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SOME RESULTS ON H-AZUMAYA ALGEBRAS
ATSUSHI NAKAJIMA

Let R be a commutative ring with identity, and let H be a finite
Hopf algebra over R. In [3], F. Long defined the notion of an A-Azumaya
algebra over R as a generalization of an Azumaya algebra over R. In
this paper, we shall give some elementary properties of H-Azumaya
algebras.

0. Preliminaries. Throughout this paper, R is a fixed commutative
ring with identity, each & is taken over R and each map is R-linear
unless otherwise stated. Moreover H is a commutative cocommutative
Hopf algebra over R, ¢ and . denote the counit and comultiplication
maps of H respectively, and the action of 4 is denoted by 4(k) =
T oh® ® K2,

An R-algebra A is called an H-module algebra if A is an H-module
such that the H-action map v: HQ@ A —> A is an R-algebra map, that
is, for he H, a, b A,

0.1) hab) = Zo(EPa)(h®b) and k(1) = (k) 1.

Similarly an R-algebra A is called an H-comodule algebra if A is an
H-comodule via X: A—> A® H such that X is an R-algebra map,
that is, for ¢, b= A,

(0.2) X(ab) = Tiw. 2a®b® Q@ a6 and X(1) = 1.4 1a,

where X(a) = X,a® @ a®. An R-algebra A is called an H-dimodule
algebra if A is an H-module algebra and an H-comodule algebra such that
the following diagram commutes

y
HYQA——— A

0.3) 1®% l l%

HRARH— AQH
+Q@1

For an H-module algebra A and an H-comodule algebra B, the smash
product A4 B is equal to A @ B as an R-module but with multiplication

(0. 4) (a: % b)) (a, # b,) = Z(bl)al(bx(l)az) # 5,b,.
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Moreover by [3, Th.3.3], if A and B are H-dimodule algebras, then
A# B is an H-dimodule algebra with the structure

(0.5) h(a # B) = D, (hPa) # (h©B)
and
(0.6) X(@ #8) = Dar.cr a® # 5P ® 2B

For an H-dimodule algebra A, we define A to be the R-module A4
with multiplication given by

(0. 7) a- 3 = Z(a) (a(l) b)a(l))

and with H-actions inherited from A. Then A is really an H-dimodule
algebra ([3, Th.3.5]).

1. H-Azumaya algebra. In the following we shall always assume
that A is an A-dimodule algebra.

Definition 1.1. An R-module M is called an H-dimodule left A-
module if the following conditions are satisfied.

(1) M is an H-dimodule and a left A-module.

(2) hlam) = g, (5P a) (B m) (heH ac A me M),

(3) x(am) = X(a) X(m).

An H-dimodule right A-module is defined similarly.

Clearly the H-dimodule algebra A is an H-dimodule left A-module
and an H-dimodule right A-module.

Now we define two maps

F: A% A —> End (4)
G: A$ A—> End (4)>*
by
F(a #D)(c) = Zma (5Pc)p®
G(@a#b)(c) = X(cPa)cb.

By [3, Prop. 4.1}, F and G are H-dimodule algebra maps. Then A
is a left A # A-module via

(@, b, ce A)

(1.1) (a % B)x = X (6Px)b®
and a right A # A-module via
1.2) x(@ 4 b) = X (xPa)x 8.
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Definition 1.2. ([3, Def. 4.2]). An H-dimodule algebra A is said to
be H-Azumaya if it is a finitely generated projective faithful R-module
and both F and G are isomorphisms.

Lemma 1.3. A is an H-dimodule left A% A-module.

Proof. It is clear that A is an H-dimodule and left A # A-module.
Moreover since H is commutative and cocommutative, we have

h((a # B)x) = h (T wa(bV2)b®) (by (1.1))
= X oA @) (B2 (6 ) HP ) (by (0. 5))
= Tw.o(APa) (B (B x))(RPH)
= Znl(h®a) # (5PB)(hx) (by (0.3), (1.1))
= Zm(h(a $ ) (hPx) (by (0. 1)).
This shows Def. 1.1 (2). Next, since H is commutative and cocommutative
we have
X((a #D)x) = LoX(@)X (B x)X(5) (by (1. 1))

= Y @.@waP(0Px®)b® @ aPxVp® (by (0.2), (0. 3))
= (Zwo(@® 4 5% ® (@b) (Tex® @ 2P (by (0. 6))
= X(a % b)X(x) (by (0. 6)).

This shows Def. 1.1 (3). Hence A is an H-dimodule left A # A-module.
Similarly we have the following

Lemma 1.3'. A is an H-dimodule right A% A-module.

Definition 1.4. Let M be an H-dimodule left A # A-module, and
N an H-dimodule right A% A-module. Given a subset S of A4, we set

MS=me M|(s4T)m=14%35m forall se< S},
SN ={ne N|n(lés)=n(5#1) forall s S}.

Lemma 1.5. Let M be an H-dimodule left A% A-module. Then
the map ¢: Homy;:(A, M) —> M? defined by &(f) =f(1) is an R-module
isomorphism.

Proof. For f = Hom,.i(A, M), ac= A and m € M*, we have
(a#T)f(1) = (a4 D1) = f(a) = f(1 4a)1) = (L $2)f(1).

Therefore, ¢ is well defined and monic. Now, for any m & M4, we
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put fulx) = (x#1)m (x € A). Then

(@ $ B)fn(x) = (Zna(b®x) # 5P)m (by (0.4), (0.7)
= Zo(a(6x) $ T)(1 # ™)m (by (0. 4), (0.7))
= Z(a(6Px) $ T)(6® $ Tym (by m & M*)
= (Zox(@(dx)b) 4 1 )m (by (0. 4), (0.7)
= fm((a # -E)x).

Therefore f. isin Hom,,i(A, M), thatis, ¢ is an epimorphism.
Similarly, we have

Lemma 1.5'. Let N be an H-dimodule right A% A-module. Then
the map ¢': Homi,s (A, N)—> “N defined by d'(f) =f(1) is an R-
module isomorphism.

Corollary 1.6, (1) Hom.,i(A, A) = A* as R-modules.
(2) Homz, (A, A)="*A as R-modules.
Now we shall generalize the notion of a separable algebra in the next

Theorem 1.7. Ifn: A% A—> A is defined by n(a $T) = ab, then
the following are equivalent.

(1) A isleft A4 A-projective.

(2) There exists an element 0 in A% A such that =(0) =1 and
(@#1)0 = (13a) forall a = A.

Proof. First, we claim that = is a left A # A-module epimorphism.

In fact,
7((x # 7)(a 4 ) = 2(Zex(yPa) # (yPb)y®) (by (0. 4), 0.7))
= T (yPa)(yPo)y®
= Zax(y(ab))y® (by (0.1))
=(x47n(a$?).

(1)=(2). Since A is left A% A-projective, there exists a left
A # A-module homomorphism j: A—> A% A such that zj=0. If we
put @ = j(1), then 6 satisfies the condition (2).

(2)=(). Weput 0 =734, 45 anddefinedamap j: A—> A A
by jl@) =(e#1)9. Then

(x #3)j(a) = Ziax(y®(aa))) # (yPb)y® (by (0.4), (0.7)).
Noting that (y£1)6 = (1#3)0 for all y € A, we have
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(1.3) 2iya # b = TiayPa # (yOb)y® (by (0. 4), (0.7))
and
Jx#3)a) = i wx(y® a) yPa. 4 & (by (1.1))
= 2Lpx(yCa) # I)(yPa, 4 b)) (by (0.4), (0.7)
= Tra(x(3®a) $ D(yPa: # (yPb)y®  (by (1.3))
= X .ax(yPa)(yPa;) # (yPb,)y™ (by (0.4), (0.7))
= Zax(yP(aa)) # (yPb)y® (by (0. 1))
= (x 43)j(a) (by (0. 4), (0.7)).

Therefore j is a left A # A-module homomorphism, and =j = 1. Hence
A is left A# A-projective.

Similarly, we have the following

Theorem 1.7. If #': A$4A——> A is defined by =' (@4 b) = ab,
then the following are equivalent.

(1) Aisright A# A-projective.

(2) There exists an element 0' in A% A such that @' (§') =1 and
0(T4a)=0(@#%1) forall a < A

Theorem 1.8. The following conditions are equivalent.

(1) A is an R-progenerator and F: A% A —> End(4) is an
isomorphism.

(2) A isaleft A% A-progenerator and A* = R,

Proof. (1)=>(2). Since A is an R-progenerator and the map
F: A A—>End(4) is an isomorphism, A4 is a left A # A-progenerator
by [1, Cor.I1.3.4]. Hence, by Cor.1.6 (1) we have

R= Homgndu)(A, A) = HOIn_.;;_;(A, A) == AA.
(2)=>(1). This is clear by [1, Cor. I.3.4].

Similarly we have

Theorem 1.8'. The following conditions are equivalent.

(1) A is an R-progenerator and G: A § A—> End(A)™ is an isomor-
phism.

(2) A isaright A4 A-progenerator and A = R.

Remark 1.9, Let Z(A) be the center of A, and let Z(4A)% =
{z € Z(A) |\ hz = e(h)z for all h & H}. Then for any z& Z(4A)¥, ac A,
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we have

(1#a)z = ZaaV2)a® = Tufe(@a®)2)a® = 2(Zare(a)a®)
=za=az= (a$1)z

Therefore R C Z(A)" © A*. On the other hand, since
Gi(2) = T (a2) (@®1) = z2a = az = Gr..(a),

we have z#1 =142z provided G is an isomorphism. Especially if G
is an isomorphism and A is an R-progenerator, then z isin R. Hence
if A satisfies the condition in Th. 1.8 or Th. 1. 8/, we have R = Z(A)".

As a combination of Th, 1.8, Th.1.8 and Remark 1.9, we readily
obtain the following

Theorem 1.10. The following conditions are equivalent.
(1) A is H-Azumaya.
(2) A is left A# A-progenerator, right A% A-progenerator and
A’ = R = Z(AY" = *A.

2. Examples. In this section we shall give two examples of H-
Azumaya algebras for which the Morita equivalence is also valid.

Let R-MOD be the category of H-dimodules and H-dimodule homo-
morphisms and let A # A-MOD (resp. MOD-A # A) be the category of
H-dimodule left A% A-(resp. right A # A-) modules and H-dimodule left
A % A-(resp. right A # A-) module homomorphisms.

2.1. Let G be a group of order 2, and H = RG, the group algebra
of G over R. If A is an H-dimodule algebra, then for any a € A4,
we have

Xa)=a Qe+ a, Qe

where X is the comodule structure map of A4 and G = {e, a} (¢* = ¢).
Therefore for any @, & A, we have

2.1) a=a,+ a, (unique) (ay, @, € A),
(2- 2) (ab)o = a@oby + @10y, (ab)l = @yb; + a1b,,
(2.3) (0a)y = o(a,), (0a), = o(a,) .

Throughout this subsection, we shall assume that = RG, A is an
H-dimodule algebra and that M (resp. N) is an H-dimodule left A # A-
(resp. right 4 # A-) module.

Now, for Hom,.i(A, M) and Homjz,.(4, N) we define
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(@, 4) { (af) (@) = of (0a) (f € Homy. (A, M), a € A),
X)) =f Qe+ fiQa where fia) = (e41)f(1) (=1, 2),
(2.5) { (of) (a) = o(f(0a)) (f € Homi;4(A, N), a € A),
XN =fiQ@e+rfiQe where fi(a) = f()(14a) (i =1, 2),
respectively.

Proposition 2.1. Hom, :(A4, M) (resp. Homjz;4(A, N)) is an H-
dimodule concerning the structure (2. 4)(resp. (2. 5)) and Hom,; (A, M)=M*
(resp. Homiy, (A, N)==*N) as H-dimodules, where the H-dimodule struc-
ture of M" (resp. *N) inherits from M (resp. N).

Proof. First, we prove that M* is an H-subdimodule of M. Let
meE M, ac A. Then o((6a £ 1)m) = ¢((1 # 5@)m), and so om isin M.
Since (a;#1)m = (1 %a)m (i =1, 2), we have X((a; # I)m = X((1% a.)m).
By (2. 1) we obtain m,, m, & M®. Thus M" is an H-subdimodule of M.
Similarly ‘N is an H-subdimodule of N.

Since M is an H-dimodule left A # A-module, f(1) € M* and f(1):
e M* by Lemma 1.5. Now we can easily seen that Hom,. (A4, M) is an
H-dimodule. It remains therefore to show that the map ¢ : Hom,; (A4, M)
—> M' defined by ¢(f) = f(1) is an H-dimodule isomorphism. But this
is easy by the definition of f; and Lemma 1.5. Similarly Homj;.(A4, N)
= 4N as H-dimodules.

Remark 2.2. The Morita theory for Z/2Z-graded case (resp. G-
graded case) is developed in [2] (resp. [5]). In [2] (resp. [5]), if we
define the G-action on A by oz =a (¢ E G, a = A) then each Z/2Z-
graded (resp. G-graded) Azumaya algebra is an H-Azumaya by [3, p. 588].
Therefore the following theorem is a generalization of the Morita theory
for Z/2Z-graded case. (Recently in (4], M. Orzech announced that a
Morita theory for G-dimodules is developed by M. Beattie, )

Theorem 2.3. If A is H-Azumaya, then each of the following pairs
of functors establishes an isomorphism of categories :
Z : RMOD — A# AMOD ¥ (X) = ARX,
& . A AMOD —> R-MOD, £(Y) = Y4,
2 RMOD —> MOD-A$ 4, %#(X)=XQ 4,
< : MOD-A 4 A—> R-MOD, ZL(Y) = 1Y.

(1)

(2)

Proof. We shall prove only (1), and leave (2) to the reader. Since
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A is an R-progenerator and A # A = End(A4), by Morita theory [1, Prop.
1. 3. 3] there hold
Hom,;5(4, A# A) =Hom(A, R) and R = Hom(A, R) .;i4.

Thus we have

X=Hom(4, R)® ,.:(AQ X)=Hom,;i(4, A4 A) R.::(AR X)

= HOHIA:,I(A, At A ®AIZ(A ® X))
(by [1, 1.2.7])

= Hom,; (4, AQ X)=(AQ X)*
(by Prop. 2. 1),

and similarly

Y=AQHom,; (4, A4 4)R::Y=AQ Hom,, (4, A% AR,.1Y)
= AQ Hom,;i(A4, Y)= AR Y*
(by Prop. 2.1).

2,2. Let R be a commutative algebra over GF(2). Let H=R®Rs
be a free R-module with a free basis {1, 4}. Then H is a Hopf algebra
with the following algebra and coalgebra structure

2=0, 3)=0 JN=/Q1+1Ra.

If A is an H-dimodule algebra, then for any ¢, » € A, we have

(2.6) o(ad) = (da)b + a(5b),

@7 Xa)=a@®1+a @4, X@) =a,@1 (a, € A),
(2.8) (ab), = ab, + a,b,

(2.9) X(0a) = da @1+ da; ® 6, (0a), = da,.

Throughout this subsection, we shall assume that H=RP R5, A
is an H-dimodule algebra and that M (resp. N) is an H-dimodule left
A # A-(resp. right A # A-) module.

Now, for Hom,, (4, M) and Homj.,(4, N) we define

@ 10) { 6(f) (a) = 6(f(a)) + f(da) (f € Hom., (4, M), a € A),
. X(l=r®1+ Q34 where fi(a) = (@£ 1) f(1),,
@11 { 3f)(a) = 3(f(@) + f(6a)  (f € Homzuu(4; N), a € A4),
. XO=r®1+ Q3 where fi(a) = f(1), (1 #a),

respectively.
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Proposition 2.4. Hom,;:(4, M) (vesp. Homjz;, (A, N)) is an H-
dimodule concerning the structure (2. 10) (resp. (2.11)) and Hom,z:(A, M)
== M*(resp. Homj. (A, N)==*N) as H-dimodules, where the H-dimodule
structure of M* (resp. “N) inherits from M (vesp. N).

Proof. First, we prove that M"' is an H-subdimodule of M. Let
meE M, a= A. Then by s((adT)m) =4((14%a)m) and @Ga41)m =
(14 6a)m, we have m & M'. Moreover, by X((a #1)m) = X((1 % a)m)
and (a, 4 1)m = (1 £a,)m, we have m, € M*. Therefore M* is an H-
subdimodule of M. Similarly “N is an H-subdimodule of N.

Next, we show that Hom,.3i(4, M) is an H-module and an H-como-
dule. Let @, b, x = A, f& Hom,;i(A4, M). Then

(@45) (3)(x) = @# BB 3 1) F (1)) + Gx #T) £ (1))
=@4D)(@xs)fQ) + x#Ds(FQ) + Gx#DF Q)
(by Def. 1. 1(2), (0.5), (2.6))
= (@4#bhxEDa(rQ)

and

3f) (@ 43) x) = o(f (@ 8D)x)+ £ (3((a % )x))
=6(a4b) (x4 f) + (5 (@#B)x + (a4D)dx)
(by Def. 1. 1(2))
= (a4d) (x£1)5(f (1))
(by (0.5), (2.6), f = Hom,.:(A. M)).

Therefore f < Hom,.3:4, M). Moreover,

(@ $8) (fi(x)) = Zen(a(6“x) $ 5)(f (L) (by (0. 4), (0.6))
= Zw(@(®x) # 1) (1 # 5) (f (L) (by (0. 4), (0.6))
= Za(dPx) #1) 6 # 1) (f (), (by f(1), € M)
= D a(dCx)b® # 1) (f (1) (by (0.4), (0.6))
= f1 (Zw a(6P2)b™) = f, ((a $ ) x).
Hence we have f, € Hom,;i:(A, M). Then it is easy to see that

Hom,; (A4, M) is an H-module and an H-comodule. It remains therefore
to show that Hom,; (A4, M) is an H-dimodule. In fact, we have

@f) (x) = 6(f1 (@) + f1(6x) = o((x # T) (f (D)) + @x # D) (F (D)
=@E#D (D) (by (0.5), Def. 1.1(2))
= (x#1) (@) M = (@ (=),
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and X(@f) =f®1 + £, ®4+. Hence Homy,y ;(4, M) is an H-dimodule.
Finally, we show that the map ¢ : Hom,;i(4, M) ——> M* defined
by ¢(f) = f(1) is an H-dimodule isomorphism. In fact,

daf) = (8f) (1) = of (1) + £ (61) = af(1) = 6¢(f)
and
XA N=x(fA)=OR1+ (W) R®s=rf1IQ1+ fL(LHRXR4
=(p @ 1)X(f).

Hence ¢ is an H-dimodule isomorphism by Lemma 1.5. Similarly
Homj;y (A, N)=“N as H-dimodules.

By Prop. 2.3, Morita theory [1. Cor. I. 3. 4] and the proof of Th.
2. 2, we have the following

Theorem 2.5. If A is H-Azumaya, then each of the following
bairs of functors establishes an isomorphism of categories :

(1) Z : R-MOD —> A % A-MOD. F(X) = AQ X,
& : A# A-MOD —> R-MOD, gY) =Y
(2) ¢ : RRMOD —> MOD-A % A4, F(X)=XQA,
£ : MOD-A 4 A—> R-MOD, ZL(Y) =Y.
REFERENCES

[1] F.DeEMEYER and E, INGRAHAM: Separable Algebras over Commutative Ring, Lecture
Notes in Math. 181, Springer, Berlin, 1971,

(2] L.N. Cuips, G. GARFINKEL and M. ORzECH: The Brauer group of graded Azumaya
algebras, Trans. Amer. Math, Soc. 175(1973), 299—326.

[3] F.W, LonG: The Brauer group of dimodule algebras, J. Alg, 31 (1974), 559—601.

[4] M. Orzecu: On the Brauer group of algebras having a grading and an action, Canad.
J. Math. 28 (1976), 533—552,

DEPARTMENT OF MATHEMATICS
OKAYAMA UNIVERSITY

(Received March 5, 1977)

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 19/iss2/2

10



