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SUPPLEMENTS TO THE PREVIOUS PAPER
“QUASI-GALOIS EXTENSIONS OF SIMPLE RINGS”

TaxAast NAGAHARA

This paper is about quasi-Galois conditions (abr. ¢-Galois conditions)
of simple rings. In [3], we have presented some g¢-Galois conditions
which are useful in the study of ¢-Galois extensions. In this paper, we
shall present more explicit one of g¢-Galois conditions. Moreover, as
appendices, we shall make a remark on two-sided linear homomorphism
rings of g-Galois extensions which is connected with Elliger’s quasi-Galois
extensions [1].

Throughout the present paper, R= 3 De,; will be a siinple ring, where
e;’s are matrix units and D is the centralizer of {¢;;} in R which is a
division ring. Moreover, we shall be concerned with a fixed subring S of
R which is a simple ring containing the identity element 1 of R. For these
rings R, S, we set V=Vg(S), H=ViS), and let R, R, ,, etc. be as in
[3]. In addition, we denote by C, Z, C, the centers of R, S, V respectively.
As to notations and terminologies used in this note, we follow the previous
paper [3].

In the discussion of g¢-Galois conditions as in [2], it may well be
presented as fundamental theme that Homg (S, R)=8(S'/S, R)R, for every
S'eR, ;) (i.e, R is g-Galois over S if in addition S=R) if and only if
J(®&(S'/S, R), S")=S for every S'€ R, ;. This equivalence will be concerned
in the main theme of our study (Principal Theorem). In [4], H. Tominaga
has proved this equivalence for the case that R is a division ring and R
is left locally finite over S ([4, Remark 2]).

First, we shall prove the following lemma whose proof is partially
similar to that of [4, Remark 2].

Lemma 1. Let R be left locally finite over S, and SCC. If
J&(T/|S, R), T)=S for every TR}, then R is q-Galois over S.

Proof. By [3, Theorem 3], it will suffice to prove that Homs(7, R)
=®&(T/S, R)R, forevery TER),. Let T=eR!,. First, we shall show
that for elements a, b of 7T such that {g, b} is linearly independent over S
and ¢ is regular, there exists a p&®(7/S, R)R, such that

ap=0, bp=b.
Since ba~'e T\S and J(&(T/S, R), T)=S, there exists some c=®(T/S, R)
159
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with (ba™)a~ba~'. Then, for -=1—os(as) '@, we see that ¢r=0, b:40.
Since R is {R)R,-irreducible, it follows that (b-){RYPR,=R, and so bp=b
for some pe(RYR,CS(T/S, R)R, (note R=V). Moreover we have apc=
(@-)XRY>R,=1{0}. As is well-known, T is generated by the set of regular
elemsnts of 7. Hence, to prove our assertion, it will suffice to show that
for regular elements ¥, -+, x, of T such that {x,, -, x,} is linearly inde-
pendent over S, there exists a o=®(7/S, R)R, such that
x,0=0, i=1, -, n—1; x,p=2xp

For n=2, our assertion holds by the above remark. Assume that we can
find p,, -+, P, ES(T/S, R)R, such that x,p,=¢a, (=1, -+, n—1, where
ou=1, 6,;=0 for i%=j. There holds then x, (3> p,—1)=0 for i=1, -+, n —1.
If x.(Zp;—1)740 then (x.(Zp;—1)){R)R,=R, and so x,p=x, for some
pE(Xp;—1DROR,CS(T/S, R)R,. Moreover we have x,p=0, i=1, -,
n—1. If otherwise x,(3p,—1)=0 then 2> x.p;=x. Since {x, .-, x,} is
linearly independent over S, some {x;, x,0;} is linearly independent over
S. As pie®(T/S, R)R,, we write p;=3 0., where a.€8(T/S, R),
ayER, k=1, ---, m<<oo, Then, for T'€ R}, /{T, Tpi Toy, *+*, T, 1, -+,
@a} there exists a p'®(7T'/S, R)R, such that x,p'=0, x,pip'=xap: (by the
first remark in the proof). From (x.p0'){RDR,=R we have zx,pp"'=x,
for some p"Ep{RYR,CS(T'/S, R)R,. Clearly x,0"=0. If we set p=
p:p' then pE®(T/S, R)R,, %np=1xn, x;p=2%,p:p""=0 for j¥i, and z,p=
%010 =x,0'"=0. This completes the proof.

Now, as in [3, Lemma 11], for each TER?,, we set &(T/S, R)=
N S(T'/S, R)| T, where T'runs over all the elements of R{,/T. Then,
we have the following

Corollary 1. Let R be left locally finite over S, and S€R. If
J(&(T/S, R), T)=S for every TER], then V is g¢-Galois and locally
finite over Z, and (CNT)S(T/S, R)YC Cy for every TER!, .

Proof. Since [S, V]=S X,V (direct product) and (TNV)S(T/S, R)
CV forevery TeR!,, it follows that V is locally finite over Z, and
J&(V*/Z, V), V*¥)=Z for every regular subring V* of V/Z with [V*: Z]
<<oo and [V*|V*]=[V|V]. Hence, by Lemma 1, V is ¢-Galois over Z.
Now, let TeR?,, and let {f,;,} be a system of matrix units of ¥V such
that Vy({fi;}) is a division ring. Then, for T'€R},/T\JU{fy}, VNT'
is a regular subring of V/Z with [VNT': Z]<<ee and [VNT'|VNT']=
[V|V]. Hence, we see that &((T'/S, R)\VNT'C&(VNT'!/Z,V). From
this and &(T'/S, R)| T=8(T/S, R) ([3, Lemma 12]), it follows that
(CNTIBT/S, B =(CNTYST'/S, B T)=(CNTY&T'/S, R [VNT)C
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(CNTYSVNT'/Z, V). Since V is ¢-Galois over Z, we have (C/N\T)-
&(VNT!/Z, V)T C, by [3, Theorem 3]. This implies our last assertion.

Remark 1. If R is left locally finite over S, and S= R then [S, V]
is a simple ring. Indeed, for every intermediate simple ring V, of V/Z
with [V;: Z]<<eo, [S, V] is a simple ring with minimum condition. Since
L[S, Vi1ILS, V. JI<[R|R], [S,V_ is also a simple ring with minimum
condition (cf. [3, Remark 11]). Moreover, for an arbitrary non-zero
element a of [S, Cl, SaSMC, contains non-zero (regular) elements. Hence,
every intermediate ring of °S, C,]/S is simple. In particular, [S, C,] is
a simple ring.

Lemma 2. Let R be left locally finite over S, and S€R. Then R
is left locally finite over [S, C,), and [HNIT,V]:[S, Clli<<eo for
every TER} ;.

Proof. For TER),, we set V'=V,(T). Then, by [3, Lemma 1(iv)],
we have [V:V',<[T:S]li<o, and we set V=2FV'd, (p<<oc). More-
over, we set [T, di, +*, dp] =223.1Tf; (g<<oo). Then, for all integer s,
we have that (V- T)YCV'-IT,dy, -, dp] =V -3 TH)C XV, T1fs.
Hence [V, T1=33¢,[V", T1f,, and so [[V, T]:[V!, T]1],<<ec. Let C*
be the center of V', and set H*=HN[V, TI{=V.1(V)). Then [V, T]=
V'Y pneT (direct product)=V'Xq.[C* TICV!X[C* T, H*]C[V, T].
Hence we see that
(1) [[C* T,H*]:[C* T])i<oco.

Now, we set C,;*= Cy\C*. Then one will easily see that C,* is the center
of [V, T]. Hence, by [3, Lemma 1 (iv)], we have [V n([V’', TD: C¥l=
[[V, T]:[V', T])i<<oo. Since Vi (V' T])=C*, we obtain [C*: C¥

<o, Therefore, it follows that

(2) [[0*7 T] . [Co*r T:‘]l<°°-
Further, [ C¥, S] is a simple ring by Remark 1, and we have
(3) [[CE T]: [CF, S]hi<eo.

Combining (1), (2), and (3), it follows that
[[C*’ T) H*] . [Csk9 S]]l<oo-
Noting that H*D[C,, SID[C¥, S], we obtain the following

[H*: [Cy, S]]i<<oo,
LLCo T] 1[G S]] i<l oo

The last form implies that R is left locally finite over [ C, S].

Lemma 3. Let R be left locally finite over S. Let T, TR}, and

Produced by The Berkeley Electronic Press, 1963



Mathematical Journal of Okayama University, Vol. 12 [1963], Iss. 2, Art. 8

162 TaKASI NAGAHARA

mEB(T\/S, R). Then there exists some TR, /TUIT, and some o<
&(T./S, R) such that o,| Ti=ay, and if -€O(T/S, R) then ~'e,~z for some
S'Ee®(T/S, R), and in particular -"e,~1 for some "E®&(T/S, R)".

Proof. By [3, Corollary 2 (i)], we have (&(T/S, R):<V)) <cs.
Hence we can write &(7/S, R)=UitKV), m<<eo, and &(T/S, R)R,=
2o R,. Let R=317;,e;D as in the introduction. Then for fe&
Homs(T, R), feuR,is O or R-irreducible, i.e. [feuR,|R,J<1,i=1, -, n.
Since [Homs(7, R)|R,]=[T : SI.[R|R]<eo, it follows that
1) Homs (T, R)=8(T/S, R)R,® Sgi-r futiR,

=Zt.17i<vij>Rr€B Zele frrR,
where fj, -, fSEHomsl(T, R), a, -, a;E{ey, ***, ena}, and & means a
direct sum. Now let {d,, -+, d.} (¢=[T: S].) be a left S-basis of 7. Then
there exists some w0, +-, w,&Homg (T, R) such that d,w,=1 and d,w,=0
for ps~¢, and then we have
2) Homg (T, R)=25-10R, .
From (1) and (2), we can write w,=2 ;7 {vi DR~k frary®', where
“0, ¥R, p=1,--,t Now, we choose a T.€R?,/{T\, Trlv,dxL,
Tfay®, Telv), Thaw Tro T, T, vy, 335, ay, 3, Twy; i=1, <, m,
j=1, -, k=1, -+, 5, p=1, «--, ¢}. Then there exists some o-ze@(T,/S, R)
such that a,| Ti=ay (cf. [3, Lemma 12]). Since d,(w,6.)=1 and d,(w,m)=
0 for p#q, we have Homs(T, R)=35-y(w,m)R,. Then, from w,s.=
3. 57100y ) (%P 62)r + i fum) (aros) (32 7a),, we obtain
(3) Hom (T, R)=25-1(w,e) R,
=2t niolVOR, + 2% fron) o) R,

Clearly [Eiwl(fkﬂ'z)(aiﬁz)Rr!Rr]é[?u‘::l fkaerIRr]- Hence, by (1) and
(3), we have [&(T/S, R)R,|R 1[0 1=16:XVDR, | R,]. Since &T/S, R)D
U=V, it follows that [G(T/S, R)R.|R,] =[5V DR, | R.], which
implies that &(7/S, R)R,=>_71716:{VDR,. Then, by [3, Theorem 1], we
obtain &(T/S, R)=\Uj.im6:{V)>. From this, our assertion follows imme-
diately.

Lemma 4. Let R be left locally finite over S, and S&€R. If
J(&(T/S,R), T)=S for every TR, then (HNT)S(T/S, R)CH for
every TER!,.

Proof. For TER!,, we have (8(T/S, R):<{V))<<oo by [3, Corollary
2 ()], and we write &(T/S, R)=\U",-{V), where m<<co, -,®(T/S, R),
r,=1. We set here R*=[Tr, -+, Tz, V] and H¥*=R*MN\H. Then [T,
e, T l]ER) ;. Hence we have [H*: [S, C,]],<<co by Lemma 2, and we
write H*=3p%..[S, Cold;. Since d,, -+, d.=R*, there exists a finite

1) See [3, Remark 1]
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subset £ of V such that d, --, d,&( Tz, -+, Ttm, E]. Weset T1=[Tzy, -,
Tzm, E]. Then T, &R}, T,CR* and T,&(T,/S, R)CR* Now, let
s=G(T/S, R). Then, there exists some o;=B(T,/S, R) with o,|T =¢, and
then, by Lemma 3, there exists some T,eR!,/T;, :=8&(Ty/S, R), s.€
®&(T,/S, R) such that cay~1, o| Ti=a,. From <ey~1, we have za:|HN
T.=1 (cf. [3, Remark 1]). First, we shall prove that

1) (HNT,):CH*.

Since T,®&(T,/S, R)YCR*, we have (HNT)rCR*. If h-&H* for some
he HNT, then h-& H. Hence there exists an element =V such that
(ho)us~u(hz). For TyER,/[T», u], we can find some «'=8(T,/S, R)
with ¢y/|T:=¢.. Then., we have that ((ho)u)es/=(u(h:))s., and so
h(uas"Y#(uoy')h. Hence us,’&V. This is a contradiction. Now, we set
dyz=fy, j=1,-, n. Then f,eH* fiea=d; for j=1, -, n in virtue of
(1). Next, we shall prove that

(2) H*= Tjz=1[S; Cn]fj .

For an arbitrary finite subset F of C,, and for T.*€R{,/[T., F], there
exists a a,*&8(T:*/S, R) such that ¢,*|T;=0,. Then we have Fa;*C C,
by Corollary 1.  Hence (Xj-i[S, F1f)or* = 25.1[S, Fo*1(fye:*) =
SULLS, Fo*]d,=3%"..[S, Fo,*"d,. This implies that S7.,[S, F]f,=
2e5-1LS, F1f; and hence 235.:[S, Colfy=>7-1[S, Co]f;. Therefore it
follows that 373.:[S, Co] fy=H*. Now, from (2) and HNTCH*, we can
find a finite subset F' of C, such that HN\TC 3., [S, F']f,. For T,e

0,/ [Ts, F'], there exists a o;=®&(T. s/ S, R) such that ¢3| T;=0:. Then we
have (HNT)a:C(335.1[S, F'lf)esC H*., Noting that o | HNT=¢|HNT,
we obtain (HN\T)eC H*CH. This completes the proof.

If R is S-V-R-irreducible or R-S-V-irreducible then SR by [3,
Lemma 1]. If SEXR and R is left locally finite over S, and if J(®&(T/S,
R), T)=S for every T€R},, then ®={G(T/S, R); TeR,}is a left ¢-
system by Lemma 4 and [3, Lemma 14]. Hence [3, Theorem 5] takes
the place of the next

Principal Theorem. The following conditions (A)——(C,) are all
equivalent. Moreover, R is q-Galois and locally finite over S if and only
if one of these conditions is satisfied.

(A): (@) J&(T/S,R), T)=Sfor every TER?,. and R is left locally
finite over S, and
(ii) R is S-V-R-irreducible.
(B.): (A,:1) plus the condition that R-S-V-irreducible.
(C): (Ay:i) plus the condition that S, HER and [VXT):H].=[V:
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V(T)]), for every TER!,.
(A). (B,). (C,). (These are symmetric to (A;)—(C,)),
As a direct consequence of our theorem, we obtain the following

Corollary 2. Let R be left locally finite over S. Then, R is g-
Galois over S if and only if J(&(S'/S, R), S")=S for every S'€R,,, and
R is S:V-R-irreducible.

Remark 2. Our theorem is a result that corresponds to {2, Theorem
1]. Let (a), (3), (), and () be as in the difinifion of left ¢-systems given
in [3]. If R is left locally finite over S and SE R then the last condition
(3) is a result of conditions (@), (3), and (), which can be proved by
making use of the same method as in the proof of Lemma 4. Hence, in
this case, a left ¢g-system is defined as a system with (), (), and (y).

Appendices.
In the rest of this note, we shall make a study of the S,-S,-homomor-
phism ring of R to see that our g-Galois extensions are also Elliger’s quasi-

Galois extensions [1].

Lemma 5. Let R be g-Galois and locally finite over S. If TER!;

and Mis a T, T,submodule of R which is finite over T, then
Homs, s, (M, R)=(®(T"/S, R)IM)V,=(®(T"/S, )| M)V,

Jor every T'eR},[MUT.

Proof. We write T =20 ;..A%a;, where a;'s are matrix units of 7,
and A*=V,({a,}) which is a division ring. Then Vx({ai;})=A4 is a divi-
sion ring and R=37,.;4a;,. Now we set M*={>i.anxay; x&M}.
Then M*=MNA and M* is a finite A*-module. If we write M™* =3\,
A*d, then we see that M= Y gi.,Td,. Hence M has a left S-basis, and so
we have Homg (M, R)=Homs,(T’, R)| M for every T'€Ri;/ MUT. There-
fore we obtain Homs (M, R)=&(T'/S, R)R,| M=(&(T'/S, R)M)R,=2¢
(61| M)R,, where ,@(T"/S, R), and (s:| M)R,=R (as modules). From this
it follows that Homs,.s (M, R) = Xg(e:| M)V.=(&(T'/S, R)| M) V,. Similarly,
we have Homs, s (M, R)=(&(T'/S, R) | M)V..

Now we denote by ¥ the ring Homs s (R, R). Then we have the
following

Proposition. Let R be q-Galois and locally finite over S. Then

| T=Homs,.s (T, R)=&(T/S, R)V,=B&(T/S, R)V,
Jor every TER], .
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Proof. By Lemma 5, we have Homs,.s (T, R)=G(T/S, R)V.=&(T/S,
RV, (TeR},). Since ¥T|TCHoms,s(T,R)and T isa V.-V,-module, it
will suffice to show that &(T/S, R)CZ|T. Let e&®(T/S, R), and consider
the set @ of all pairs (M, f) consisting of a T T,-submodule M of R
containing 7, and an S;-S,-homomorphism f of M into R whose restriction
to T is ¢, Then, the set can be inductively ordered by prescribing
M, H=(M!, £ if MC M’ and f'| M=#. Hence we can apply Zorn’s Lemma
to find a maximal element (M, f,) of & Now, we assume that M*R.
Then we can find some T'eR!,/T such that T'@M,. Clearly, MN\T’
isa T, T,-module which is finite over 7. Hence, by Lemma 5, we have
that fo| M\ T'€Homg, s (MNT', R)=(&(T'/S, R)|MNT")V,, and so
SolMNT'=g |MyN\T' for some g&®&(T’/S, R)V,=Homg s(T',R). We
denote the map #%:M,+7'—R by the following; for a--beM,+T'
(aeM, b= T,

(a+b)h=af,~+bg.
For a division subring F of S, we have

My+T'= E@in‘EBZ@ij@Z@FZM
where M,=2gFx:P2aFy;, MiNT'=3gFy;, T'=2FyEXeF2;.
From this, we see that h is a single-valued map. Moreover, one will
easily see that h is an S,-S,homomorphism. Clearly 2|7 =f,| T =¢.
Hence (M,-- T!, k)= and (M, fo). <(My+ T', k). This is a contradiction.
Therefore we obtain &(T/S, R)CZ|T.

From Proposition, we obtain the following

Corollary 3. Let R be q-Galois and locally finite over S. Then
i)  Homg(R, R)YNR,=S,
i) Homg(R, R)N\R,=S,,
iii) TR, is dense in Homs(R, R),
iv) 2R, is dense tn HomST(R, R).

Remark 3. By Corollary 3, R, is dense in the ring [Z, R,] gene-
rated by € and R,. Similarly, ¥R, is dense in the ring [%, R,] generated
by ¥ and R,

In [1], S. Elliger has defined quasi-Galois extensions of division rings
as follows: If for a division ring extension K/L there exists a multiplicative
semi-group © of L,-L,-homomorphisms of K such that Hom@(K, K)NK,=
L, and Homg(K, K)NK,=L,, then K is called quasi-Galois over L. By
Corollary 3, our g-Galois extensions are also Elliger’s quasi-Galois exten-
sions. Any purely inseparable extension (commutative field) is Elliger’s
quasi-Galois but not our ¢-Galois,
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