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ON GENERALIZED UNISERIAL BLOCKS
KAORU MOTOSE and YASUSHI NINOMIYA

Throughout R will represent a (unital) Artinian algebra over a field
K of characteristic p >0, J(R) the radicalof R, and G a finite group
whose order is divisible by p. In [7, Theorem 6], M. Osima stated that
the group algebra KG is uniserial if and only if G is p-nilpotent and a
Sylow p-subgroup of G 1is cyclic. In §1, by making use of K. Morita
3] we formulate the same for RG (Theorem 1). In § 2, we consider KG
for a spliting field K. If a block B of KG has a cyclic defect group D
then Dade’s theorem [1, Theorem 78. 1] and [8, Lemma 4. 2] enable us
to see that the nilpotency index #(B) of J(B) is not greater than |D| (cf.
[4, Remark 1]). In Theorem 2, we shall prove that #(B) = |D| if and
only if B is a generalized uniserial ring.

1. At first we consider the case R is a simple algebra over K. As
was stated in [5, Theorem 8], by making use of [7, Theorem 1] and [3,
Theorem 8] (instead of [7, Theorem 6]) we have the following

Lemma 1. Let R be a simple algebra over K.

(1) RG is primary decomposable if and only if G is p-nilpotent.

(2) RG is uniserial if and only if G is a p-nilpotent group with a
cyclic Sylow p-subgroup.

Now, we can prove our first theorem.

Theorem 1. RG isuniserial if and only if R is semisimple and G
is a p-nilpotent group with a cyclic Sylow p-subgroup.

Proof. We assume that RG is uniserial. Since R is a homomorphic
image of RG, R is uniserial. Let R = R, @ --- €D R, be a decomposition
of R into primary rings, and R; = R;/J(R). Then, R:G being uniserial,
G is a p-nilpotent group with a cyclic Sylow p-subgroup (Lemma 1 (2)).
Since R, is primary, R: is isomorphic to the matrix ring (S:),, with
some completely primary ring S.. Hence, we have R,-Gz(S;G),,i =
S:<G®i(K).. Then by [5 Lemma 6], S.G is uniserial. Let P be a
Sylow p-subgroup of G. Since S.P is a homomorphic image of S:G and
S:P/J(SP)=S.,/J(S), SP is a completely primary uniserial ring. If
J(S,) 5~ 0 for some j, then it is obvious that J(S,) is not contained in
the augmentation ideal J of S,P. Further, since g— 1€ 4\J(S,)P for
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any g1 in P, we see that J(S,)P and J are incomparable. This
yields a contradiction that S;P is not uniserial. Thus, R is semisimple.
The converse part is also easy by Lemma 1 (2).

2. Let L be an extension field of the p-adic completion of the
rationals, and R the complete local ring whose quotient field is L. Let
K be the residue class field of R. Throughout the present section, we
assume that L is a splitting field for G.

Lemma 2. If B is a block of KG with a defect group D, then the
following conditions are equivalent :
(1) D is cyclic and the decomposition matrixz of B takes the form

10 .. .0
/ 01 .. .0 "\\
J . \

(1) ‘
‘00 1
|11 1
11 . . .1/

(2) D iscyclic and the Cartan matrix of B is of the form

s+1 s ... s

! s s+1.

(1I) :
| . . § /
\ S . .. . 85+1 /

(3) B is a generalized uniserial ring.

Proof. The implication (1)=>(2) is obvious, and (2)=>(3) isa
consequence of [2, Folgerung 4]. (3)=(2): Since B is a generalized
uniserial ring, by [6, Theorem 17] B has only a finite number of in-
decomposable modules. Hence, D is cyclic. The rest of the proof is
evident by [3, Remark, p. 158]. (2)=>(1): By Dade’s theorem [1,
Theorem 68. 1], the Cartan matrix (c.) of B is of the form
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a b
/"1 2
; 2« *
L
’ 2
(1 ' s+1s
s s+1 s
\ P
s . .. .s+1.

where the elements in the +-parts are Oor 1. By (2), we have s =1 or
a = 0. First we consider the case s =1. Let {U,|1<i<a+ b} bea
complete set of representatives of isomorphic classes of principal indecom-
posable B-modules, {J; the principal indecomposable RG-module such
that KQ U.=U, and @, the character afforded by U. Let
{X;]1<j<a-+ b+ 1} be a complete set of irreducible complex charac-
ters of B. Since s=1, each &; is the sum of distinct two X, s. When
a+ bX2, it is trivial that the decomposition matrix of B takes the
form (I). Hence, we suppose ¢+ »>2 and @, =X, + X,. Since
(@, &) =c,=1 for k51, &, contains X, or X,., We may assume
here that ¢, contains X,. If one of &¥/'s({=3), say @, does not
contain X,, then @, contains X, Since (@, @;) = ¢, =1, &, and
@, contain a character different from X, or X, in common. This yields
a contradiction that {X,} is not a tree. We have therefore seen that
each ¢, (1 <i{<a+ b) contains X,. Thus, the decomposition matrix of
B takes the form (I). Next, we consider the case s1. Then ¢=0 and
the decomposition matrix of B takes the form (I) by [1, Theorem 68. 1].

By Dade’s theorem [1, Theorem 68. 1] and [8, Lemma 4. 2], it is
easy to see that if a defect group D of B is cyclic then #(B) < | D|.
Hence, if a Sylow p-subgroup P of G is cyclic then the nilpotency index
t{(G) of J(KG) is not greater than |P|. Now, our attention will be
directed towards the case #B) = |D| and the case #(G) = | P|.

Theorem 2. If a defect group D of a block B of KG is cyclic, then
the following conditons are equivalent :

(1) ¢(B)= |D|.

(2) B isa generalized uniserial ring.
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Proof. (1)=>(2): By [Theorem 68.1], the Cartan matrix (c.) of
B is of the form (III). Therefore we have | D| =#(B) < max {; cu} <

a+bs+1=<(a-+b)s-+1=|D|, whence it follows that g + bs + 1 =
(@ + b)s+1=|D|. Hence, we have s=1 or a=0. First we consider
the case s=1. Then ¢+ b=|D|— 1. Since a+b divides p —1, we
have |D|=p and #B) = ? cw=p for some k Let U, U, @

1£iga+b), X;0<j<a-+ b+ 1) beas in the proof of Lemma 2.
Since s =1, each ¢; is the sum of distinct two X,s. We suppose
&, =X, +X,. Since (¥, @)=cu=1 for I~k & contains X, or
X,. We suppose that m @/s contain X, and # @’s do X,. Now, let
M, N be RG-submodules of ﬁk corresponding to X;, X, respectively.
Since K® U, is uniserial by #(B) = p, we may assume K@ M contains
K® N. Then all composition factors of K& N apear among those
of KQ M. Thus, we have n = 1. Rearranging ¢’'s and X,s, the
decomposition matrix of B takes the form (I). Next, we consider the
case s5=1, Then ¢ =0 and the Cartan matrix of B is of the form
(II). Thus, by Lemma 2, B is a generalized uniserial ring. (2)=(1):
Since B is a generalized uniserial ring, the Cartan matrix of B is of the
form (II) (Lemma 2). Now, let f be an arbitrary primitive idempotent of
B. Since Zl cu=se+ 1= |D| for 1< k< e¢= the number of non isomor-

phic principal indecomposable modules of B, the length of the unique
composition series of Bf is |D|. Therefore J(B)'?'"'f=%0 and J(B)’f
=(0. Hence t(B) =|D|.

Corollary. If G has a cyclic Sylow p-subgroup of order p*, then the
Sfollowing conditions are equivalent:

(1) tHG)=»p"
(2) There exists a generalized uniserial block of defect a.
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