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SOME ARITHMETICAL PROPERTIES ON
2 X2 INTEGRAL MATRICES

Takeo FUNAKURA and Nosuakt MORIMOTO

0. Introduction. We use Z for the set of all integers and M,(Z) for
the set of all 2 X2 integral matrices. A matrix A in M,(Z) is called a quad-
ratic residue modulo a prime number p if the congruence

(*) X? = A(mod p)

has a solution in My(Z). Let |A| and ir A be the determinant and the trace
of A respectively. We denote the zero matrix by O and the unit matrix by E.
We define the functions Y, on Z by

n .
(—) if pta
Xen) = |\ P for any odd prime number p,
0 if pla
1 if 2/4n
Xln) =
0 if 2|a,

where (?) is the Legendre symbol. In this paper, an integer n is called

a quadratic residue modulo p if x* = n (mod p) has a solution in Z. Namely
n is a quadratic residue if and only if y,(n) = 0 or 1.

The aim of this paper is to study some analogies on M,Z) to some
arithmetical properties on Z related to quadratic residues. To the question
“Does the Hasse principle apply in M(Z)? ”, we shall answer in Section 2.

If an integer is a quadratic residue modulo p for almost all prime
numbers p, then it is a square of an integer. We shall show in Theorem 3
that if a 2 X2 integral matrix is a quadratic residue modulo p for almost all
prime numbers p, then it is a square of a rational matrix but not always a
square of an integral matrix. Every integer is congruent to a sum of two
squares modulo p for all prime numbers p ; this result remains true if
“integer” is replaced by "2X2 integral matrix”. See Theorem 6. Corre-
sponding to the Lagrange theorem that every positive integer can represented
as a sum of four squares of integers, it will be proved in Theorems 7, 8, and
10 that every 2X2 integral matrix can be represented as a sum of two
squares of rational regular matrices, as a sum of three squares of integral
matrices, and also as a sum of four squares of integral regular matrices.

135
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Theorem 8 already occurs in Carlitz [1], Griffin-Krusemeyer [3], and New-
mann [4]. Our proof is somewhat simpler than the previous proofs. Further-
more we shall give in Theorem 9 a necessary and sufficient condition that
a 2 X2 integral matrix can be represented as a sum of two squares of integ-
ral matrices. Also, as to products of squares, we shall obtain some results
in Corollary 2 and Theorem 5.

1. The summary of Rosenfeld’s result.

"Theorem 1. Let p be any prime number. The number of incongruent
solutions of ( *) is as follows.

(i) If A is congruent to a scalar matrix, that is, A = nE (mod p) for
some n in 7, then the number is

P+ X2 tr A)p+ 22 tr A) + xlp).
(i1) Otherwise, the number is

mmzo',d m){,,(trA-i-;?n)()(p(trA-l-.?n) + x(p)).

n? =141

Proof. The assertion (i) is Proposition 1 of [6]. The assertion (i)
follows from Propositions 2, 3 and 4 of [6].

Theorem 1 yields a criterion for quadratic residues on M,(Z). This
criterion appears in [2].

Corollary 1. Let p be any prime number. A 2X2 iniegral mairix A is
a quadratic residue modulo p if and only if either (i) or (ii) holds.

(i) A is congruent to a scalar matrix modulo p.

(ii) There exists an integer n such that

|A| = n*(mod p) and xf{tr A+2n) =1,

Corollary 2. Let p be any odd prime number. A 2 X2 integral matrix
is congruent to a product of two squares of integral matrices modulo p if and
only if its determinant is a quadratic residue modulo p.

Proof. 1If there exist X, Y such that A= X?Y? then [A| = |X |*|Y |,
which implies ¥{|A4]) # —1.

Conversely we assume that there exists an integer n with |4 | = »%. If
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m, = tr A+2n does not vanish then m,A satisfies (ii) of Corollary 1, so
that m, A = X for some X in M,(Z). Putting Y = ((1) g), where ym, =1,

we get A = X*Y?, The case when m_ = tr A—2n does not vanish is similar
to the above, If both m, and m_ vanish, then #r A=0 and |A| = n* =

Then both the (1, 2)-entry and the (2, 1)-entry do not vanish if A # 0.
Suppose now that the (1, 2)-entry denoted by b does not vanish. Putting

B= (4}) (1)), we have |[BA| = 0 and #r BA = (2b)?, so that by Corollary 1

2
there exists Y such that BA = Y% Since B! = (—‘}Zb (1)) = X* we have

A= X*Y? If the (2, 1)-entry does not vanish, then applying the above to the
transposed matrix ‘A, we obtain A = X*Y?, that is, A = ('Y)*(*X)%

Corollary 3. Let p be an odd prime number. The set of squares in the
general linear group GL(2, p) over the finite field Z/pZ generates a subgroup
of index 2.

Proof. This follows from Corollary 2.

Remark. It follows from Proposition 5 and Lemma 1 of [6] that the
ratio of the number of squares in GL(2,p) to the cardinal number of
GL(2,p) is 3/8+0(1/p) and that such a ratio in My(Z)/pM,(Z) is also
3/84+0(1/p), where O( ) is the Landau symbol.

2. The Hasse principle on quadratic residues. As to this notion, see
pages 76 and 112 of LeVeque [8].

Theorem 2. Let a be an integer.

(i) The density of prime numbers p with Y{a) =1 is1 if a is a
square of an integer, and 1/2 otherwise.

(ii) The density of prime numbers p with ¥{a) = —1 is0 ifa is a
square of an integer, and 1/2 otherwise.

Proof. See Proposition 14 of Chapter VI of Serre [7].

Theorem 3. A 2X2 integral matrix is a quadratic residue modulo p for
almost all prime numbers p if and only if it is a square of a rational matrix.
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Proof. The sufficiency is clear.
The necessity : If there are infinitely many prime numbers p such that
(1) of Corollary 1 holds, then there exists an integer n such that A = nE,

and so A:(On

10
finitely many prime numbers. Then (ii) of Corollary 1 holds for almost all
prime numbers. Since X{|A|) =0 or 1 for almost all prime numbers p,
we see that there exists an integer n such that |4 | = n>. We put

2
). Suppose now that (i) of Corollary 1 holds for only

P,=|p: xm.) =1, (p,m,m_) =1}
P_.=lp: x(m.) =1, (p,m.,m.) =1},

where m, = tr A+2n and m_ = tr A—2n. If neither m, nor m_ is a square
of an integer, it follows from Theorem 2 that P. and P. have density 1/2.
On the other hand, the union P.UP_ has density 1 since either Y(m,) =1
or Ys(m-) =1 for almost all prime numbers p. Therefore the intersection
P,NP_ has density 0. Hence the symmetric difference P,4P_ has densi-
ty 1. But we have

Zp(m+m—) = X{m,) XD(m—) = -1

for all p in P, 4 P_. Since the density of all prime numbers p with
XYo{mem_) = —1 is 0 or 1/2, we obtain a contradiction. Hence either m,
or m_ is a square. Such an integer is denoted by m®>. Then we get

(2] (T )

which implies the necessity.

The following lemmas assert that we can not replace “for almost all
prime numbers p” by "“for all prime numbers p” and “a rational matrix” by
“an integral matrix” in Theorem 2.

Lemma 1. Let p, be any prime number. There exist infinitely many

integral matrices which are quadratic residues modulo p for all prime numbers
p F po but not modulo p,.

Proof. We consider

= ren?ilel
Potq p'—2q+1/
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Then
trA=p—2¢+2 and |[A] =(¢g—1)%
Putting n = ¢g—1, we see
|A| =n?, trA+2n=p,, and irA—2n = p,"—4q¢+4.

By Corollary 1, A is a quadratic residue modulo p for all prime numbers
p # po. Now

Yoltr A+2n) = 0 and YpltrA—2n) = Yol —4q+4),

so that integers q with Y,{(—¢q+1) = —1 give this lemma if p, is odd. If
po = 2, then A is a quadratic residue modulo 2 or not according as q is even
or odd.

Lemma 2. There exist infintely many matrices which are quadratic
residues modulo p for all prime numbers p but not squares of integral matrices.

Proof. Let A be as in Proof of Lemma 1 and p, an odd prime number.
Then integers q prime to p, which satisfy both ¢ > (p,"+3)/4 and %1 —q)
=1 give this lemma. Indeed A is also a quadratic residue modulo p,. Fur-

2
thermore assuming that A = (: i ) in My(Z ), we have

(1) P +yz=1

(2) (x+w)y=po—q
(3) (x+w)z = potg
(4) wityz = pf—2q+1.

Calculating (2)+(3), (2)—(3) and (1)—(4), we get

(x+w)(y+z) =2p,, (x+w)ly—2z) = —2q,
(x4+w)x—w) = 2¢—p.’.

The greatest common divisor of 2p,, —2q, 2¢—ps° is 1, so that x+w =
+1. Therefore

y+z= £2ps, y—z= F2q, x—w= £(2¢—ps),
which lead to

+(1—ps’+2¢)/2, y= +(po—q),
z = +(po+gq), w= +(1—ps°+2q)/2.

I
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Substituting these into (1), we obtain
(po’—1)(pe’—4¢+3) = 0.

This contradicts to our assumption on p, and q.
Summing up Theorem 3 and Lemmas 1 and 2, we obtain

Theorem 4. Let M,(Z)* and M{Q)? be the sets of all squares of
integral matrices and of rational matrices respectively. Let M(Z)?% be the set
of all quadratic residues modulo a prime number p. Then the following relation
of inclusion holds ;

M{Z)* = () M{Z); S Mi(Q)* N MAZ) & MiZ),
where p runs over all prime numbers.

Applying Theorem 3 to Proof of Corollary 2, we obtain

Theorem 5. A 2 X 2 integral matrix is represenied as a product of iwo
squares of rational matrices if and only if its determinant is a square of an

integer.
. 00 10 00 11
In the case of modulo 2, the matrices (0 0}, (0 0)’ (0 1), (0 O)’

(1 0) (1 O) (0 1) (0 0> (1 1) (0 1) form a representation system
1o/wi1) o)\t lto)l11 opres d

of the quadratic residue classes. These generate a multiplicative semi-group

of order 13 in My(Z)/2M,(Z). The semi-group contains classes of (8 (1)>

((1) 8)’ G }) but not of ((1) i>, G (l)) ((1) é) We remark that for

every integer n, the matrix (2n0+1 2n1 +1), whose determinant is equal to

a square (2n+1)% can not be represented as any product of squares of

integral matrices.

3. Some analogies of the Lagrange theorem. Let p be an odd prime
number. If p =1 (mod 4) and p + 5 then every integer modulo p is congruent
to a sum of two incongruent squares of integers prime to p, and if p= 3
(mod 4) and p == 3, 7 then so is every integer prime to p. In the case of
M,(Z), we have
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Theorem 6. Let p be an odd prime=5. Every 2X2 integral matrix
modulo p is congruent to a sum of two incongruent squares of integral matri-
ces whose determinants do not vanish modulo p.

Proof. We have two identities

AA—(tr A)A+|A|E=0
A+ 2xA+LE—(A+xE)? = 0.

Their difference yields

(1) (2x+trA)A=(A+xE)'+(|A| —2)E.

If there exists an integer x such that

(2) x(2x+ird) =1, £—|A| #0, and |A+zE| #0,

then putting

.2

where y*(2x+ir A) =1, we obtain

(3) A =X’+7Y*(modp), where |X|, |Y| are prime to p and X* = Y2,
We note that X* = Y? if and only if (A+xE)* = (|A| —x*)E if and only if
A is congruent to a scalar matrix. Let m(p) be the number of x (mod p)
such that x* = |A | or |A+xE| =0 and let n(p) be the number of x (mod p)
such that y,(2x+trA)=1. Ilfp=11, then m(p) <4 and n(p) = (p—1)/2
> 5, so that m(p) < n(p). Therefore there exists x satisfying (2). In the
case of p= 7 : If A (mod 7) satisfies one of the following properties ; (i)
x:(|A]) =0or —1, (ii) the eigenvalues do not belong to Z/7Z, (iii) the
eigenvalues are equal to each other, then m(7) < 2 and n(7) = 3. Thus the
rest is similar. Otherwise the eigenvalues of A (mod 7) are given by a
(mod 7), b (mod 7) such that a = b (mod 7) and y,(ab) = 1. Here if A is
not a quadratic residue, then A = 3A+5A gives (3). If A is a quadratic
2 2
residue, say A = B?, then one of A= (2B+((i) 8)) +(ZB—(? 8)) for
i=1, 2, 3gives(3). Inthecaseof p=5:If |A+E| *0, |[A—E| £0
and A’+E == O then we can take X=A—E, Y= 2(A+E) in (3). If
|A—E| = 0 then the eigenvalues of A (mod 5) belong to Z/5Z and one
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eigenvalue is congruent to 1. If the other is congruent to 1, 2, or 3, then
we can take x = 2, 4, or 1 in (2) respectively. If the other is congruent to
4 then A = 2A+4A gives (3), and if the other is congruent to 0 then 4 =
(A+3B)*+(B+E)*, where (2E+A)B=4E, gives (3). If |A+E|= 0,
then [(—A)—E| =0, andso —A4 = X*+Y?, thatis, 4 = (2X)*+(2Y)%
If A’+E = O then 34 is a quadratic residue, say 34 = B?, and so one of

A= (B-f-(? 8)>2+(B—(? 8))2 fori =1, 2 gives (3).

In the case of p = 3, (3) holds if and only if A is not congruent to any

one of E, i(? g), i(} é), i(é g) But they are congruent to twice

squares with determinants prime to 3. In the case of p = 2, every integral
matrix is congruent to a sum of two squares of integral matrices. But an
integral matrix is congruent to a sum of squares with odd determinants if and

only if it is congruent to O, E, G (1)), ((1) i) In parallel with Proof of

Theorem 6 in the case of p = 11, we can prove

Theorem 7. Every 2X2 integral matrix is represented as a sum of two
distinct squares of rational regular matrices.

We shall see from Theorem 9 that "rational matrices” can not be
replaced by “integral matrices” in Theorem 7 even if the restriction “dis-
tinct and regular” is removed. Also, see [3] and [5]. By(1) in Proof of
Theorem 4, we get

2
Lemma 3. A=(A—mE)=+(0|A| m

2 .
1 0 ) , where m= (ir A—1)/2.

Lemma 4. IfA= B+ C? then 2A=(B+C)*+(B—C)~
Lemma 5. If A=0{(mod 4) then A= B*+ C* for some B, CE MJXZ).

Proof. Put A' = % A, then A’ belongs to My(Z). By Lemma 3, we get
Pl 2\2
A= (2A’—mE)2+((1) 4|Ao| " )

where m= tr A'—1.
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Theorem 8. Every 2X2 integral mairix is represenied as a sum of
three distinct squares of integral matrices.

Proof. The case of tr A=1 (med 2) is obvious from Lemma 3. If
tr A= 0 (mod 2) then tr(A—X?) =1 (mod 2), where X = (213_1 8) By
applying Lemma 3 to A—X?, we get A—X* = Y*+Z* for some Y, Z in
My(Z), that is, A = X*+Y*+ Z°

Theorem 9. An2 X2 integral matrix A is represented as a sum of two
squares of integral matrices if and only if A is not congruent modulo 4 to any
one of

(1 O) (1 2) (1 0) (1 2) (3 0) (3 2) (3 0) (3 2)
03,703/ \23/\23/\01/7\01/)\21/1\21/)
Proof. We divide the proof into nine cases.
(i) #rA=1 (mod 2). Then it is obvious from Lemma 3.
(ii) tr A=0(mod 2) and 5 =1 (mod 2). Then
(a b) _ (1 (b+1)/2)2+((a—d)/2 (b—1)/2 )2
cd/  \e 0 c—e 1—(a—d)/2
where e = a—1—(a—d)*/4—(b—1)¢/2.

(iii) tr A= 0 (mod 2) and ¢ =1 (mod 2). Then the transposed matrix
A satisfies (ii).

(iv) tr A=2(mod4) and a=b=c=d=0 (mod 2). Then A’=%A

belongs to M,(Z) and satisfies (i). Therefore this case follows from
Lemma 4.
(v) trA=2(mod4), a=d=1(mod 2) and b= ¢ =0 (mod 2). Then

(ea) = (7 Zan) (20T

where e = (a—d)*/8—(d—1)/2+ bec/4 + /2.

(vi) #rA=0(mod4) and a=b=c=d= 0(mod4). This case fol-
lows from Lemma 5.

(vii) trA=0(mod4), a=c=d=0(mod4), and b= 2 (mod 4).

Then A' = %A belongs to M,(Z) and satisfies (ii). Therefore this case

follows from Lemma 4.
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(viii) tr A=0(mod4), a=b=d=0(mod4), and ¢ = 2 (mod 4).
Then ‘A satisfies (vii).

(ix) The remainder case that tr A= 0 (mod4), a=d=1 (mo
and b = ¢ = 0 (mod 2) is equivalent to (a, b, ¢,d) =(1,0,0,3), (1,0,2,3),
(1,2,0,3),(1,2,2,3), (3,0,0,1), (3,0,2.1), (3,2,0,1), or(3,2,2,1)

(mod 4). We assume now that for some x,, x; in Z,

(a b) _ (1‘1 Iz>2 (,}'1 y:)’
= + :
c d X3 X Y3 Y4
Since x’+y.*—x’—y’= a—d=2(mod 4), we must have either x, =
nw=1l 2z, =y, =0(mod2)orx;, =y =0, x, =y, =1 (mod 2), so that

x+x = y,+y, =1(mod 2). Therefore it holds from 4 = ¢ = 0 (mod 2)
that x, = y,, x; = y;(mod 2). We obtain a contradiction

[aW

1 = a= x;z+y12+xz.):3—|—y2y3 = 0 (mOd 2).

The proof is completed.

We see from Theorem 9 that the “three” in Theorem 8 is the best
possible value.

Every positive integer greater than 169 is represented as a sum of five
squares of non-zero integers. Analogously we have

Theorem 10. Every 2X2 integral matrix is represented as a sum of
Sour distinct squares of integral regular matrices.

Proof. Suppose now that ir A= 1(mod 2). Put m= (#rA—1)/2 and
n= |A|—m’. These are integers. If |A—mE|# 0 and n# 0 then by
Lemma 3, we obtain partitions of A into squares of integral regular ma-
trices,

a=(A—mEy+(] 8)
= (a—mey+(] %) () 1)
=(A-—mE)2+<(1) 6‘)2+ g é)z+((l) _Ol)z.

If | A—mE | =0 and the (1, 2)-entry of A denoted by b is not 0, we set B=

2
A_G: (1)) , where k is a fixed integer such that k# (¢r A—1)/2b. Put

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 27/iss1/20
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m = (tr B—1)/2 and n' = | B| —m?® These are integers as tr B= tr A—
2 =1 (mod 2). Applying Lemma 3 to B, we obtain partitions of A into
squares of integral regular matrices,

1oy
A_B+(k 1)

- (y )+ 1)

p 2 02n>2 (O —n')2 (1 0)2
= (B mE)+(l o, T o 1)

because | B—mE|= —2b# 0 and n' = 2bk—tr A+1 # 0. If the (2,1)-
entry is not 0, then applying the above consideration to the transposed matrix
‘A we get a similar result. If both the (1, 2)-entry and the (2, 1)-entry are

0, then A= (O _?_1) (g agl) for some integer a. Then we have

6 ar) =70 o s) +o s
-3 )+( +o
-5 ) 0 1) +(0s

(7 26) 39 (4 ) +o 1)

Substituting a—1 for a and exchanging the (1, 1)-entry and the (2, 2)-entry

a—
a—

18
25

in the above equality, we obtain similar partitions of (O 0 1 )
a—

Therefore if ir A=1 (mod 2), then A can be represented as sums of
three and also four distinct squares of integral regular matrices.

— (2. 0
If trA=0 (mod 2), then A (0 9)41

matrix is represented as a sum of three squares, that is, A is represented

2
) has an odd trace, so that the

as a sum of four distinct squares of integral regular matrices.
The proof is completed.
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SOME ARITHMETICAL PROPERTIES
ON 2x2 INTEGRAL MATRICES

(This Journal, Vol. 27, pp. 135—146)
Takeo FUNAKURA and Nosuaki MORIMOTO

Page 136, line 12. For “p’+ x,(2trA)p+ xo(2trA) + x2(p)”,
read “p’+ x,(2trA)p”.
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