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HIGHER DERIVATIONS
OF ALGEBRAIC FUNCTION FIELDS

Sapt ABU-SAYMEH

Let A be a commutative k-algebra with unity 1 where k is a field of
characteristic zero. A higher derivation on A is a sequence D ={D,, D,,
D,....} of endomorphisms of the k-module A where D, is the identity map
of A and Dy(ab) = 2 n-0Dn(a)Dn_n(b) for every a,b € A. Let ¢, be the
embedding of A into A[(t]) the ring of formal power series in indeterminate
t induced by the higher derivation D and defined by ¢,(a) = 217-0 Dnla)t®
for every a € A. We say that two higher derivations D =|D,: n = 0},
and E =|E,: n > 0| are equivalent if and only if o¢y = ¢, for some
A-automorphism o of A(t). In a previous paper [1] the author proved that
there is a one to one correspondence between the set of all higher deriva-
tions on A and the set of ordered sequences of first order derivations on A.
In this paper we prove that every higher derivation D =|D,: n =0, D,
=+ 0} of an algebraic function field K of transcendency degree one over
a field k£ of characteristic zero is equivalent to the higher derivation V =
{{1/n!1)6"™: n =0} where & is the unique extension to K of the ordinary
derviation d/dx of k(x).

Our terminology is essentially the same as that of [1].

Definition. Two higher derviations D ={D,: n =0} and E = |E,:
n=>0| on A are said to be equivalent if and only if there exisis an
A-automorphism o of A[t) such that opr = ¢p where ¢g, ¢p are the
embeddings of A into A(t) induced respectively by E and D.

Theorem 1([1]). There is a one to one correspondence between the
set of ordered sequences of k-derivations on A of order one and the set of
higher derivations on A in such a way that if { 5,: n =0, 0, identity, &, is
a k-derivation of order one| and the higher derivation D = {D,: n = 0|
correspond to each other, then

1
Dn = 2;“=l r ] Z(m.....nne Pa,r 5711 aﬂz' e anr

and

Produced by The Berkeley Electronic Press, 1988



Mathematical Journal of Okayama University, Vol. 30 [1988], Iss. 1, Art. 2

6 S. ABU-SAYMEH

n (_1)7‘-1—1

3,, = r=1 r Em,.....mne Pa.r DmDnz“'Dnr

Jor every n =1 and D, = 8,, where P, , stands for the set of ordered
partitions of n into r-positive integers.

Theorem 2. If K is an algebraic function field of transcendency degree
one over a field k of characteristic zero, then every higher derivation D =
{Dy: n =0, D, + 0| on K is equivalent to the higher derivation V =
[(1/n!)8"™: n =0} where & is the unique extension to K of the ordinary
derivation d/dx of k(x).

Proof. By Theorem 1, let |d,: n = 0} be the sequence of k-deriva-
tions on K of order one associated to D. Hence

1
n
Dn = ZT=1 r 1 Z(m....,nr;E Pn,r 371. a’nz' *e Bnr

but since K is a simple separable extension of k(x) we have by [2, Theorem
4.3.10]

Sn; = Cy, 6 for some Cp,, € K
then by Leibniz Rule we get for r > 1,

am 8712“'8711 = fo:x [Z‘Qo,u.qo.z»----%,rle Br,q
XQ(q/O.lv Qo,25 44+ Qo.r) g?'lcgf'zc:f”] 8°

where B, =1{(qo.1. @o.2...-. Qo.r): Qo.;’s are non-negative integers such that
Qo +Go2++qo.r =17 —q and o+ +qo; < min{i—1, r —q) for every

' 0 )(1 —Qo.l)(z—qﬂ'l_q'o'z)
1 <i< 1 G2y -
i i and Q(qo.. Qo @.r) (q,m Go,2 Goss

(’ -1 ““"""““-’"‘) and Ciot = 8%4(Cp). 8°Cn)) = Cn,.
Qo,r
Notice that go,; = 0 and if A ={(qQo,1+-++» Qovmosreevr Goriseres Goimgreeer Tuts
ey Qtm) is a permutation of (qo., Go.2:..., Qo,r) such that 2 i ms; =7,
Qs = Qs,5+1 and @s; < @s+1,; for every 0 << s <t then also A € B,,.
Let
. 1

anp = r=1 r 1 E{nl.....nr}EPmr Elqmn Q0,21+ Do, r}€ Br,1

XQ(QA),] s Qoyzseees Qo.r)C:?'KCZQ"Z“'CZ?'r
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for n >=1. Then we get

1
n n
Dﬂ. = an8+2q=z [ r=q T' Z(Rh.,..nr)el’n,r ZlQﬂ'l.szp--uqI),T’EBr.q

XQ(Qo,l, Qo,210-04 Qn.'r)cgf'lc::'z‘ "sz'r]aq

for n > 2.
Define

o(t) = 2y ant™.

Since D, =8, =¢,6 = a,6 %+ 0 hence o, + 0. It is easily seen that
o can be extended to a K-automorphism of K[(t), and that, for such o, we
have oy = ¢, if and only if

1
Dn = Z(’;=l Q_,[Zinh...,na)e Pn,a Omy anz"'anq] 30.
Hence to prove the assertion it is sufficient to show that

1
n
r=q ‘r' Z(nl.....nr)E Pn,r Z{l]o,pqO,zu--.Q(;,r'E Br,e
9q, Q q
XQ(Q-o.h Qo200 q,o,r)Cn.‘mCn:'z"'cng'r

1
= Q‘ Z(m.....nq:e Pn,o Qny Qny° - Qng fOl‘ every q = 1 .

For convenience let B, =1(gj.,.... g5.;;) 1 @}.e's are non-negative in-
tegers such that @j,+---+¢j,; = i;—1 and qj,+---+¢j. < min(e—1,
i;—1) for every 1 <e < i,} and

Qi_] = Q(q.’}.l»ﬂ'? q.’i,i_;)
Ry, = CiCaf--Cly.

It is easily seen that for every ¢ =1, n > 2 we have

Z(m.»--."q)e Pn,qa @ny Qnp”** Ang

= D mvrnaepne CmCrnpm*Chq

n
+ 2 g1 2 1€ Prg 2idien i) Prog

1 \
X f_.T Z'ﬂ]h---qn\ll‘ﬂe Pnjis (Qin"'QiqRil' "Rio)-

17.1...
RESN lq. (@Y, 1000 @7, PE Bij1
for every 1sJj<g

Produced by The Berkeley Electronic Press, 1988



Mathematical Journal of Okayama University, Vol. 30 [1988], Iss. 1, Art. 2

8 S. ABU-SAYMEH
Hence it is sufficient to show that

1
‘7" Z(nl.....nrle Pa,r Z(qo,l.....qo'ne Br.a
q ] Qq,
XQ(q,O.la---, Qo.r)cnf‘lcnzo'z”'cn?'r

1
= q 1 Z-Tm....,?lq?E Pn,q Zni;.....iqle Pr,q

1
Xij].....nnﬂE Prj iy (—y_' Qi.' : 'QiqRil' . 'Riq)
(@, e @y, 1 € Big > D10 EE
for every 1<Jj<g
for every 1 <qg <r <n.
It is clear that both sides of this relation have the same number of
terms and that they are equal for ¢ =1, r =1 and for ¢ = 7.
Let

/1 = (QD.lv--n qﬂ.mov--n q,s.l:un q,s.ms»---’ q&ly"'s ‘lt,m;) S B'r.q

such that D 5_oms = 7, qs; = @s.j+1 and gs; < @sy1,s for every 0 < s < ¢,
and

[A] ={u € B,q: uis a permutation of Af.

Then for any (n,,.... 2ym) € Pn, it is seen without essential difficulty
that the coefficient of Cp2! Caoz...Cabm in the left side of this relation after
collecting similar terms is

1
FZHEIAILILZ'"LI‘Q( )

where L is the number of permutations of (ns,,..., nsns) for every 0 <'s
< t, and the coefficient of the same expression in the right side of this
relation is

1 L L L Qi]Qiz”'Qiq
T | 25, @€ B e A NICA Y ATV
q: for every 1<Jj< g Such that ti)\l2) . tq/ -
(@ 100ees @ dreees Ty 100 Qg ETAL
and iy..., (q}€ Pryq

Let z € [A] which can be written in the form u = (g, ..., &;,) for
some positive integers, i, < i, <--- < i, where u; = (A}, repeated nj

times,..., A%, ; repeated n;s, times) and

dt, =(qhrser Qi) EBy foreveryl <j<pandl <k <s;
3 2 L J
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such that 237-, 258l nux = q, 251 [Z‘:il njk] i; =7 and kjn.u +* Ak, i for
everyl <j <pandl <k, # k, <s; and such that'q}.c’s in each Ay, are
ordered in the same way as in A

Let m=|u € [Al: 4 is obtained from x by a permutation of Xhoi)'s
in ul.

1
It is clear that such a wx exists and |z| = N . For

s, I, (".m) !

simplicity we set
fr,a: A = 2ZuenQu)
and
N; = 2%
and

7! 1 )
r : = — . Y : . . ’ Yo ).
R (= R
such that
(@Y, jreees @ 0 yoeer D, i g €T AL

Then it is easily seen that

1
glr,q; A) = Z,uem [—_
! corresponding to (4, ‘) (i,!
distinct classes u

q!
7, I, ("Jk) !

Hence to prove the assertion it is sufficient to show that f(r, ¢; ) =
g(r,q; A for every r >q =1 and A € B,,,.

We prove this equality by induction on 7.

(1) It is clear that the equality holds for ¢ =1, r =1 and for ¢ =7
and that f(r, r; A) =g(r,r; A) =1.

(2) We prove the following two lemmas.

L T (S M),

Lemma 1. Let As € Br_1.q,,+q-1 Obtained by deleting qs, Jrom A,
then we have

Jirias B = Tea (T 1 gt 15 A0

for every q =2 and f(r,1; A = X4, f(r =1, qsa; As) for r > 1.
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Proof. It follows easily from the definition of Q(As).

Lemma 2. Let ¥° =(q61 -y Qonoseeer Qortrenes Qongnenes Qlryues QEn,)
e Be.q—l and 7T—e - (‘loT,Te,---a Q‘{_va"'s q,g’._lea'-" q;'.—zi"'“v q;‘_lev-"’ q;._zi) E
B, i where r > e > q—1 and the q5,’s in ¥¢ and qi;%s in y""° are
ordered in the same way as in A and such that (y°, Y7 ¢) ={(qé....., ¢én.,
Q01 % ey qr2S) € [A]. Then we have
g(r,q; A) = 2ier—aer.
such that there exist

Y€ € Be,a—1 and
YT TeEBr_e,1 with (78, YT @€E[A]

-1
XZYQEBEE.‘Z—I (T e )g(ev ‘l_l» Ve)f("'—e, 1: ,y'r—e)’

Y TEeEBr—e,
such that
e, YT eelAl

Proof. Notice that the expression IT7_, I, [f(i;, 1; A)y)]™* ap-
pears in the right side when r —e = i; and y"~° = X},;, and ¥° is obtained
from y by deleting A}, for every 1 <j <p and 1 <k < s;. Hence its
coeflicient is

» (r—1)! _(T—ij)! i (i)! . 2ilinsg(g—1)!
=)D (=D G DYDY Sor TIRL () !
(r—1)! » s .
T D ) T, T (a2 (Rl
r!

TGN ()™ T8, T8, () !

=the coeflicient of the same expression in g(r, ¢; A).
(3) By Lemma 1 and induction hypothesis we have

flroq; A = Z.fg:o(%";q_l)g(r—l, qsnt+q—1; As).

&1

On the other hand by LLemma 2 we have

glr,q; A) = 2Der €€ Pr,»
such that there exist
Y€€ Be,a—1 and
YY" T€EBr—e, with (Y&, Y™ —@i€|A]

—1 e r
XZWEBe.q—z (T e )g(ea g—1; ¥)f(r—e, 1; 77°°).

Y TEEBr—e,
such that
(Y8, 7" @€l
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Since the term in f(r, ¢; A) corresponding to s = 0 is equal to the
term in g(r, ¢; A) corresponding to r —e =1 and by Lemma 2 and induction
hypothesis we have

flr—e, 1y y7°°) = Xk 8lr—e—1,¢5.% 75 °) for r—e >1

where 75 ¢ is obtained from y"~¢ by deleting ¢&.,°.
Hence it is sufficient to show that

s -1
hIN (Q “:q )g(r —1,qsa+q—1; A)
Sl

= Z:e.r—e—nem_.,z
such that there exist Y€€ Be,q—1 and
Y5 €eBr-e-1.05,,° with (Y8, Y ~CE[A|

—1
XE'YeGBe,q—l ‘:ZI:"=1 (T e )g(e‘ Q_l ; ye)

Y5 C€EBr—e—1,95_ ¢
such that (78, Y™ ~€i€[A]

Since

glr—1, qsn+qg—1; As)

(r—1)! S e 1

B (Q,s.x +q—1) ! corresponding to (ill)Ml"'(ip'!)Mp‘

distinct classes u

—_1)
where 200, 08, nix = qeatq—1. i [ZRinlk]i;, =7 —1 and M, =
Efil Nk

Let T be the collection of all factors in the expression IT%-, I3, [f(i;,
1; Qi)™ and for each 1 <s <1 let T,,, and Tq_, be a partition of T
into two collections containing respectively qs, and ¢—1 factors. It is

clear that if P(T) is the number of permutations of T then we have

P(T) = Z‘JTQS,:UTQ—1=TP(T03'|)-P(Tq—l)
_ (q,s.l ‘Hl_l) !
Hf;l Hi’:) (n}k) !
Next the assertion follows easily from the fact that for each1 < s <t
the coefficient of the expression II%-, II3%, [f(i;. 1; Qi.,)]™* in the left
side is
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(r—1t 1 '
(@D lgan! Gonm P

While the coefficient of the same expression in the right side is

B (r=1)! el (r—e—1)!
= 27’03‘,U7'q—|=7'|: ellr—e—1)! (g—1)! (gsa)!

1
.(i,!)“"...(ip,!)m. »P(Ty,,) - P(T ~,)J
— (r —1)! 1 ’ZT"S-'UT"."=TP(T‘13,.)'P(Tq_l).

T (gD Ugs)! GO (i)™

Which is obtained by noticing that for each possible value of e we have

Qs1 = @i for some s'.
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