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ALGEBRAIC EXTENSIONS OF SIMPLE RINGS I

Takast NAGAHARA, Ar1susHl NAKAJIMA
and Hisao TOMINAGA

In this paper we study the local finiteness of algebraic extensions of
simple rings. Our study starts with the preliminary section §1, which
contains some matrix calculations of independent interest. In §2, we con-
sider simple algebras of finite rank, and show under what conditions they
are locally finite, of bounded degree over simple subrings. In § 3, we study
the equality of left and right dimensionalities for some types of simple ring
extensions. In §4, we consider QG-1 extensions of simple rings which are
generalized Galois extensions, and in §5, we study the local finiteness of
QG-1 division ring extensions of infinite rank. For QG-1 extensions of sim-
ple rings, the situations will be studied in a continuation of the present
title, II.

Throughout the present paper, A=2.{ De;; will represent a simple
ring where E={e¢;;} is a system of matrix units and D is the centralizer
of E in A which is a division ring, and B a simple subring of A contain-
ing the identity 1 of A. For any subset S of A, we denote by V.(S) the
centralizer of S in A. Specially we use the following convention: V means
V4(B). Moreover we write C=V,(A4), Z=Vx(B), Ci=VV) the centers
of A, B, and V respectively. If, for every finite subset F of 4, [B[F]:
B];<<oo (resp. [B[F]: B]z<<oo) then we say that A is left (resp. right)
locally finite over B. Given rings R, S, we shall understand by an R-S-
module a two-sided module which is treated as a left R- and right S-module.
For any simple subring T of A, we denote by [ T|7T] the uniquely deter-
mined number of irreducible direct summands of T-module 7. If TOE
then one can see that [T |T]=[A|A]. A subring T of A is said to be
regular if T and V,(T) are both simple. By R we denote the set of all
regular subrings of A containing B, and we shall use the following nota-
tions :

R°={B'eR;[B'|B]=[A]A]},

R ;={B'eR; [B'":Bl.<o}(R,,={B'ER; [B': B]p<<oco}),

R/S={B'eR; B'DS}, where S is a subset of A, and we set R{,=
RNRy, RIS=R'NR]S, Risf/S=RsNRIS, RIS =RL,NR/S.
As to other notations and terminologies used in this paper, we follow [3—
11].
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1. Preliminaries

We consider the following
#(E, d)=dey+>% ey_1
with non-zero d = D, which plays an important role in our subsequent
consideration. First we shall prove the following

Lemma 1. Let n>1, and T aleft Artinian unital subring of A. If
T contains w(E, d) and a=> x,e; (2, ED) with x,=1 and x.=0 for
every i>1, then T contains E, d, and x’s.

Proof. Since A is T-A-irreducible by [7, Lemma 8], 7 is in R (cf.
[11, p.69]). We set u=u(E, d). Then v* 'au”'=d%,, is a non-zero ele-
ment of TNewA (=1, ++-, n), and so by [7, Lemma 5] T contains e, €,
s+, enne It follows therefore e, =enge.,=7T and d= (w+ew,)* & T, so that
en=d (d’ex)=T. 1t follows then >3} ey 1=(1—d)en+u=T, and therefore
our assertion is a direct consequence of [7, Lemma 6].

The next contains evidently [1, Satz].

Corollary 1. Let #(C C) be a perfect field. If A]® is 3-algebraic
then AJ]® is locally finite, In case n>1, if AlJ is 2-algebraic then
A/ is locally finite.

Proof. Firstly, assume that A is a division ring and 3-algebraic over
. If a;, a,, asare in A then ¢[a, a, a;]l =¢{a",, a's] with some ¢';, ¢,
A ([7, Th. 1]). Hence, an easy induction will prove that A/® is locally
finite. Next, assume that #>>1 and A4/ is 2-algebraic. Let d,, d,, d: be
non-zero elements of D. If e =2 %6y where x.=d), xn=d, %.=1 and
each of other x,/’s is 0, and a,=u(FE, d;), then & [a;, @.] is finite over @
and contains #[d,, d,, ds; E] (Lemma 1), which means that D/# is 3-
algebraic. Hence, A/ is locally finite by the first assertion proved above.

Proposition 1. Let A be left algebraic (resp. left algebraic and of
bounded degree) over B. If B (Z C then there exists some B'=3>D'e';;&
RL, such that V.({e',})/ D' is left algebraic (vesp. left algebraic and of
bounded degree).

Proof. It suffices to prove the proposition for the case n>1. By [7,
Lemma 7], there exists an element » € A° such that B # contains an ele-
ment =3, (%, ED) with x,=1 and x,=0 for every i>1. Given an
arbitrary non-zero element d=D, we set u=u(E, d). Then, (B7)[«] is
left finite over B# and contains {E, d} (Lemma 1). If we set B*=
(BF)[E] = S)D%e,; with the division ring D* =V z%(E), then D/D¥* is left
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algebraic. Hence, B* 7~! can be taken as B’ requested.

Proposition 2. Lef [B:Z]<<oo(or [A: C] <o), If[A:Bl.<<o
then [A: B)ly << co.

Proof. By [9, Lemma], we obtain [A: C]<<eo: A =23 ¢,C. Since
C-B=3}} Bc; (c;€ C), it follows 3>} ; aic;B =3 a,C- B=A, which means
[A; Blr < oo,

Corollary 2. Let [B:Z]<<oo. If A/B isleft locally finite then it is
locally finite.

2. Algebraic extensions of a simple algebra of finite rank

The present section is devoted exclusively to the treaty of algebraic
extensions of a simple algebra of finite rank.

Proposition 3. Lef A be left algebraic over B.

(@) In order that [A: C]<<oo, it is necessary and sufficient that
[V:Cl< o and [B: Z]<<eo.

(b) If[A: Cl<<oo then A/B islocally finite.

Proof. (a) By the validity of [10, Lemma], it suffices to prove the
sufficiency. In case B is contained in C, our assertion is trivial. If Bis
not contained in C then there exists some B' =3} D'¢', & R}, such that
V.i({e',}) is left algebraic over D’ (Prop. 1). Since [B': V- (B')]<<eo again
by [10, Lemma], we may assume from the beginning that A is a division
ring. Then, noting that B-C= B®,Z-C, there holds [B-C: C]=[B-C:
Z+Cle[Z-C: C]<[B:Z]-[V:Cl<oo. Hence, B-C=Vi(B:-C)=V,(V),
andso [A:C]=[A:B-C]-[B-C:C]=|V:C]-[B:-C: C]l< oo,

(b) In case B is contained in C, our assertion is clear by [2, Prop.
10.12. 3] or by a direct computation. In what follows, we shall assume
that BZ C. Then, by [7, Th. 1], there exists an element ¢ = A such
that A=(B-C)[a]. Now, let F be an arbitrary finite subset of A. Then,
C contains a finite subset F' such that B[F] C B[(F', a, = B[a]-B[F'].
Since we can easily see that [B{F']: B],<co, our assertion is a conse-
quence of (a) and Cor. 2.

The next theorem contains obviously Prop. 3 (b).

Theorem 1. Let [B:Z]<<oo, and let A be left algebraic over B. In
order that A B be locally finite, it is necessary and sufficient that A|B-C
be left locally finite.

Proof. It suffices to prove the sufficiency. At first we shall prove
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our assertion for the case that B is a regular subring. Since B- C=B{,C-Z,
Z-+ Cis a subfield of C,and B Cis asimple ring with [B-C: Z-C]=[B:Z]
<00, Now, let FF be an arbitrary finite subset of A. Then, A'=
(B-C)(E, F] is a simple ring with [A’: B-C],<<oo. Recalling here that
[B-C: Z:-C]<<oo, we have then [A': V4+(A"] <<oo by [10, Lemmal].
Hence, A'/B is locally finite by Prop. 3 (b), which means obviously that A/B
is locally finite. Next, we shall proceed into the general case. By the first
step, we may restrict our attention to the case that B(Z C. Then, by
Props. 1 and 2 (a), there exists some B'=>7D'',,€ R, ;= R, such that
V.i({e',}) is left algebraic over D'. One may remark here [D':V,(D)]<<
[B": Vg (B")]<<oo ({10, Lemma]). Since B’ C=1:(D'- C)e', is left finite
over B-C, A/B'- Cisleft locally finite, or what is the same, V.({e',})/D'-C
is left locally finite. Hence, by the first step, V.({e’,})/D' is locally
finite, or equivalently A/B' is locally finite. Consequently, it follows that
A/ B is locally finite.

Theorem 2. Let A be left algebraic over a simple ring B. Then, the
following conditions are equivalent :

1) [B:Z]<<eo and A/B is of bounded degree.

(2) [A:C]<<oo and B+C/B is of bounded degree.

(3) [A:Cl<o and Z+C|Z is of bounded degree.

Proof. Evidently, B:C=BX,Z-C and (2)=>(3).

(3)=>(1). We set A=>}iCa,, where @,=1. There exists a positive
integer & such that every subring of the form B[c¢] (c & C) possesses a
linearly independent B-basis consisting of at most % elements of C. Accord-
ingly, ifc¢,, -*+, ¢, are in C then B[¢, **-, ¢.] possesses a linearly independent
B-basis consisting of at most k* elements of C. In case BC C, the last

yields [B[x] : B] <s. £+ for every 2 A. On the other hand, if BZC
then A= (B+C)[a] with some a ([7. Th. 1]). There exists then a finite
subset F of C such that (@, **, .} CB[F, a]. If x=327 ¢'.a, is an element
of A and F'={c'), ---, ¢';}, it is obvious that B[«]C B[F, F', a]. Hence,
[Blx): Bl;:<[B[F, F', a]: B];,=[B[e]B[F, F'] : B]<[Bla]:B] + E¥*~
One may remark here [B: Z]<{[A: C]<<oo ([10, Lemma] or Prop. 3).

(1)=>(2). If BC C then A/C is of bounded degree, and then [A: C]
< oo by [4, Lemma 4]. Next, assume that B¢Z C. By Prop. 1, there
exists some B'=3Y D'e',eR?; such that V.({e'y})/ D' is left algebraic
and of bounded degree. Since [D': Vi (B)]<<[B': Vy{(B')] < o« by [10,
Lemma], V.({e';}) is left algebraic and of bounded degree over the field
Va(B")-C. Hence, again by [4, Lemma 4], [V.({e';}): C]<<co, namely,
[A: C]<oo,
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3. Left and right dimensionalities

Proposition 4. Lef [B:Z] << (or [A: Ci<<oo). If Bis a regular
subring then [A: Bl;=[A: By provided we do not distinguish between
two infinite dimensions.

Proof. Assume that [A: B];<<co. Since B-V=BQ,V is a simple
intermediate ring of A/C and [A: C]<c by [10, Lemma], we obtain
B:V=V4B-V)=V,(C) and [B:V:B]=[V:Z]. Hence, [A:B].,=
[A:B-V],-[B-V:B]=[C,: C]-[BV:B]=[A:B-V]z-[B-V:B] =
[A: B]lz, which proves our assertion.

As an application of Th. 2, we shall prove the following that contains
[6, Th. 5.2].

Theorem 3. Let [B:Z]<oo, and let A be left algebraic and of
bounded degree over B. If Z-C is a separable field extension of Z then
[A H B]L= [A B]R<.°°-

Proof. By Th. 2, there holds [A: B],<<[A:C]:[Z-C: Z]<oco.
Since the simple ring V(Z)= V(Z-C) is BR.V by Wedderburn' theorem,
V is a simple ring. Now, our assertion is a consequence of Prop. 4.

Throughout the rest of this note, ¥ and ® will denote the absolute
endomorphism ring Hom (A4, A) of A and the group of all B-ring automor-
phisms of A, respectively. We now consider some results which can be
proved for Galois extensions A/B.

Proposition 5. Let @Az and OA, be dense in V (B,) and Vy(Bg),
respectively. Let B' be an intermediate ring of A/B left (or right) finite
over B such that A is B"-A-irreducible and A-B'-irreducible. In order that
[B': B);=[B': Blg, it is necessary and sufficient that [V:V(B')]z=
[V: VBl

Proof. If ¢|B'=-v|B' for some vEV" (¢, - =@), we write o|B/~
-| B'. Evidently, the relation ~ is an equivalence relation in &|B’, and the
number of the equivalence classes w.r. t. ~ denoted as (&|B': 17) coincides
with the number of B'y-Az-homogeneous components of (&|B)V, A, as
well as with that of B’;-A;-homogeneous components of (&|B)VzA,.
Hence, by [8, Lemmas 1.3, 1.4, 1.5], we obtain [B': B],=(8|B':V)-
[V:VAB)]z and [B':Blz=(S|B": V):[V:V.4(B)]. Comparing those
above, we readily s=e our conclusion.

Combining Prop. 5 with [9, Cor. 2 (b)], we obtain the next:

Corollary 3. Let J(®, A)=B, and let A be B-V-A-irreducible and
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A-B-V-irreducible. Let B' be an intermediate ring of A/B left (or right)
Jfinite over B such that A is B'-A-irreducible and A-B'-ivreducible. In
order that [B': Bl,=[B': Blg, it is necessary and sufficient that
(V:VABN]e=[V:V(B)]..

The next is a partial extension of [9, Th. 3 (b)].

Theorem 4. Lef a division ring A be Galois over B, and [V : C,] <oo.
If B' is an intermediate ring of A/B left finite over B then [B': Bl.=
[B": Bln

Proof. Since [V : Vi(B)]x<<[B': B].<<oo, we obtain [V:V.(B)]:
=[V :V.4(B")]: by Prop. 4. Hence, by Cor. 3, [B': B], =[B" B]z.

4. The notion of QG-1 extensions

Let © be a (multiplicative) sub-semigroup of A=Hom (4, A).

Definition 1.  is said to be a left (resp. right) Galois semigroup of
A/B if Vy(®)N A, =B, and V(D) ArDBz (resp. V_(D)MN A,DB, and
Vi(9D)NAz=Bz). If  is a left and right Galois semigroup of A/B, we
call © a Galois semigroup of A/B.

Definition 2. Let O be a left (resp. right) Galois semigroup of A/B.
If A is B-V-A-irreducible and $A; is a subring of % (resp. A is
A-B-V-irreducible and A, is a subring of ), then we call A/B a left
(resp. right) QG-1 extension with respect to ©, and D a left (resp. right)
Galois semigroup belonging to the left (resp. right) QG-1 extension A/B.
Moreover, if A/B is a left and right QG-1 extension with respcet to a
Galois semigroup 9 then we call A/B a Q G-1 extension with respect to 9.

Finally we shall present a proposition which is useful in our considera-
tion.

Proposition 6. Assume that A/B is a left QG-1 extension w.r.t. a
left Galois semigroup O containing V. Let M be a B-B-submodule of A
possessing a linearly independent finite left B-basis.

(@) (DIM)Vy possesses a linearly independent Vp-basis that forms at
the same time a linearly independent Ap-basis of (9| M)Ag, so that there
holds [M:Bl,=[(DIM)Ar: Apla=[(®|M)Vz: Viln

(b) Let B be a division ring, and a a non-zero element of M. The
right V-module aDVyr possesses a linearly independent right V-basis. In
particular, if [M: Bl;,=aDVs: Vg thenn M=BaB.

Proof. (a) is escentially [9, Lemma 6], and the argument used in
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the proof of [6, Lemma 2.2] enables us to obtain the remaining.

5. Left QG-1 extensions of division rings

In the present section, we shall state without proof the extensions of
[4, Th. 1] and [4, Th. 2] to left QG-1 extensions of division rings. In
fact, by the validity of Prop. 6 and [6, Lemma 6.6], the respective proofs
of them proceed in the same way as those of [4, Th. 1] (and {4, Cor. 2])
and [4, Th. 2] did.

Theorem 5. Let a division ring A be a left QG-1 extension of B,
and [B:Z]= oo. If M is a B-B-submodule of A left finite over B then
M=BaB for some aE M.

Theorem 6. Let a division ring A be a left QG-1 extension of B,
and [B:Z]=oo. If A/B isleft algebraic then it is left locally finite.

Remark. In [5, Th. 1), we have seen that if A/B is Galois and left
algebraic and of bounded degree then [A:B] <<eoo. However, the follow-
ing example shows that [5, Th. 1] can not be extended to QG-1 exten-
sions. Let @ = GF(p) (p a prime), and x, », 2, - an infinite number of
indeterminates. If B=d(x, y, 2, ---) and A=# (""", y'?, 27 ---) then A/B
is not finite dimensional but algebraic and of bounded degree.
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