analogously, using the assumption (2. 13)
that the homotopy (2. 12. 2) is homotopic to the stationary homotopy, and
we shall omit its proofs.

Remark 2.17. H-spaces are defined more generally by the weaker
conditions that there is a map ( H-structure) x: F X F—F and a point eEF
(called a homotopy-unit), satisfying the following property instead of
(2.1):

(2.18) the maps x—p(x,¢) and x—pule, x) of F into F are homo-
topic rel. ¢ to the identity map x — x, respectively.

By Lemma 6.4 of [1], the existence of a map having a homotopy-
unit implies the existence of one having an unit, when F is a CW-
complex such that F X F is also a CW-complex. In this note, we concern
mainly with such cases.

The notions of the homotopy-associativity and the inversion are
defined similarly for H-spaces of generally defined. The composition of
loops in a space with fixed base point is a homotopy-associative H-struc-
ture, of generally defined, having an inversion.

3. Group-like spaces

Let F be a homotopy-associative H-space having an inversion. In
this note, we consider the stronger condition than the assumption (2. 13),
the notion of group-like spaces.

Let g be a map of F"=F X+« XF (n-times) into F, such that g(x)
= g(x,, --+, x.) is a form of the coordinates x;, -*«, x, of u=F", given by
iterating the multiplication and the inversion. Two such maps are said to
be in a standard relation, if they are different only in one part, where
they are given by the terminal maps of the homotopy f:, =, f:, &, Or j;
of (2.3), (2.7)—(2. 10).

For any two such maps g, and g;, related by an iteration of the
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standard relations, thers exist various homotopies gi, i =1, 2, -,
between gi=g, and gi=g: by using only the homotopies f;, e, 7. =
and j.. We assume first that
(3. 1) the homotopies f;. of (2.3) and e, of (2. 7) can be so taken that
any two gi and g, _considering as the maps F»xX I— F, are homotopic
each other rel. F"X I, by a homotopy g/, 0=+ s =1, such that
gih=gi, gth =gl gili=g &h=g:.
We also set git,.=gi for 0 s< 1.
Moreover, we assume that
(3.2) g, i, j=1,2 -, can be so taken that any two g/, and gf},
considering as the maps F"X I’— F, are homotopic each other by a
homotopy gi’*, 0<t, s, r<1, such that
gty =g, gt =gt gl =g,
1jkl ijkl 13kt

gl.l,r = g{‘lﬁ gﬂ.x,r = g(b gl.s,r = gl .
(3.3) Further, we assume the same properties on g*¥,, and so on.

Definition of group-like spaces. A topological space F' is called a
group-like space, if it is a homotopy-associative H-space having an inver-
sion and it satisfies also the assumptions (3. 1)—(3. 3).

It is clear that group-like spaces satisfy the assumption (2.13) and
topological groups are group-like spaces.

Remark 3.4. Group-like spaces are defined more generally for
homotopy-associative H-spaces, of generally defined, having an inversion,
which is noticed in Remark 2. 17, using the homotopies {x ~ n(x, ¢)} and
{%~u (s, x)} of (2. 18), in addition to the fomotopies f, and «,, in the above
assumptions.

We can prove easily

Lemma 3.5. A space of loops in a given space with a fixed base
point is a group-like space of genervally defined, by the composition of
loops.

Now let F be a group-like space. For the later purpose, we define
the map N,:(F"™"'X ', &M I*7) - (F,e), for n=1, 2,---, by the
induction, as follows :

(8.6.1)  Ny(xo, x1)=x027";

(3.6.2) Noxo, 21, %o, t2)

= N](Xu, x1)=xox1_1, for #,=0,
= Ni(Ni(xo, 22), Ni(2s, %)) = (26x27) (2;257)7", for t.=1,

and define, for 0 <<# <<1, by the homotopy
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{xox? Ve~ (o2 (3 7) T ))a ~~—~ (202 ) (x27)

(xoe)x7” Sfioeeai!
~(xox7") - (227)27") ~~m~ (wox7 ) (20x7 1)_]} .
S (xoxz—])j1~z ’
(3.6.n) N.(x ***, %y £s, **, 1)
= Nus(xo, oy 21y woy Xy B oo, By o0y £), D for #,=0,

= Nt—-]( Nn—i+1(x0> Xiy o0y Xy by 000y tw), °ty
Nn—i+l(xl—1’ Xy ***5 Xy ti+l) AR tﬂ)! t2) "% ti—l)’ for t= ll

and define, for (&, «, )€ I"'— I"'", by the homotopies of the assump-
tions (3. 1)—(3. 3) of a group-like space.

Remark 3.7. The maps N; and N, are defined, when F is only
assumed to be an H-space having an inversion and a homotopy-associative
one, respectively.

4. Constructions of spaces and maps

In this and the next sections, let F be a homotopy-associative H-space
and also a CW-complex such that FXFXF is a CW-complex. Then
F has an inversion by Lemma 2.5. The notations in §2 are used and also
we define notations as follows :

(4.1.1) E,=F o F=the join of two copies of F, i.e., the identifi-
cation space obtained from F X FX I by identifying each set of the form
xXFx0 with x€F and FXyx1 with (y,1)€ FX1=F,. The image
of (xg, x;, ) E FXFX I will be denoted by (x,, x,; ).

(4.2.1) B; = the identification space obtained from F X I by shrink-
ing each of spaces FX0 and FX1 to different points b and b,, respec-
tively, The image of (x, f) € Fx I will be denoted by (x;?).

(4.3.1)® p' is the map of E, into B, defined by
D'(xo, 13 1) = (xox7 5 £) = (Ni(20, 21) 5 2).

(4.1.2) E,= FoFoF = E\,oF = the join of E, and F, i.e.,, the
identification space obtained from E;X FX I by identifying each set of
the form ¢, X FX0 with », € E, and E,XyX1 with (y,2)E FX2=F,.
The image of (uy, xo, t2) = ((x0, X1 ; 1), %o, ) € E, X F X I will be denoted by
(s, x93 22) or (xo, 2y, 23 £y, £o)

(4.2.2) B,= the identification space obtained from E;X [ by iden-

7) The notations x and f mean that x and ¢ are removed.
8) This map p' is slightly different from the map p defined in the constructions
of [4], $5.
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tifying each point (us, 0)= ((xe, %5 8), 0) € E;X0 with p'(a:) = (wexi’ 3 £)
€ B, and shrinking E;X1 to a point 47 b, b:). The image of (s, f2)
= ((xto, %; ; 1), ) € E, X I will be denoted by (u;;2) or (xo, %158, t2).
(4.3.2) p* is the map of E, into B, defined by
(%0, 1), %23 1), 1)

= (xoxgl, xxs's b, 2t2—‘1) = (Nl(x(b o), M(J—’J, %2)5 b, 212—1) s
for 172851,
= ((N‘z(xoy X, Xo, 282) ; tl) ) for 0Z6H=1/2.

In the above definitions, N; and N, are the maps of (3.6.1) and (3. 6. 2),
which can be defined as noticed in Remark 3.7. The maps »' and p® are
well defined and continuous, and we have also

Lemma 44. FCE,CEsand bE B, CBy; p* | E, =p' and p'(F)=b;
and E, and E, satisfy the properiies (1.5) and (1. 6).

To prove Theorem 1.9, it is sufficient to prove the following theorem,
by this lemma.

Theorem 4.5. If F satisfies (2.13) in addition, then the map p*:
(E,y, Ei, F)— (By, By, b) satisfies the properties (1.7) and (1.8), i.e.,

pl‘ﬁ : 7‘_11(-E17 F) = Ti'n(B;, b)y

pi . 77-11(E‘.’: F) == ;Tn(B:/', b)y

This theorem will be proved in the next section, and we define more
elaborate notations here.

Ui={u: | 0= 1, <1}, Ui= {a | O< ) =1, 01 <1},
U= {u, | 3/a<t,<1}; Ul = U'NE, for i =0, 1,
where %, = (x‘), X5, Xo 3 by, t_)) = Eg.

Vi= {Uzlogthtz<1}, Vi= {Ug[0<t1§1, 0§i2<1},
Vi=l{wn|l/2<t,<1}; Vi=ViNB, for i=0, 1,

where v, = (xg, %1 £y, 1) E Ba.

for every integer n>0.

(4. 6)

4.7

Lemma 4.8. {Ui | 0= i<k} isan open covering of Ei, {VF|0<Z
i< k} is an open covering of Bi, and UEDF, VESSH, for k=1, 2.
Also pYUH = VE for k=1, 2, 0<iZ k.

Further, we define maps pf: Uf — F and ¢f: VEXF — U}, for k=1,
2, 0= (< % as follows:

(4.9) Di(x0, 2, 225 by 1) =24,
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(4. 10. 0) 63((%0, 213 1, 1), %)

= (%, (xex") "oz, %572 5 1y, (F2+1)/2), for 1/2< 1, <1,

= (x, (xex7") "+ x, 2572 5 1y, 385/ 2), for 0516,51/2;
(4' 10‘ 1) q}?((x()) X1 ; tl) t‘.’)) x)

= ((xoxNx, 2, x7'2 3 8y, (12 +1)/2), for 1/2=56, <1,

= ((xox7"x, x, 27'x 3 11, 3£,/ 2), for 054.<1/2;
(4' 10' 2) ¢g((x0, X3 tls tZ)v x)

= (xyx, 2,x, x5 1y, (12+1)/2), for 1/2<t, <1,
(4.11) ot =¢f| VIXF, for i=0, 1.

These are well defined and continuous and we have
Lemma 4.12. ¢}(VIXF)c U} for i =0,1;
SIViINVHX F)cUyN\ Ui
HB(VINVINVOXFCUINUSNUE for 04,5, h=<2.
P F: F—F is the identity map, ¢5(bX F)CF and ¢§|bX F:
bXF — F is also the identity map, for k=1, 2.

5. Proofs of Theorems 4.5 and 1.9
By Lemmas 4. 8 and 4. 12, we obtain the two maps (p* pf)® and ¢%:
& 3

29
= (VEXF, (VA VEN VEXF, bXF),

(
(UL USNUSN UL F) <

¢t
for k=1 2and0<;/<Fk where 0=<j, h<%k and F and bXF ap-
pear only for 7 = 0.
We prove the following lemma, concerning to these maps:

Lemma 5.1. If F satisfies (2.13) in addition, then these maps
(" pY) and ¢f are homotopy equivalences and the one is a homotopy
inverse of the other. Further, a homotopy @¢': Ui — Ui, between
Dot = gho(pF, p¥) and @5t = the identity map, can be so taken that

(5.2) PEUENUSNUNCUSNUEN TS, ¢ (F)CF;

and a homotopy W' VEXF—VEXF, between W' = (p", pt) o ot and
pit = the identity map, can be so taken that

(5.3) FE((VENVENVEXF)C(VEIN VENVIXF, #(bXF)CbKF.

9 (f,g):X > YXZ is the map defined by (f, g}(x) = (f(x), g(x)), where f: XY,
g:X > Z are given maps.
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10



Sugawara: A condition that a space is group-like

A CONDITION THAT A SPACE IS GROUP-LIKE 133

Proof. @*"is defined as follows: for (%o, xi, %2} £, £2) € U5,
G xo, Xy, Xo 3 by, B) = (%o 31, 323 11, 82)3

= (NQ(X(), X1, Xo, 1—‘21‘))—]'3?0, for 1/2 g 23 < 1, 0 s t g 1/2,

= O;_m(xo, xl), for 1/2 g 1, << 1, 1/2 g t g 1,
= (N:(XO; X1, Xy Z(tz—f)))—]'Xo, for 0=, <1/2,
= 01‘._01(1_:2)(%, x1), for 0<#<:t<1, £,<1/2;
Y= O1-%o, x2) ;
5 = for 3/4<h<1, 0<i=<1,

= Max. (3(2t,+¢t—1)/2(2¢t+1), 0), for 0=, <3/4, 0t <1,

where Olx, y) = {J’ -~ ()7 (x"'w) "’((J’_])_]x_])x:-v,-v (xy—1)-1x} by

5 1—t Ji-t*X
the notations of (2.6). Using (3. 6. 2), simple calculations show that this
is well defined and ¢(U}) c U}, and @' = @*° | U} and @¥° satisfy

(5.2), and further
o = ¢ o (% p5), @7° = the identity map.

@' and hence @' are defined analogously, by using the homotopy

(5.4) 0xx, y) = {x ~ x(y7'y) ~ (x;v")y} ’

Xeg ,fl—t
and we shall omit their definitions. @3 is defined more plainly by
D7 Hx0, %3, X253 1y, l'z) = (O%—t(x(); %2), OF_(%1, X2), X3 8y, 1),

for 3/4<t, £ 1.
Now, we define the homotopies K;, G,: FX F X F — F as follows : for
Xo X1, xEF,

Gi(%o, %5, x) = Nz, (2ex7") "%, 257", 1 31), for 0<t<1/3,
= Oe-ninx, %6x7"), for 1/3=<t=1;
Ki(x0, 21, x) = O¥x, %) ;
where
. _ (7 x) 7~ x(a ()T ~ (22 (7)) T~~~ y}
(5' 5) O‘(x’ y) - { xf; 1—t E1-¢* fi-¢ )

Then Hy(xo, %1, ) = (2ox ) 'x)-(x5'%)", Hxo, %1, x)=x; and G, K, satisfy
(2.15). Let H, be the homotopy defined by (2. 16).

Let 72°: VixX F — VI be defined as follows: for (xi, x;; £, £2) = Vi,
{[7:2'0«370, x5 4, t2), x)
=(K(x0, %1, %), Hi(xo, 21, %) ; 1, 1), for 1/2<8.<1, 0<t<1,
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=(Ki(xo, 21, x), Hi(xo, 21, %) 5 £, Bt +E—1)/(2t+1)),
for 1—-#)/3<4,<1/2 051,

=(G(1—-3:2)I3 (%0, 21, %) 5 1), for 0=£6=1/3, =0,
=(GevrnyslXo, 21, %) 3 1), for £, =0, 0Lt <1,

This is well defined and, by (4. 2. 2),
Ty = (K- Hi'; 1), for 3t,+t = 1.

Hence #7° can be extended for 0 < 34, < 1—¢ =<1, using the homotopy
{G~K,- H;'} of Lemma 2.14.1.
By simple calculations, it follows immediately that the homotopy
#°: ViXF - VX F, defined by
TPvq, x) = (FP%v,, ), x), for v,e Vi xEF,

and 77°= ¥3°| ViXF have the desired properties.

¥?' and hence ¥ are defined analogously, using Lemma 2. 14. 2.

¥+? is defined more plainly by
(X 215 81, 1), x) = ((Of-(z1, %) 5 85, 12), %), for 1/2<6,<1,
where

(5. 6) 0z, y) = {x ~~ x(yy™) ~ (xy)y"} ‘

XEj—¢ _fj_;

Remark 5.7. In the above definitions of #f?, the assumption (2. 13)
is not used, and it is used for #%!,

On the other hand, by [4],'® we have

Proposition 5.8. Let p:(E, F)— (B, b) be a given map. We asuume
that there are open coverings {U, | i=0,1, ««:} of E and {V; | i=0,1, -}

of B, and maps p,: U — F and ¢i: ViXF — U, and homotopies @\ :

U - U and ¥i: ViXF— V,XF, fori=0,1, -, such that

UDF, Vo230, UNF=0, Vi?b, for i=1,-: p(U)C Vy;

¢ (OXF)CF, ¢ ((ViNV, N NV )XF)CU. N U, NNU,,;
Dy = ¢io(p, pr), ¥ is the identity map of U, @#¥F)CF,

(/’:(Us N Utl f\ﬂUfl)C UunN U:,f\---f\U‘l 5

Ty = (p, p)>ds, 4% is the identity map of VX F, #¥bXF)CbxF,
n(vin th N "'nvil)XF)C(Vt NV MM th)XF-

(5.9)

Then p:(E,F)— (B, b) is a weak homotopy equivalence, i.e.,
Dx:mlE, F) =~=,(B, b), Sfor every integer n>0.

10)  Cf. Remark of p. 124—125 of [4], §6.
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Proofs of Theorems 4.5 and 1.9. Theorem 4. 5 follows immediately
from Lemma 5.1 and Proposition 5.8. Therefore, by Lemma 4.4 and
Theorem 4.5, Theorem 1.9 is obtained completely.

6. Analogous constructions for group-like spaces

In the present and next sections, let F° be a group-like space, and
also a countable CW-complex. Then F satisfies (2.13), and hence the
discussions of the former sections are applicable for F. Further, we
define notations continuing to (4. 1)—(4. 3), by the induction, for » = 3.

(6.1.n2) E,=F:---cF((n+1)times) = E,_, » F=the join of E,_; and
F, i.e., the identification space obtained from E,_; X F X [ by identifying
each set of the form #,.,XF X0 with »,,€E,_, and E,_;XyX1 with
(3, n)e Fxn=PF, The image of (4,-1, Xu, £.) = (%o, ***, Xuz1 3ty **0, Lumy),
X t) EE..;XFXI will be denoted by (#.-1, x,;£.) or {(xo, ***, Xucsy Xn s
by, o+, tas, £.).  We often call x4, i=0, :+-, n, the coordinate of (x,, **-, x.,; £,
oo, t,,).

(6.2.n) B,=the identification space obtained from E,_;X I by
identifying each point (.-, 0)€E._;*x 0 with " u.-,) € B,.; and
shrinking E,-; X1 to a point b.(5% b, bs, **+, b,-1). The image of (%, £,)
=(xo, ***y Xy by >t tuoy), £,)E E.y X I will be denoted by (#,-1;%.,) or
(%0, =**y Xnoy} sy ***y Iy In). We often call x; the coordinate of (x, -,
PRES SETCRE W)

(6.3.%2) p" is the map of E, into B, defined by

p"(xm T S TREITIS )
= (M}_{H(xo, X, o0y KXol 2ts+1. oee, 2t,,), ool
Noioi(xy, X1y 00, X3 28340, 000, 28,), 0,
NoirsZos, X1, ) %o 2himny ooy 26) 3 b5 o) bis, 2:,—1) €B,CB,

for i=2, ter, N, Ogt”, oty tH]gl/Z, ]./thtgl, Ogt;..], cery f;gl,
= (N"(xo, ey Xns 2t:, cery 2t,,) ’ t]) = B] C B,,,
for 0t -+, b=<1/2, 0t <1,

where N, is the map defined by (3. 6. k).
This map p” is rewritten as follows:

(6. 4. ”) p"(un—l) X s tﬂ)
= (th-1 * 2775 2¢,— 1), for 1/2<, <1,
= M3 (1,1, x.), for 0<t8,.51/2,
where
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un—l'y=(x0) "t xn—] ; tl; A tn—])'y=(x0'y: "y xn—l 'y; tl: R tn—l)’
and M}"': E,.;XF = B,_, is the homotopy such that

;I_](un-l, xn) = P"_](u,,_l . x,:]),
Mg-l(u‘n—]y xn) = p"_l(u“_l).

By (3.6.#), Lemma 4. 4 and the assumptions that F is a countable
CW-complex, it is immediately to see that the maps p" is well defined
and continuous and

Lemma 6.6, FC E,Cc - CE,_,CE,C -, beEB C «+C B,_1 C
B.Ces p" | Euey = p"', for n=2,3,-+; and E,is a countable CW-
complex. 'V

By this lemma, the following spaces and map can be defined :

(6. 1. o0) E.. = the direct limit space of the sequence FC E,C--:
CE,C:-.

(6. 2. ) B.. = the direct limit space of the sequence b =B, C.--
C B,C -,

(6.3.00) p= is the map of E. into B., defined by

(6. 5)

pm I En = pn, for n = 1, 2, e,

Lemma 6.7. E. is a countable CW-complex and is contractible in
itself to a vertex ¢ =EF leaving ¢ fixed.'®

To prove the necessity of Theorem 1. 1, it is sufficient to prove the
following theorem, by this lemma.

Theorem 6.8. The map p~:(E., F)— (B., b) is a weak homotopy
equivalence.

Also this theorem is an immediate consequence of

Theorem 6.9, The map p":(E.,F)—(B., b) is a weak homotopy
equivalence, for every integer n > 0.

We shall prove this theorem, using Proposition 5.8. Continuing to
(4. 6)—(4.9), we define the following notations inductively, for n =3:

U’f‘= {(un—l) Xas tn) I Uy E U;‘_], 0 g t, << 1} , for i = 0, AR n—l,
U:= {(un—-ly Xn ; tn) I Uy—1 = Eﬂ—]) 3/4 < t‘)‘l g 1} .

Vi={tp-r1:ta) | o €U, 08, <1},  for i=0, -, n—1,
V;:= {(un—l ; tﬂ) ' Uy-1 e E::—l) 1/2 < tn g 1}-

(6. 10)

(6. 11)

1) This is a consequence of Lemma 2.1 of [2,1].
12) By Lemma 2.3 of [2, II], Ex is co-connected, and hence contractible as it is
a C W-complex.
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(6.12) pt: Uy —F, i=0, -, n, is the map defined by
p?(xﬂ: X1, b Xn 5 tl) Y tﬂ) = Xi.
This definition is rewritten as follows :

p"i(u-n—l, Xos t-n) = p?_l(un—-]): for { = 0, e, H— 1’
p:(un—h xﬂ; tﬂ) = x-m

Lemma 6.13. {Ui|i=0,,n} and {Vi|i=0, -, n} are open
coverings of E. and B,, respectively. U} DF and Vi=b. Also U
=Vy for i =0, n.

7. Proofs of Theorem 6.9 and the necessity of Theorem 1.1
In the above section, the map (p”, p7):
(U:, Uy NUi N - NU5, F) = (ViX F,(VINVIN - NVI)XF, bXF)

is defined for =0, +=-, n, where 04, -, i, = n.

Similarly to Lemma 5.1, we prove

Lemma 7.1. A map ¢%: ViXF—-U; and homotopies &3 Ur— U},
Frts Vix F=VexF, fori =0, -, n, can be so defined that they satisfy
the properties (5.9). Also they are defined by using only iterations of
the multiplication and the inversion of the coordinates of u,= U} or
those of v, € V! and x E F and the homotopies fi, e, i, = and j, of §2,
and the homotopies of the assumptions (3.1)—(3. 3) of group-like spaces.

Proof. We shall prove this lemma by the induction, constructing in-
ductively ¢f: VIXF — Uf, ¢¥: Uf— U%¥ and ¥%': VixF— ViXF, for
1 =0, k.

Let ¢%: ViXF->Up =0, -, n—1, be the map, defined inductively
by

(7.2.4) d)l’((u,,_; 8, x) = 6o+, Fams3 by oo, 1), 3)

= (un—] * (x_]xf)_li (x_]xf)—] ; (tn + 1)/2) Py for 1/2stn< 1,
= (u,,-l-(x"x:)“, (x7'x)7"; 3(3t.— 1)/2), for 1/3<t.51/2,
= e 2oty (7 x)7Y), for 1/6<¢,<1/3,
= ¢?—1( Z;',';l(u,._J, x7 %), O:f—m,,(xt, x)) , for 054, 51/6,

where M7?™' and O} are the homotopies of (6.5) and (5.5). By (5.9),
(6.12), (6.5) and (5.5), this is well defined.
Let ¢o: VixXF — Uy, be the map defined by
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(7.2. 1) bl(taer 3 8.), %) = (tuervx, x5 (£, +1)/2), for 1/2<t,£1,
Then it is easy to see that ¢%,i{ = 0, ---, n, satisfy the properties of
the second row of (5. 9).
We define #}':U;y— Uy, fori =0, -, n — 1, as follows:

(/';‘.i(un-h x-n ; tn) = (/‘;L‘J(x(h A xn; il, cery tﬂ) = (u)n—]’ yn ; Sﬂ) ;

Waey = Oy u(th,—y 2..), for 2/351, <1, 0<¢<2/3,

= G u-1), for 2/3<¢, <1, 2/35t<1,

= O?n—t(un—lr x'n)) for 0=:< tng 2/3’

= (/J?t:](,:f)[(l—t")(uw—]), for 0 g tn s t g 1’ L. s 2/3:

Oiuts, x,) = i34 ((u,._, 'x,T’)-(x."(x{x,."))"), for 7/12<t<2/3,

= ¢';_](M€7i‘(—22—1)(uﬂ—l s 27 (), OFoiadxxy’ xt)):
for 1/251K7/12,
= ot ( M3 G 1), 1), for 0<t=<1/2;

Y = O'l:(xh xﬂ)s
& — (x_](xy_l))_1~- ((x_lx)y_])“] ) P P (y'])_] ~ y} .
Oz(xr :V) { f]—t -1 El—t _},—1)—1 ]-]_t s
Su = t-.n for 3/4§t“<1, Ogtsl,
= Max. (3(3¢,+2t—2)/(8¢+1), 0), for 0=#=3/4 0t 1.
These are well defined, and simple calculations show that these have

the desired properties.
@ is defined more plainly by

D (Ues, X E) = (07 o(th1, X,), %5 £, for 3/4<t, = 1.
v is defined by
P (s ), D) = (O dwnn, )58, 5),  for 1/2<t,<1.

Let ¢":B,XF — B,, »": B,XF— F be the natural projections; and
we define r'o ' ViIXF — F, for i=0, -+, n—1, as follows:

rnc q}.:"i((u’u—l 5 t-n), x) = rnoy'"l“t ((x(b try Xn—-1 ; tly °t t'u)) x)

= Ozl—-.‘iﬂlu(uﬂ—h x)’ fOI' 1/3 g tn < 1, 0 g t g 1/3,
= "o Iﬁ‘:;:l*},,:(p""(u,._l), x), for 1/3=<4,<<1,1/3:1 <11,
= O;;n-l(uﬂ—l, x), for 0=ttt 1/3:

= r"_logp‘;'!——]t':,)ll:l—l‘.,) (p"_l(un—-l)r x)) for 0 g tn s t g 1, t’u g 1/3;

13)  O}: En-1X F-> E,—1 is the homotopy defined by using O}: FX F- F of (5.4) in
each coordinate,
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Oi(tu-s, x) = pi7" o G5 s - (x7'13)7Y), for 1/6<1=1/3,
= p’{"‘oqﬂ“'( M (s, x77200), OF g2y, x)), for 0t<1/6.
We also define g e#': ViXF—V3, for i =0, -, n—1, as follows:

qﬂ"'ﬁ'?" ((uﬂ—‘] ; tn), x) = qﬂ° q"?‘“ ((xl): "ty xn—'l ; t]’ tty t’u ] x)
= (0}-—:(“;.—1, (x7'z)™")s b ), for 1/2<t, <1, 05¢t£1,

- (OL,(u,.-,, (-2~ 5 (9t,.+4t—4)/(8t+1)),
for 41— <9t <9/2 0<{=<1,

=M é‘az‘,,“n(uu_l-(x"xs)”; (x7x)77), for 1/3=t.,<4/9, t=0,
= p"le r//:;';.‘_'}(uﬂ_l-(x“‘x.)"’) , for 1/6=t.=1/3, t=0,
= p"—loqs;’*’(M,’;,;‘(u,._,, 7%, Of_a {2y, x)) , for 05, <1/6, t=0,

= q"““!"’;‘“"’(p"”’(u“_l), x), for t,=0 0<t<1,

Further, we shall extend this homotopy for 4 = {(¢,,#) | 0 < 9, < 4(1—¢)
=< 4}, as follows. We shall concern with the case /=2, and omit the
analogous processes for { = 0, 1,

Here, we notice that, by these inductive definitions, each coordinate
of ¢i((xy ***, Ze1s by, o++, ), x) is independent on £, for 1/2 < ¢, < 3/4 and
on #, for 1/2<¢, <1, Il = i+1, -, k, and each coordinate of #5*(x,, --+,
Xei b, o b)) is so on ¢, for 3/4<<#,<7/8 and on ¢ for 3/4<t <1,
! =1i+1,--, k. Also we can assume for ¥%' samely as ¢%,

By the above definitions, g"e#7* is defined for J, the boundary of
4, and its image is contained in V™' and hence we can write it as

g eyt ((u,i_l s 1), x) = g oyt ((xo, oy Xt s by o0y b)), x)
= Vy—) = (}’n. R yn—? ; Sl, R sn—l) (= V?—l-
Because u,-;,= U}, we consider »,., as the map defined on (xq, *, Z._s,

by oo b b 2) EFYX I (34, 11 X [0, 1)" !X S X F.

Clearly, s;can be so extended for (¢, #) € 4 that the image of s, for
(£, £)E 4 is equal to that for (4, f) < 4.

For u,.,= U}, v,_, is contained in V| and hence v, , = (3, -+,
Y15 S0, 0+, 8:) and 1/2 <<s;< 1. The map y, is defined on F**'x I*7'X

(3/4, I} x IXF by using only iterations of the multiplication and the inver-
sion of xo, **+, x;and x and the homotopies of (3. 1)—(3. 3), by the inductive
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assumtions. Therefore, because F is a group-like space, we can extend
y;on F*'x "' x [7/8,1] X 4 X F, firstly on F**'X (the vertices of
I''% [7/8,1])X 4 X F, secondly on F'*'X(the edges of I'"'x[7/8,1])X
4XF, and then on the side rectangles, and so on, using the homotopies
of (3. 1)—(3. 3) defined on some x, and x appearing in each case. Fur-
ther, we can extend y, on F*'XI''Xx(3/4,7/8] X 4XF by the same
map for F*'X ['"'x7/8x 4X F, because y, is independent on #, for 3/4
<t =7/8 by the above notices. Therefore v,_, can be extended for
WGt ta) 8, %) | uay €U, (8, 1) € d}.

We assume that v,_; is extended on {((#,—1; ), 8, x) | v. € UL, 0 1) €
4}, If #p €UFY, then va_y = (3, =" Vi3 S)y =, Sea)E Vi*L By the same
method as above, we can extend y, on F**x I'”'x [7/8, 1] X [0, 3/4]}**
X3/4x 4x F, using the homotopies of (3.1)—(3. 3), so that it uses only
concerning x, and x on each vertex, edge and side of I*7'Xx[7/8, 1] X
[0, 3/4]*'x 3/4.

The map o' = (ul; sin) = vuo | F*?X I % [7/8, 11 X [0, 3/4]*7'X
(3/4%x £U[0, 3/4] % J)X F is homotopic to prcul = (yl, =+, Yho1 ; Sh =+, sb),
by tending siy; to 0. p*cul is equal to v, | F***X I'"'x [7/8, 1] X [0,
/41 X OX AX F=(yy, ***, Y1} $1 =, Sx) on 0X 4, and they are defined
by using only the homotopies of (3.1)—(3.3). Hence, by (3.1)—(3. 3), ¥,
and y] are homotopic by a homotopy using only concering x; on each
vertex, edge and side of I'"'x [7/8,1]x% [0, 3/4]*". Therefore, we can
extend v,_, on F***XI'7'x[7/8, 1] %[0, 3/4)**x [0, 3/4] X 4X F; and
alsoon I'7'x(3/4,1] %[0, 1)***'x 4, because the coordinates of v,.; are
independent on #, for 3/4 <#,<7/8andon t, for 3/4 <t <1, I =i +1,
«+, k+1. By the above constructions, v,..is extended on {((#,-1;%.), 4, %)

| oer = UE, (2, t) € 4},

Therefore, v,_, is extended for (¢,, ) € 4, and we obtain ¢"#7* and
hence 3", completely.

Simple calculations show that #3*%, { = 0, ++-, n, thus defined, have the
desired properties.

Therefore, we obtain ¢}, @ and #7", satisfying the properties of
Lemma 7.1, and Lemma 7. 1 is proved by the induction.

Proofs of Theorem 6.9 and the necessity of Theorem 1.1. By
Lemma 7. 1, Proposition 5. 8 is applicable, and hence p": (E,, F) — (B,, b)
is a homotopy equivalence. Therefore p~: (E.., F)— (B.., b) is also so, and,
by Lemma 6. 7, the proofs of the necessity of Theorem 1.1 are finished.
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8. Proofs of the sufficiency of Theorem 1.1

Now we shall prove the sufficiency of Theorem 1. 1.

Let E be a countable CW-complex, containg F as its subcomplex,
and B be aspace and p beamapof E into B, satisfying the proper-
ties (1. 2) and (1. 3). Then, by [4], " we have

Lemma 8.1. F is a homotopy-associative H-space having an inver-
sion, and there is an H-homomorphism h, which is also a weak homo-
topy equivalence, of the H-space F into the H-space A(B) (of generally
defined®), the space of loops in B with the base point b,

In this lemma, the term “ H-homomorphism " is used in the following
sense :

For H-spaces (of generally defined) F and F', with the multipli-
cations g2 and p' and the (homotopy-) units ¢ and ¢’ respectively, a
map h:(F, e) — (F', ¢') is called an H-homomorphism, if the two maps
(%1, x2) = hop(x), x2) and (%, %) — p'(A(x), #(x2)) of FXF into F’ are
homotopic each other rel. (e, ¢). If F and F' have the inversions « and
¢' respectively, one requires that the two maps x — h2o(x) and x — /¢ h(x)
of F into F' are homotopic each other rel. &, in addition.

We shall prove that F is a group-like space by the H-structure of
Lemma 8. 1, by the following propositions :

Proposition 8.2. Let F be a countable CW-complex and an H-space
(of generally defined) having an inversion and F' be a group-like space
(of generally defined'®). If there is an H-homorphism h, which is also
a weak homotopy equivalence, of F into F', then F is also a group-like
space (of generally defined) by the given H-structure.

Proof. We denote the multiplications, the inversions and the (homo-
topy-) units of F and F' by x-y or xy and x'-3' or 'y, x~' and x'!
and ¢ and ¢’ respectively. Because F’ is a group-like space, we take
the homotopies, of F’, f{ of (2. 3), ¢! of (2. 7) (and the homotopies of (2. 18)
if it is necessary) and g't, g't/¥%,, -+ of (3.1)—(3. 3), so that (3.1)—(3. 3)
are satisfied.

Let E be the mapping cylinder of %, the identification space ob-
tained from F X I\UF' by identifying each point (x, 1) FX1 with A(x)

14) Cf. Lemma 9 of §7 and Theorem 5 of §8 of [4]. It was not proved there that
the map h in question satisfies the condition of H-homomorphisms concerning with
the inversions, but it can be proved analogously, by the same method as §5 of [3].

15) Cf. Remark 2.17.

16) Cf, Remark 3.4,
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€ F' and each point (s, )EeX I with Ah(e) = '€ F'. We also identify
(3{, 0)=Fx0 with x&F, and hence ¢e=F and ¢ € F’ are identified.
Because % is a weak homotopy equivalence, rr,.(i', F)=0, for every
integer n>0, and we obtain therefore, as is well known,
Lemma 8.3. Let K be a CW-complex and L be its subcomplex.

Then every map k: (K, L) — (13: F) is homotopic rel. L to a map k': K—

F.
Let f,, f1: F*— F be the map of (2. 3), i.e,
folx, 3,2) = (x-9)-2, filx, y,2) = x(9-2), for x5 2zEF,
and let f,: F*— F be the following composed homotopy, by the notation
of (2.6):

{(xy)z T ((xy)z, 1) = h((xy)2) E ((R()R(y)1(2)

~ h(x)(h(y)h(2)) ~ h(x(yz) = (x(y2), 1) ~ x(yz)}
H I I ’
where I is given by (x,%), and II is given by the fact that % isan H-
homomorphism. .

Then, considering as the map of F*x I into F, this homotopy is homo-
topic rel. F*x I to a homotopy f. such that f,(F*)F, by Lemma 8. 3.
This shows that F is homotopy-associative and we take this f; as a
homotopy of (2. 3) for F.

Let &.: F— F be
{e=e' ~ () (h(x)" ~ h(xx™) = (27, 1) ~ xx"}
' I 1 f

&t

and we define ¢, : F — F by using Lemma 8. 3 as above, and take this as
a homotopy of (2. 7) for F.

(If it is necessary, we take homotopies of (2.18) by the same way).

Let go, g, and gi be such forms and a homotopy of F" into F asin
the definitions of group-like spaces of §3. Then, by the above construc-
tions of the homotopies, there is a map g': F"X I*— F such that, for
weF, Lt el

g'u, t,0) = gi(w), g u, t, 1) = g'te (),

(8- 4‘) ~ ho ~ olo b
gu, 4, t") = gelu) = {g;(u) I hog(u) ch h (u)}’ for t=0, 1,

1) An(xy, -, x0)=(B(x1), -+, B(x2).
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where gi g! and g't are the corresponding forms and homotopy, of F"™
into F’, with go, g, and gi. Because F' is a group-like space, any two

g’t and g'{ are homotopic rel. F""X I by the homotopy g't/, by (3.1).
Let zY:F*X (I*XI N I’x1)— F be the map defined by

(8.5) g u, t, s, V') = g'u, t, 1) for s =0,
= g'(u,t, 1), for s =1,
= é‘t.t'(u), for t=20,1,
= g'te h"(u), for #=1.

Because F is a countable CW-complex, F” and F”"X I®are so.
Therefore, by Lemma 8.3, g" is so extended on F"X I’ that g"(F"Xx
I*X0)C F. The homotopy gi., defined by gi’,(u) = g"(u, t, s, 0), satis-
fies (3. 1), which follows immediately from the above definitions.

Let g¥®: F"x(I*X I\U I'x1) = F be the map defined by

g"%u, b, s, 7, ") = g%u, t, s, t'), for r=0,
= g"u, t,s,1"), for r=1,
= g%(u, t, r, t"), for s=0,
= g"u, t, 7, t"), for s=1,
= guou), for t=0,1,
= g/ b (u), for #'=1,

ikt

where g't/!. is the homotopy of (3.2) for F'. This is well defined, by
(8.4) and (8.5). By Lemma 8.3, g" is so extended on F*xI' that
FF "X I*X0)C F. Therefore, the homotopy gy}, defined by gi/#.(«)
= g"(u, t, s, r,0), satisfies (3. 2).

Further, we can prove the analogous properties on g’ for F, by
the properties of g’t/%, for F', and so on. Therefore, F is a group-like
space and the proofs of Proposition 8. 2 are finished.

Proof of the sufficiency of Theorem 1.1. It follows immediately from
Lemma 8.1 and Proposition 8.2 that F of Theorem 1.1 is a group-like
space. Therefore, the sufficiency of Theorem 1.1 is proved, and so
Theorem 1.1 is obtained completely.

9. The condition (A,) and an auxiliary lemma

The remaining sections will be concerned with proofs of Theorem 1. 4.

Here, we restate the condition (A,) of [4], §2, concerning to a given
map p:(E, F) — (B, C), which is a necessary and sufficient condition for
the fact that p is a weak homotopy equivalence between the two pairs
(Cf. Theorem 3 of [4], §3), as it is used often.
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(A)) Let K be a CW-complex, L its subcomplex, and M a sub-
complex of the product complex KX I. Let

E:KX0OULXI—E, 7:KXI—> B

be given maps such that ¢'(M'")CF,(M' = (KX0ULXI)N\ M), and
7 (M)C C, and the two maps poF and 7 | KXO\ULX I are homotopic
each other by a homotopy

Yi:(KxX0ULXI, M)~ (B, C),

with Yo=peo& and Y| =y5| KXx0ULXL
From these assumptions, it follows that & has an extension

E:KXI—E, being E(M)CF,
and the two maps po& and 7z are homotopic each other by a homotopy
YI:(KXI’ M)_"(B: C); u)ith -Y(I=p°E: Y]=771

and also this homotopy Y, is taken as an extension of the given homotopy
Yl ie, V.| KXOULXI=Y!

In this section, we prove the following lemma:

Lemma 9.1. Let F be a CW-comlex such that FXFXF=F® is also
so, E be a space containing F, B be a space containing a point b, and
p beamapof E into B suchthat p(F)=0>b. We assume that

(9.2) F iscontractible in E to a vertex e EF leaving ¢ fixed ;

(9.3) p:(E,F)—(B,b) is a weak homotopy equivalence.

We also assume that there is a map n:EXF — E satisfying the
Sollowing properties .

(9.4) W(FXF)CF and p(u,e) = u, (e, x) = x, for u€E, x€F;

(9.5) the map p>n: (EXF, FXF)—(B,b) is homotopic rel.
FXF tothe map p:(EXF, FXF)—> (B,b), defined by p(u, x) = p(u).

Then the H-structure n| FXF of F is a homotopy-associative one
(having an inversion).

Proof. By (9.4) and (2.1), g| FXF is an H-structure, and we
write x-y or xy instead of n(x, y) for x, yE F. It is necessary to prove
(2.2), i.e., the two maps f,, f1: (F¥ &) — (F, ¢), such that

9.6) Sfolx, 3, 2) = (x3)z, filx, 3,2) = x(y2), for x,y,2€F,

are homotopic each other rel. &3
Let a homotopy k.,:F — E be a contraction of ¥ in E, given by
the assumption (9. 2), such that
ko = the identity map, k(F) = ¢, k() =¢ for 0t 1.
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Let £ : F3% IX0\U F*x IX I\U & IX I — E be the map defined by

El(x, 9,2,¢,0) = pn(i(ku(x), y), 2), for 0=t<1/2,
= nlls-ci(x), ¥2), for 1/25t<1,
Ex, 9,2 0,5) = (xy)z = filx, 3, 2), for 0< s < 1
E(x, 3,2 1,5) =x(y2) = filx, 3, 2), = =7
E'e, ¢, ¢, 8, 8) =c¢, for 0<s, t <1
This map is well defined, by (9.4). Also
(9.7) E(F*x [\Ux I)x1)C F.

Let P,: EXF — B be the homotopy such that
P0=p°ﬁ, P1=P_, Pl(FXF)=b1

given by the assumption (9.5), and let 7:F*XIxXI— B be the map
defined by

7, 3,2, t,8) = P(ulka(x), ¥),2), for 0=t <172, 0 s < 1/4,

= Plkau(x), ), for 01 <1/2, 1/4<s<1/2,
= Pg,,(kz_gf(x), }'Z), for 1/2 g tg ]., 0 g N s 1/2,
= ]) ¢ km(g_:,;(x), for 0 st g 1/2, 1/2 g N g 1,

=p Ck(ﬁ—m(z_zs)(X), for 1/251€1, 17255 £1.

This map 7 is well defined, and

(9.8) yW(F*xIx1) = b,

and the two maps &'

(9.9) poa:-’=7]F"><I><0U(F3::<I'Ueax1)x1.

On the other hand, by the assumption (9.3), the map p:(E, F)—
(B, b) is a weak homotopy equivalence. Therefore the condition (A,) is
satisfied by this map p, by Theorem 3 of [4], §3.

By (9.7)—(9.9) and the assumption that F® is a CW-complex, the
above defined map &’ and 5 satisfy the assumptions of (A,) for p:(E,
F)— (B, b), by taking

K=F'xI, L=F%IU&XI M=FxIxl,

and Y{ = po&' =4 | KX0\U Lx I. Therefore, by the conclusions of (A,),
£’ has an extension £ F*X IXI— E such that §(F*XIX1)CF, by the
property &(M)C F of (A)), and

Ex,y,2,t,1) =Ex, 9,21 1) = filx, 3, 2), for t =0, 1,
and E(e,e,¢,f4,1) =¢ for 0+ <1,

and 7 are related by
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Hence, the homotopy f.:(F% %) = (F, ), defined by f(x, 3, 2) =
£(x,y,2,¢t 1), is a homotopy between f, and f; of (9.6), and (2.2) is
proved, as desired. Showing that F has also an inversion by Lemma 2. 5,
we have Lemma 9. 1.

10. Proofs of Theorem 1.4
We prove the following lemma, by the analogous method with the
proof of Lemma 9 of [4], §7.

Lemma 10.1. Let F be a CW-complex. We assume that there are
topological spaces E:DE,DF, B,DB,=b (a point), and a map p:
(E;, E,, F)Y— (By, By, b), satisfying the properties (1.5)—(1. 8).

Then, there is a map pn:E\XF—E, satisfying the properties (9. 4)
and (9.5) of Lemma 9. 1.

Proof. Let homotopies k&!:(F,:)— (Ey, ¢) and k!':(E, €) = (B, ¢)
be the contractions, given by (1.5) and (1.6), such that ki, k' are the
identity maps of F, E,, respectively, and k|(F) = kRINE)) = e.

By (1.6), E, is a CW-complex and F is its subcomplex, and hence we
can extend the homotopy k|: F—E, to a homotopy k! : E, — E,, such that
k) is is the identity map of E,, by the homotopy extension theorem for

C W-complexes.
Let k.: E;— E. be the homotopy defined by, for u € E,,
ku) = kalu), for 01<1/2,
= ki_roki(u), for 1/2 < ¢ <1

Clearly, this is well defined, and
(10.2) ko= the identity map of E;, k(E,) =¢, k(F)CE, k() =c¢.

Starting from this contraction of E, in E,, we shall follow analogous
processes of the proof of Lemma 9 of [4], §7.

We define a map go: E;XF — E. by giu, x) =x, and a homotopy
gi:E\NVF— E; by®

gilu, &) = k,_(u), gi(e,x) = x, for u€E, x=F.

Then g/ ia a homotopy of g, | E,\V F, and also g(FXF)CE, and
gi(F\/ F)CE, by (10.2). Therefore, we can extend this homotopy gi
by the homotopy extension theorem of the form of Lemma 1 of [4], §2,
noticing that E, X F is a CW-complex, by (1.6), and E,\VV F is its

18) ENVF=E XEUEX FCE XF.
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subcomplex ; and we obtain a homotopy g:: E\XF — E, such that
(10' 3) gl(FX F) c El) gt(u’ E) =kl—l(u)y gz(5| x) =X, g()(ui x) =X
Let %': E,xFXI— B, be the map defined by

k' (u, x, t) = pogia(u, ), for 0<t<1/2,
= poks_u(u), for 1/2t< 1.

By (10. 2) and (10. 3), this is well defined and

B'(u, x,0) = poglu,x), 1(u, x,1)= plu) = pu, x),
W(exFxI)=b, HWFXFXI)CB,.

Also, let %' : (EN/ F)x I\UE, x F x I — B, be the homotopy defined by
(e xFxI) =b,

(10. 4)

hi(u, e,t) = pokap-nu), for 05¢t1/2,
= pokg-mo-z (u), for 1/2<1 <1,

hi(u, x,0) = pogiu, x),

hiu, x,1) = p(u) = p(u, x); for u€E,, xF.

By (10. 2)—(10. 4), this is well defined and
B=h | (E\NVF)X IVE,XFXI, HB(FNF)x I\JFxFxI)CB,

By these properties and the last one of (10.4), we can extend the
homotopy X!, by using Lemma 1 of [4], §2, again, and obtain a homo-
topy h,:E\XFXI— B, and hence a map k;: E, X F X I— B, satisfying
the following properties :
h(FxFXxI)C B,
hi(u, x,0)=h!(u, z,0)=p-g(u, x), for u€E,, xF,
hy(u, x, 8)=p(u, x)=p(u),

for t=1, (u,x)=E,XF, or 0£t<1, (4, x)EE,\F.

Let g': E;XFX0\J(E,\/ F)xI— E, be the map defined by

(10. 6) g'u,x,0=glu,x), gluet)=u g'l,xt)=x;

and set g =g' | FXFX0\U(F\ F)X I. Then the image of g' is
contained in E,, by (10.3). Also, by (10.5),

(10.7) peg'=h | E;XFx0U (E, N F)x L.

Therefore the assumptions of (A,) for the map p | E,: (E,, F)—(B,, b),
restated in §9, are satisfied, by taking the CW-.complexes K=FXF, L=
FNEF, M=FXFX1, and the maps

' =g":FXFX0OU(FNVF)XI—>E, y=h | FXFXI:FXFXI-B,

(10. 5)
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and the homotopy Y! = pog', because g"((F\/ F)x1)CF by (10.6)
and 2 (FXFx1) = p(F) =25 by (10.5).

On the other hand, by the assuption (1.7), p | E;: (Ey, F) = (B, b) is
a weak homotopy equivalence, and hence it satisfies the condition (A;),
by Theorem 3 of [4], §3. Therefore, by the conclusions of (A,), there
are an extension g'': FXFXI— E, of g" and a homotopy Y{: FX FX
I—B,, satisfying the following properties:

gNFXFX1)CF; Yi=pog", Y!'=h| FXFXI,
YNFxFx1)=b, Y! isstationary on FXFXI\U(F\ F)XI.

Using these results, we can define g’: E,XFX0\U(E,V FU FXF)
% I— E, by
' | EEXEXOU(E,NVF)xI =g, g | FXFxI=g",

and Y :EXFX0U(E\NV F\UFXF)XI— B, by
Y| E.XXEXOU(ENF)XTI=peog!, YI| FXFXI=Y{.

Then, by (10.7) and (10. 8),
peg =Yy h|EXFX0U(ENFUFXF)XI=Y].

Therefore the maps g', 4, and the homotopy Y/ satisfy the assum-
tions of (A,) for the map p: (Eo, E,) = (Bs, By), by taking K=E,XF,L=
E,NVF\UFXF and M= E,<FXx1, because g'(M') = g'((E,\V F)X1)
\UgZ'"(FXFX1)CE,, h(E:XFX1)CB,;, and Yi(M')=peg'(E,VF)X 1)
UY/!(Fx Fx1)CB,, by (10.5), (10.6) and (10. 8).

On the other hand, by the assumptions (1.7) and (1.8), p:(E., F)—
(By, b) and p | E,: (E;, F)— (B;, b) are both weak homotopy equivalences,
and hence p: (E., E\)— (B,, B,) is also so, which can be shown immediate-
ly by the five lemma. Therefore p:(E:, E;)— (B, B,) satisfies (A), by
Theorem 3 of [4], §3, again, and we can apply (A;) to g’ and #;, and
obtain g : E,XFXI—E, and Y,: E,XFXI— B,, such that

(10. 8)

g and Y, are extensions of g’ and Y!, respectively,
g(E;XxFX1)CE, Y(E XFx1)CB, peg=Y, =Y.

Let ;2: E\XF— E, be the map defined by u, x) = g(u, x,1), and
P,: E;XxF— B, be the homotopy defined by Pi(u,x)= Y(x,x, 1), for
u EE,, x€F. Then they have the following properties:

H(FxF)=g'(FXFX1)CF, P(FXF)=Y{(FXFX 1) = 5, by (10.8),

Py=pepu, Pu,x)=hu,x1)=px, x), by (10.5).
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These relations show that the map g satisfies (9.4) and (9.5), and the
proofs of Lemma 10. 1 are finished.

Proof of Theorem 1.4. By Lemma 10.1 and the assuptions that
FXFXF is a CW-complex, Lemma 9.1 is applicable. Therefore F is
a4 homotopy-associative H-space having an inversion by the H-structure
#| FXF of Lemma 10.1; and the proofs of Theorem 1.4 are finished
completely.
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