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Certain Metrics on R*

Tominosuke Otsuki

Abstract

We studied the pseudo-Riemannian metric on R® x R, where v? = ¥3,_1x;X; and a =
constant, which satisfies the Einstein condition (in [1], [2], [3] ). The purpose of this work is to
find Einstein metrics including the above metric as a special one, which is analogous to the relation
between the Schwarzschild metric and the Kerr one in the theory of relativity.
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ABSTRACT. We studied the pseudo-Riemannian metric

2 1 { 3 ( arpTe 1
= Spe — )d dre — ——dzad }
5 TaTa Zb,czl b 1+ar? Toar 1+ azaza Tadia

on R® x Ry, where r? = Zg;lxbmb and a = constant, which satisfies
the Einstein condition (in [1], [2], [3] ). The purpose of this work is
to find Einstein metrics including the above metric as a special one,
which is analogous to the relation between the Schwarzschild metric
and the Kerr one in the theory of relativity.

1. PRELIMINARIES AND CURVATURE TENSOR
Using the polar coordinates (7,1, ) of R3 :
x1 =rsindcosy, o =rsindsing, x3=rcosv,

and setting x4 = t the above metric can be written as

1 1 1
2 _ 2 2 2
(1.1) ds {1 Ta dr + r2(d¥? + sin?9dyp?) — ] —|—at2dt }
Now setting the formal coordinates (u;) as

uy =, U2:19, us = e, ug =t

we consider a pseudo-Riemannian metric

4 1
2
(1.2) ds” = Zm:lgzjduidug‘, 9ij = 9ji = mFij

with
(1.3)  Fog = Fap(ur,uz), Fyu = Fu(ur,ug,ug), Fra=Fu =0,

where we set o, 3,7,--- = 1,2 and A, u,v,--- = 3,4 in the paper. The
Christoffel symbols made by g;; :

; 1 k(996 | Ogkn 09 y _
K — ik J _ J Y — (..)"1
ti'n 2%:9 (8uh o, 8uk>’ (97) = (9is) ™"
are given exactly as follows :

aq 8F0106 aaF aFﬁﬁ A _ 1 D\
(6%} = F (55 au, T ug %%), {la%} = P F

161
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[} 1 (e 1 yaFV i —
(1.4) {3 “}:—1745554“, {BAM}Z§ZFA Tu’ (Fid) = (Fy;)~!

us
o 1 oo oF,, 1
{u V} = _§F Tu/; ) {ukv} = {uAv}A - ;4(52541/ + 51//\54;1 - F4/\Fuu)a
where 1 OF: 1 OF:
_ M 33 — I3 33
{33}y = Duy {5}y = 5 D
1 OF, OF:
A Pyt 44 A3 34
— PPt a3 @i
{4 4}A 2 aU4 + BU4
and {g%,} becomes exacty as
OF, OF, OF
11 11 2 11 1 11
{111} = Duy {11} = Dy {u }— Dy
OF. OF. OF.
2 22 V1722 Fll 22 22 22
p— 7F — p— p—
{27} 2 Ouy ’ {2l = Ouy (%) = Ouy

Using these expressions, the components of the curvature tensor of
the metric g;; :

Ryt — 2a'kd O h}+z{ He = )

Oouyp,

are given as follows :

1 d*F, O*F, PFgs . OPFpp
RA% — _fpoal _so oo 50{ oo 5
i = 5P Duzus 2 Dugous P Duaduz 2500 )
1 aFw 3log(FaaF35) Faa 6log FQQ 8Faa aFgg
— Y F* -9 P —
+4 1 { Oug Oug + Oup  Oug [322 ou, Ou,
(1.5)
4

OF oo 0log(FoaFpp) N OF,q Olog F11
OJug ouy Our  Oug

FaaF44F52} — 752 F"O‘{
U4U4

OF .. OF 4
— Fr&ea 9756 Joatn }
Al Zv: Ouy  Ouy ugug Al

Olog Fio 0F 35 n Olog Fy1 0Fpg N Olog Fyo 8F22}
8U1 8ua aua 8U1 8ua (75}
810gFaa aFgg T 810gF22 8Fgﬁ alOan aFH}

Oug Oug Ouy 8u2 Oug

+%552F0‘a{

1
4P

OFyu

1 0
R = {7 Fn) + g 3o R

v,
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1 OF 1 oF 1 0
1.6 —5F FMpAZ B8 —pMZ BB | - 5.0 7 (FME
( ) H 8UQ 2 2 } * Uyg ﬂQ{ 8’&1 ( 22)
oF, 1 oF 1 OF
F F)\VFMZL v _F F>\4Fﬁﬁ BB *F)A B8
+ 2 Zﬂ 8u1 2 22 8u1 2 8u1 }
and
(1.7)
=~ {3 of — 05 F (5 — 6%
X1 U4 { < Oug 2 uy )+ ( L Oy 2 uy >}’
and
15) et 3FVA OF™ QF,\
1.8 Ryt = .
(1.8) ALz = Z( Ooup Ous Ouy Ouq )
Then
OF, OF,
1' aV — 50& F4U ov FaaF F40 av
(1.9) sy 2uy ( ZU: dug el Z Oug, )
1 ,OFM 1 ,,0F3 2
R/\I/ - 54 >\4 V—7F44(S)\ F
By QU4 ( 8 A QU4 Uy V) el
1 0°F, 1 < OF* JF,
1.10 - F)\U ov. - v ov
( ) 2 Z Ougdu, 4 ; Ou, Oug

1 OF, oF OF, OF. oF, OF,
- F)\a( ov Fﬁ,@ BB oV Y e va oo ﬁﬁé )7
+4 Z Oug Ouy + Ou, Odug Ouy Oug el
ag (0%
where
A= FyFy — FyFyy, €% =c"=0, &M=-e¥=1,
and OFue 110Fy,  OFuo oy OF
RO — 5a{ Faa( aa 11 Av ac 722 /\1/)
Ay 8’LL1 8U1 + auz 8U2
OF OF: 1 oF OF, oF,
(1.11) F34< A3 3u) i —F44< M w Ol )
QU4 ou, ouy Uy ou, ouy Ouy
10F° 9F,, 1 0°Fy,
+—F44F,\l,}+77 Ao L raa A
U4UL4 4 Ouy Oug 2 OuyOuq
1 oF,, OF OF.., OF)
_ oo Fpo P 7oA~ pacpyyZZ 00 77 AV
4 Z dug Ousy dug Ouy’
and
(9Fg 0Fy,
R)\ vy — _7{)\ I/}A I Z{p Z/}A A -3 Z{)\ V}AFMU
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0?F, ) 1 (OF* 1 OF\
§ : no H
(1.12) E Ou, Ouy 2U4< Ou e O )

16 OF 5 1 OF)\
——5“ g Sy
2ug ¥ Z Ou, + 2uyq Ou,

oF, A aFgg OF; 3 8F4a
1.1 Foca Fro P _ p
(L13)  Rg%a = Z <8ua Buy  Oua Oup ):

1 OF* 0F,3 1 0%F,3
R A I oo = F>‘0'70-
s34 2 ; Ouy Oug 2 ; OuaOug

(1.14) += Z e ({p 3}A8F04 —{b 4}A8F"3)

o NOF54 0Fy3
QU4 ZF4 (5/\ i\ c'?uﬁ )’

and

0?Fy 1 OF, OF,
(115) Ry®gy = Lpoe 0108 —FWZ< ”3{A ada— 74{/\ 3}A)
P

2 Gua Ooug 2

1 OF 0F,
T P (G P G ),

Oug Ouy
and
Rytyg = ~ 220k DIEBNEAIS RN NI
(1.16) _75u<{)\ afA + F44F>\4) *5“({,\ 3fa + F44F/\3)

! 1
LS P (Baotad — Faotola) + 1 D0 FRHT
(o

a,o

y <8F,\3 8F04 - 6FA4 3F03>
Oug Oug Oug Ouy /-
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2. Ricct TENSOR

From (1.5)~ (1.16) we compute the components of the Ricci tensor
R;; = Zi:l Ri¥i; of the metric (1.2) and they are written as follows,in
dividing three groups. First,
Rg, = Z joj,y = R,a112527 — Rﬁ21251'y + Rﬁ33'y + R544»y
J

becomes
< 552;) U T T
T i Lo
S
s (s * 20y a7
—ZF“(aiz?; ai?;>+1F“%Zzlm°gzigm
) P P e 1S s
S
zmif I i
and
41 ZFW(@(;ZV 8123511 n Oail;y(?l;if?m)‘
Second,

Ry, = Z Ra%au + Z R\ gy = — Z R\% o + Rp*3404, — Ra*3403,,
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becomes

1 810g FOZO( 6/6 aF)\“ 8FAO-
mT T Z

Oug Z F* (

1 OF**0F,, 1 0? O"Fyy OF,, OF,)
—— — oo oo ppo 2 PR PH o
4 Za: Oug Oug 2 za: Oun0ug, 1 Zp: Oug Oug

GFW _ 8FM>
ouy, 8u>\ Ouy

1 aa 0log Foq OFy, 3{>\ 3}1\
S 0P [

Oug  Oug + Z{J sa{a7ata

; 15) oF,

(2.4) — ;{054}/\{,\03}/\ — u14{,\44}1\ + i(; F“aaifFS";;;
0 oF, 0

TP G )| o[ S

1 1 OF OF.

A - 4 aa A3 do o4

_ E - - FYY——F* ——

. {0 4}A{>\ 3}/\ + Uy {)‘ 3}A + 4 (azg: Oug Oug,
aa 0

OF ;3 3 1 OF33
_poa M pao 9003 )} (— Fu >F
Oug, Oug, + U4U4 + 2u4\ Ouy A
1 OF,
- F\3F, Fro—P7,
QU4A A3 Mgpza 6u4
Third,

Rox = Ra'1x + Ra2ox + Ra®34040 — Ra*3403)
becomes

1 OF,, 10 /1 _ 0Fss
- F4o’ -~ (—F
Fax == ; Oug 20w, (A B 0 ) +

1 0F33 0Fy) 1 0F33 0F33 0F34
9. 1 F g, ks g OFs
(2:5) 1A Ouy Dug +4A2{ A o ( g~ T >

oF, oF: oF, oF
(F3)‘344_2F4)‘334>(F33 43 y 33

These expressions of R;; are computed under the condition (1.3) for
F;; and here we set further restrictions as

3F33 8F34
2. —_— =
( 6) aU4 aU4

=0.
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In fact, we consider Fyy depends on uq,u2,us and other Fj; depend only
u1,uz. Then, some of {;%;,} given by (1.4) becomes as

43F44

(2.7) hha = (Maha =0, {ta)a = P50

Since we have

OF, 6F4°' o (F o (F
40 Otor 34 B 33
ZF Z For = Oug ( )F?’A Oug < A )F4)‘
1 OF34 OF33 1 0A
— + —4
A(F”aua F“aua) N
(2.5) is turned into the expression
. 1 6F34 8F33 10 1 6F34
(2:8) Fax = _U4A (Fg)‘ Oug, Fax Oug, ) 2 Ouy (A ( 3A Oug,
8F33 8A 8F44 8F34 aFgg
—F — F: F: — F:
2 Oug )) LY I 4A2 A Ouy < B e Oug )
by (2.6).
Now, denoting
1 8F34 8F33 1 8F34 8F33
29) Y, = (F _F Z, = (P _F :
(2:9) A ( B e Oug ) ( P oue M ou, >
(2.8) is written as
10 1 0A
03 = Vot oo Yot oY,
Hos Y T 20w, T 1A o
10 1 9 1 OFyy
= Z — Ly — — g A+ —F: Y..
Faa U4 t3 2 Ouy Uy 8ua + AN T3 Ouy m
Now, we suppose that
(2.10) Roy = 0.

From R,y = 0, we consider the two cases as follows
Casel:Y; =Y, =0 and Casell: (Y1,Y2) # (0,0).

Case 1. Y7 = Yo = 0 implies that F34/F33 = b, constant, therefore we
have

1 OF
A = F33Fyy — F34F3y = F33(Fuy — V2 Fs3), Zo = —Z(F44 — b2 Fy3) 3 %
Uq
and hence 3
Zo = ——log Fs,
Oug
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which implies 0Z,,/0us = 0 by (2.6) and
1

Rot = _774(26‘ + aialogA)
B

1 0 2
- 774(% log F33 — P log(F33(Fuq — b F33>))

1 0
= =% log(Fu — V*F
v D og(Fu 33).

Therefore, R4 = 0 implies that
(2.11) Fiy = b Fa3 + ¢(ua), Fsg =bFs3, A= p(uq)Fi3,

where ¢ = ¢(u4) is an integral free function of uy.

Cade II. Since we have

. Ya 0 4 0 2 9

Yo i lo (YO&2’A|)7

- IaU4 <U4)4
R,3 = 0 implies that the function
Ya2A . 1 F 8F34 _ R 8F33 2
(ug)* (U4)4A( B oou, 0ua>

must depend only on u; and wug. Therefore, by (2.6) we see that

F34F3y 1 f
F33 (ug)? F33,

where f is a function of u; and us. From R,4 = 0 we obtain

0Z,, 2 2 0 1 OFy4

(2.12) (ug)*A = f(ur,ug) or Fyy=

_ 2z =2 Y% oglAl - —F Y,
E g 0 0w 0818l = R Py

1 0 1 4 f OF3y OF33
TR 34(( ) F33)< 53 D, 348ua>
1 9 ,, 2, 5/ OFy dlog | F33

= _— — F — - - —-
Uy 8uaf + f(u4) ( 3 Oug Fsalsa Oug, )
1

- 71404 + (U4) Baa
Uyg
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and they depend only on u; and uz. Regarding the above expression as an

ordinary differential equation on u4, we see that

1 1
Lo = _51404 + 5(“4)4Boz + Ca(U4)2,

where C\, is some function of u; and us. Then we have

. 1 0F3y 0F33
Za = A <F34 M Faa OUg, )
o (wa)?! (F OFsy  Faul3 0F33 1 ianzs)
f M g, F33 Oua  (ug)* F33 Oug
0 1 1 0F3y 1 0F3s3
= ——1 APy Fay( — S
Oug, og |f| + (ua) f 3 34<F34 Oug  Fi3 Oug

which implies

Olog |Fi3/f| 2
-4, =0.
Oug + Calua)
By the assumption (2.6), it must be
log | F:
M —0 and C, =0.
Oug

Therefore we obtain for Case I1

(213) F33 = af, F44 = a

_ I
(ug)?’

where f = f(u1,u2) and a is an integral constant.

In the following sections we shall investigate the solution

1
gii = F..
i Uatig e

which satisfies the Einstein condition :
1 y
(2.14) Rij = | Rgij, R= > 97Ry
i?j

under the conditions (1.3) and (2.6).

Produced by The Berkeley Electronic Press, 2000
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3. SOLUTIONS FOR CASE I
We can express the Einstein condition (2.14) by
(3.1) Rz‘j = )\E]

Since F,) = 0, it must be R,y = 0. Thus, we divide the argument into
two cases I and II. In this section, we search for solutions for Case I. Since

we have
(3.2) Fay=0bF33, Fu=0F3+¢, A=F3Fy— F3F3=¢Fss,
Fyy 1 b? F3y b 1
_F133:7:7_’_77 F34:—7:—*, F44:7’ — ug),
A o A 5 5 ¢ = ¢(us)
we obtain from (2.4) after long computations
(3 3) Ras — 7(810g(F11/F22)i6F33 - Olog(Fll/FQQ)iﬁFg;),)
' 33 4 8u1 F11 8u1 8u2 F22 811,2

1 1 9%F 1 1 0F33 OF:
_72 38, Z 33 01'33
2 - Foo OugOuy  4F33 - Foo Oug Oug

—( ! @4- 5 )F33

2ugp? duy  ugugp

and
Ry — 7(8log(F11/F22) L8F34 _ 8log(F11/Fzg) L(:)F?’Zl
3 4 871,1 F11 8u1 8UQ F22 8uQ
1 1 0%Fy b2\ OF33 OF3
2 Za: Foa auauaua 4 Z { <F33 ¢ > Ouy Oug,
b (3F33 0Fy  0F3y 3F34) 1 0F34 0Fuy }
o\ Qug Oug Ouy Oug ¢ Ouq Oug
1 0F 3
- —F F33F3y — —F:
QU4A2 33 5. a 334734 U4U4q5 34
_ 9<8log(F11/F22)i8F33 _ 8log(F11/F22) L8F33>
4 6u1 F11 8'&1 8UQ F22 811,2
b 1 0%Fs3 b 1 OF33 0F33
2 Za: Fo Oug0ug + 4F33 za: Foo Oug Oug
1 do 3
- | =—=— bF33 = bR
<QU4¢2 dU4 U4’u,4d)) 3= 33
that is
(3.4) R34 = bR3s3,

http://escholarship.lib.okayama-u.ac.jp/mjou/vol 42/iss1/6
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3A + F34F34)

and
Ru = 1<8log(F11/F22)i8F44 _ Olog(F11/Fo) 1 OFy
i 4 aul F11 811,1 811,2 FQQ 81@
1 82F44 b\ 0Fy3 0Fy3
B ’Z Foo Ougdug ’Z {(F33 ¢) Oug Oug
_ 158F43 3F44 E8F44 8F44} _ 1 8F44(
¢ Ouq Oug @ Oug Oug 2usA¢ Ouy
3 3 do 3
_ Fus = b2 _
ugtgd” fiss Qusd dus  ugus’
that is
3 do 3
. = b2Rs5 — ot .
(3.5) Fas Fss 2uap dug  uguy
Regarding R,3, we obtain from (2.1),(2.2) and (2.3)
Ry — — 1 82F33 _ 1 ( (92F11 82F22 ) 1 {L
= 2F33 6u16u1 2F22 8u26uQ 8u18u1 4F22 F11
6F11 8F22 1 8F11 8F22 8F22 8F22
3.6 —_—
(3.6) ouq 8u1> F22<8u2 Ouo + ou; Ouy )}
1 {iaFgg 8F33 L@Fu 8F33 1 8F11 8F33
4F33 F33 8u1 8u1 F11 811,1 8u1 FQQ 8u2 811,2
1 do 3
—(—-—+—F
(QU4¢2 duy * U4U4¢> 1
Roy — — 1 82F33 _ 1 ( 82F11 82F22 > 1 {L
2 2F33 8u28uQ 2F11 871,28162 6U18U1 4F11 F11
(3.7) 0F11 3F22) 1 <8F11 O0F  0Fy aFQQ)}
' 811,1 8U1 F22 8UQ 811,2 8U1 811,1
1 {iaFgg (9F33 L@Fzg 8F33 1 8F22 (9F33
4F33 F33 8UQ GUQ FQQ 8UQ 6UQ F11 8U1 6u1
1 do 3
—(——— F.
(2U4¢2 dU4 + U4U4q§> 22
and
Ry — — 1 82F33 n 1 {iaFgg 8F33 1 8F11 8F33
2= 2F33 Ou10ug  4F33 LEF33 Ouyp Ous Fll Ous 8u1
(3 8) 1 8F22 8F33} 1 82 logF33 4 1{ 8logF33 aIOgFgg
' Fys Ouy Ous J 2 OuiOus 4 Oug
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8log F11 8log F33 8log Foo 8log F33
R T P VA

Now, we suppose (3.1) holds for Fj; satisfying (3.2)~ (3.8). From
(3.5) we have

3 dp 3 3 dp 3
= \b?Fy3 — 222 NFuu— \b— 29
Fas 33 2ugd duy  uguy b ¢ 2ugd duy  uguy’
which implies
d
(3.9) A=o_3 4o 3

C2ugd?duy  ugusd
From (3.3),(3.9) and R33 = A\F33, we obtain

Z 1 0%Fy3 }(alog(Fn/Fm)L@Fw

B (‘9u1 F11 811,1

(3.10) T Dudu. 2

«

_810g(F11/F22)L8F33) 1 Z 1 OF330F33 2 @F _0
Ous Fyy Ous 2F33 “~ Foa Oug Oug  usd? duy 33 '
R3y = AF34 and Ry = AFy are satisfied automatically from the
above arguments. From R;o = 0, we obtain
0?F33 1/ 1 OF330F33 1 OF;10F33 1 OFs OF33
Ou10us _§<F733 Ouy Ouy  Fip Ous Ouy  Fhyo Ouy Ous ) -
Finally from (3.6),(3.7),(3.9) and Raq = AFyaa, We obtain
1 0%Fy3 L L ( 0*Fyy 0% Foo ) 1 { 1 (8F11 OF
F33 0ui0ur  Fog \QugOus  Ouqdu 2F5 LFi1 \ Quy Ousg
+3F11 5F22> b <3F11 0F» n 0F 3F22)}
ou; Ouy Fyo \ Quy Ousg ou; Ouy
1 { 1 8F33 8F33 1 8F11 8F53 1 8F11 8F33}

(3.11)

(3.12)

2F33 U F33 Ouyp Ouy Fi1 Ouyp Oug B Fy9 Oug Ousy
2 d¢
————FM1=0
U4¢2 d'LL4 11 Y

i 82F33 i( 82F11 + 62F22 ) _ 1 {i(aFH 8F11
F33 6U28u2 F11 6U28u2 8U18U1 2F11 Fn

+0F11 8F22) 1 <6F11 0F» n 0F» 8F22)}

GuQ 871,2

(3.13)

8u1 8u1 F722 a’LLQ au2 8’LL1 3U1
_ 1 {L@Fg,g 8F33 LaFQQ 8F33 _i@Fgg 6F33}
2F33 F33 a’UQ 6u2 FQQ 61@ Ouz F11 8u1 8’&1
2 do
— —Fp =0.
usg? duy
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Using the formula :
1 0% 0?log® Olog ® 0log ®
gﬁuaatw - Ouqdug duq  Oug ’
the equalities (3.10)~ (3.13) can be written as follows,

1{82 log F33 1<3log F33 aIOgFgg _ 8log(F11/F22) 8log Fgg)}
F11 6u18u1 2 811,1 8u1 811,1 8U1
(3.10)
1{82 log Fis3 n 1(810g F33 0log Fss _ 8log(F22/F11) dlog F33) }
F22 8U28u2 2 8u2 8'&2 8UQ 8u2
2 dp
Cwap?dug
8210gF33 1(610gF33 aIOgFg,g 8logF22 810gF33
8U18UQ 2 8u1 GUQ 6U1 8UQ
_610gF11 610gF33) —0
OUQ 0u1 ’
1{02 log F33  0%log Fay 1<Olog F33 0log Fs3
F11 8u16u1 6u18u1 2 8’&1 8’&1
+810gF22 810gF22 _ 8logF11 8logF22 _ 8logF11 810gF33>}
8u1 8u1 6u1 8u1 8U1 811,1
1{82 IOgFll 4 1<aIOgF11 8logF11 _ 810gF11 810gF22
F22 81@81@ 2 aUQ 8U2 8u2 8u2
+810an 810gF33)} 2 do _
8u2 8U2 ’U,4(b2 dU4 ’
1{62 log F33 . 0% log F11 n 1<GlogF33 0log F33
FQQ 01@81@ auz8u2 2 8’&2 8’&2
+810gF11 0log Fq B Olog F11 Olog Fyo B 0log Fao 8logF33>}
ZMQ 8u2 aUQ 6u2 8u2 8u2
1{82 10gF22 l(alogFgg alogFQQ _ 810gF11 810gF22
F11 8u18u1 2 811,1 8u1 (’*)ul aul
+610gF22810gF33>}_ 2 @:0’
8U1 871,1 u4¢2 dU4
supposing Fi1 # 0, Fag # 0, F33 # 0.

(3.11)

(3.12)

(3.13)

If we can find Fu(ul,UQ), ng(ul, UQ), F33(U1,U2) and ¢ = ¢(U4) sat-
isfying (3.10") ~ (3.13"), we obtain the metric g;; = ﬁFij satisfying the
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Einstein condition (3.1). In the following we show that we can obtain such
solutions under the additional restriction :

(3.14) Dy~ Ouy 0 and Fs3 = (up)sin® us.

Then (3.10) is reduced to

1 {dQIng/) l(dlogdzdlog@b _dlog(FH/FQQ)dlogw>}

1 —
(3.15) Fiq du% 2\ du; dug duq duq

2 2 dp_

Fro  ugd? duy

and (3.11") is reduced to

(dlogw B dlogF22> COS U2

= 0.
du1 du1

(3.16)

sin ug
(3.12') and (3.13) are reduced respectively to

1{d210g¢) d?log Fyy n l(dlogw dlog

Fiq du% du% 2\ du; dug
(3.17) +dlogF22 dlog Fyo B dlog F11 dlog Fyo B dlog F11 dlogd})}
’ duy duy duy duy duy duy
_ 2 4 _
ugd? duy
(3.18) 1{d2 log ¢ 1<dlogF22 dlog Fyy  dlog F1y dlog Fyy
' F11 du% 2 du1 du1 dU1 dU1
dlog Fyo dl 2 2 d
| dlog Fao og%b)}_iiﬁi:o'
dup  duy Fro  ug® duy
Then, we see firstly from (3.16) that
(3.19) YP(u1) = cFo(uy), ¢ = constant.

Using this relation we obtain from (3.15),(3.17) and (3.18) respectively

(3.15")
1{d2 log Fio l(dlog Fyydlog Fyy  dlog(Fi1/Fa) dlog ng)}
F11 du% 2 dU1 du1 d’LLl du1
2 2 d
. ¢ _y

Py wad?dus

d?log Fs n dlog Fyo dlog Foo _ dlog I1 dlog Foo }
du% duq duq duq duq

1
3.17 —{2
(3.17") i
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2 do _
ugd? duy

1{d2 10gF22 i legFQQ legFQQ ldloan legFQQ}
i du? dug duy 2 du; duq

2 2 dp

Fro  ugp?dug

(3.18')

(3.17") — (3.15") becomes
1 (d? log Fos  1dlog F1; dlog Faa 2
FTl{ diZ 2 du du }+F72:
and (3.17) — (3.15") x 2 becomes
1 /dlog F2\2 4 2 do
) T
Thus, we see that to solve the system of differential equations (3.15'),
(3.17) and (3.18) on Fi1, Fa2 and ¢ they can be replaced by

0

2
(3.20) du

1 d*F 1 dFy\2 1 dFy dF F
(3.17) L 222 _ (7 22) _ 110592 | 5011 0,
F22 dul F22 dul 2F11F22 du1 dul F22
1 dFy\2 F i d
(3.20') —(——22) SRR ) ”2—¢ —0,
Fyy duy Fy ugP? duy
1 &*F 1 dFy dF F 1 d
(3.18") — ;2 B 1105 5t 2F11——¢ _
FQQ du1 2F11F22 du1 du1 F22 U4¢2 dU4
Now, setting
2 do dFy
= = —— = F = —
q = q(ua) i dn VP =0
the above expressions become respectively
2 /
lz/ _ <Z> _EFLf_FQ@:O’
Yy Yy 2Fny Yy
Z\2 F
- ( ) +4— 4 gy =0,
Y Y
1 Fyy/ F
Y j—Fuq—O
Yy 2Fny (]
From the third one of the above equations we obtain
F /
(3.21) y =2 and 2 =qFny+ oy 2111
2
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and the second and first ones become

(3.22) 22 = Fi(qy® + 4y),
2’2 F11,

3.23 == — 2F;

( ) z ” + 97, z 11,

respectively. Now, let y and z satisfy (3.21), then we obtain

d
— {22 — Fu(qy® +4y)} = 227 — Fi/(qy® + 4y) — F11(2qyz + 42)

dU1
B 131 12
= 2z(qgFny+ 3F, - +2F11) — Fu'(qy” + 4y) — 2Fn(qyz + 22)
Frode, 2 Fnley” +4y)),

which implies the equation
22 — F11(qy? + 4y) = F1; x constant

and hence we see that if y and z satisfy (3.22) at some value of u;, then
it holds for all its near values. We see easily that (3.23) and the second
expression of (3.21) imply (3.22). Therefore, it is sufficient to treat only
(3.22) for our purpose. From (3.2), (3.22), ¢ does not depend on w4, hence
we obtain

1

¢=——7609Z9Z—— c¢p,c1 = constants and g = —4c;.
Co + Cru4ly

then (3.22) can be written as
(3.24) 22 = 4F1y(1 — c1y).
Hence it must be F11y(1 — c1y) > 0, and therefore

d d

) Fiiy(1 —c1y) or S S +2+/eFi1duy,

duy ey(1 —c1y)

where ¢ = 1 for Fj; > 0 and ¢ = —1 for Fi; < 0. We denote indefinite
integrals of the left and right hand sides by

and h(ul) :/\/an(ul)dul

(3.25)

_ dy
o) = / Vey(l —cay)

and we obtain
®(y) = £2(h(uy) + c2), o = constant.

Denoting the inverse function of ® by ¥, we obtain the following theorem.
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Theorem 1. The system (3.9)~(3.12) satisfying the Einstein condi-
tion is given by a solution of
(326) F11 = Fll(ul), F22 == \IJ(:I:Q(h(ul) + 62)), F33 = CF22 Sin2 u9,
1

co+C1 UgUy
where b, ¢, cg, c1, co are constants and Fjpq is any smooth function of wu; .

Fyy =bF33, Fuy =0b*F3+

Example 1. Let b = 0,c = 1,cg = —1,¢; = 0 and Fy; = 1, then
e =1and

d
d(y) = Y 2y, h(uw) = /du1 =uw, and 2y ==%2(u1+ c2),
VY
hence y = (u; + c2)?. Putting co = 0 and so y = Fy = u?, F33 =
u% sin? ug, F34 = 0, Fyy = —1. Therefore we obtain the metric (1.1) with
a=0:
ds® = (du12 + up2dus?® + up? sin? usdug?® — du42).

UqUg
Example 2. Let b =0,c=1,cg = —1,c1 = —1 and Fj; =
then e =1 and

d
:/ 1y =log(2y +1+2vy(l+y)) (with®(0)=0),
Vy(l+y)

and  h(uy) = [ \/ﬂﬁ =log(u1 + v/1 + ujuy) (with A(0) =0), and
log(2y + 1+ 2/y(1 +y)) = 2log(u1 + V1 + uwjuy)) (witheg =0),

from which we obtain

2u+ 14+ 2/y(1 +y) =2uiug + 1 4+ 2u3v/1 + ugug

1
1+uquy?

and
2yu+1—-2/y(l+y) =2ujus + 1 — 2u1v/1 + uyuy,
hence we obtain

. 1
y=Fp=u? F=u’sin®uy, F3=0, Fy= EET
+ Uqug
Therefore, we obtain the metric (1.1) with a =1 :
1 1
ds® = (7(11412 + ulzduz2 + u12 sin? quU32 — ———duy )
Ugtg \1 4+ urug 14+ uquq
Analogously, if we set b =0,c=1,¢g = —1,¢1 = 1 and Fy; = ﬁ, we

obtain the metric (1.1) with a = —1.
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4. ANALYSIS AND A CONCLUSION FOR CASE II

For Case II described in Section 2, we have (2.13) and we set F34 = fh,
then we obtain

1 1
F33 =af, F3y=fh, F44=5(fh2+ ),

F. 1 1 F:
(@) e e () ), P T )

A A
F
F¥ = % =a(us)?, A= Fs3Fyy — F3Fs = (uﬁ)4,

where a # 0, constant and f, h are functions of wuy, us.
Using (4.1) for (2.3), we obtain

1 82f 1 8]" 8f 1 alogFH 8f
2f 6U28’LL1 4f 8u1 8UQ 4f 8u2 6u1

1 alOgFggaif_l(u ) 8h 8h

4f our Ouy 2 (9u auQ
If we consider the Einstein condition (3.1), it must be Rj2 = 0, hence from
(4.2) we have

Oh Oh

8u1 8uQ
Since A # 0,it must be f # 0 and h is not constant for Case II, therefore
we have

. oh oh
(i) D, #0 and a—uz =0
. oh
(ii) Jur 0 and 8u2 # 0.

In the following, we consider the case (i). By (4.1) and (2.7), we
obtain from (2.4)

(43) Ry = Cpn 218U/ Fo2) OF o Olog(Fuy/Foz) OF

4 duy du; 4 Uy B
——) poe L Of Of N a. sapiipeOh Oh
Z (8ua0ua 2f Ouq 5ua) + 2(u4) oy Ouy Ouy aususFss.

Next, analogously from (2.4) we obtain

141 0log(F11/Fa) ¢, Of 22810g(F11/F22) of
R34 N 4F 8u1 ( 8u1 8u1> 4F 811,2 8’&2
1 0’ f 1 of of 0h 3 0f Oh
4.4) —-fY - L= A
( ) 2 { (aU18U1 2f 8u1 8U1)h + faU18U1 2 8u1 8u1 ) }
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e O 1O Of N, 1 apn gy, O Oh
37 (Gt 2f dus auQ)“ ) B
—auguysFsy.
Finally, from (2.4) we obtain
- i 11810g(F11/F22) 8f oh
R = 4aF ouq < Auy + 2fh8u1>
L 0log(Fu/Fy) 0 Of 1 paifof 9f 1 9f Of
4aF Ous h Oug 2aF {h (8u18u1 2f Ouy aul)

af Oh 9%h 1 Oh Oh
(4.5) g Ay T2 h(faulaul + mzaz)}

8u28u2 2f 8u2 8U2

— F h _ Fyy.
+ 2a(u4) / Sur 0wy wau augug Fya

ithz( o*f 1 of 3f)

Now, considering the Einstein condition (3.1) we put

(4.6) A = Ra3/Fs3 = Raz/(af)
_ EFH 5'log(F11/F22) Blogf _ 1F22810g(F11/F22) 8logf
4 Ouy ouq 4 Oug Oug

_ poa(l O 1 0f of a1y Oh Oh
72 <f8ua8ua 2f2 8ua8ua>+ (ua) Ff U atatia

and we obtain from (4.3) and (4.4)

h
(4.7) R34 — )\F34 = R34 — gRgg
_ L log(Fun/Fo)  Oh 1F11< 0*h §87f@>,
4 6u1 8u1 2 8u18u1 2 811,1 Bul
Since F'' #£ 0, R34 — A4 = 0 is equivalent to
810g(F11/F22) 8h th 8f 8h
4. _— -2 — 3=
(4.8) Ouq Ouy Ou1O0uq 38u1 Oug 0,

from which we obtain the relation
oh
Fri1/Fy = f3< 1) p(u2)

by integration, where p is a function of ws.
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Next, we obtain from (4.3) and (4.5) the equality :

_ Ao, 1) _
Ryy — AFyy = Ryy — E(fh + W) = Ry
1 s 1oy h? 1
@R% (fh + W) = Raa — 5 ltss — 2f(U4)4R33
1 0log(F11/F»s) ., Oh of Oh 9%h
4. = plty T e Lty h————+2fh
( 9) 2a { 6u1 f 8U1 + 3 6U1 8U1 + f aulé?ul
@ﬂ} 4 1 {_analOg(Fn/Fm)alng
Ou; Ouq ugug  a(ug)* L 4 Ouq Ouq
1 o90log(Fi1/Fp2)dlog f 1 aa (1 *f 1 9F of
* 4F Ous Ouo + 2 ZQ:F <f OuaOuy  2f2 Oug 8ua>}’

which cannot vanish as a function of ui,us,us. Hence we see that there
exist no solutions for the case (i).

For the case (ii) :88—15‘1 =0
(i) we obtain the equalities:

and 8(% # 0, analogously to the case

a 8log(F11/F22) 8f
— 7F11—7
R33 4 871,1 Bul

(4.3) _gpzzalog(Fn/Fw)ﬁ_EZFW< o°f 1 0of 8f>
' 4

Ous Jus 2 = OugOug, B ﬁ%%

+g(U4)4F22 2(‘?1288:2 — augquy F33,
Ry — zllFHalog(gi/Fﬂ)haai
“srom )" 57 (s ~ 27 s )"
+f 85;@ 3;2;2} + 5 () P2 f%aajzgz — augusFy,

and
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1 pu0log(Fi1/Fe),, Of

R =
44 4a Ouq Ouq

rorp

4a Oug Oug Oug 2a

/ —————
(4.5 ) 2f 8U1 8’&1

2a

1 af af 1 on(.o/ O°f 1 of of
F*=3h

) { (au28u2 2f 8UQ 8U2

of Oh

+3ha—uza—u2+2fh(

8U26U2 + 2h aUQ 8u2

2 0 Oh 4
(9UQ (9’U,2 UgU4g

0%h 1 Oh 8h>}

14020
5 (W) F

Now, we put

— augugFyy.

iFQQBIOg(Fll/Fm) (hQﬁ Oh ) _ iF”hQ

lFH@log(FH/Fgg) alogf

A= R33/F33 = R33/(af) =

4 6u1 8u1
(4.6")
1 9o0log(Fi1/Fp2) dlog f 1 aa (1 o0 f 1 of of
4F Oug Ouo 2 g F <f OuaOug  2f2 Oug Oug
L iy OO
e B IO

and we obtain from (4.3'), (4.4") and (4.5") the equations

_1F22810g(F11/F22)f ah
4 31@ 8U2

(4.7/) R3y — A\F34 =

_EFQQ(]C 0%h 30f 8h)

2 8U28U2 2 8u2 8U2
and
my L Qlos(Fu/Fa)  Oh | OF O
Ha = A = QGF { duy fhauz - Bhauz Oug
0%h oh Oh 4
4.9 - - -
+9) +2fhau28uz 2 Oua 8u2} * U4y
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1 {_1 11 810g(F11/F22) 8logf T 1F22610g(F11/F22) alogf
a(ug)* U 4 Oug Oug 4 Ous Ous

2
+ ;%:Faa(}ﬁuiéfua B ;f?;ti i?auﬁ)}’

which cannot vanish as a function of uy, us, us.Hence we see that there exist
no solutions for the case (ii). Thus, we obtain the following conclusion.

Theorem 2. We cannot find solutions g;; satisfying the Einstein
condition for Case II:
F3,/F33 # constant, where

Fa,@ - Fa,@(ul)UQ)a F12:07 F(Jz)\:Oa 057/8:1,2;)\:3,4,
and

F3, = Fg)\(ul,UQ), F44:F44(U17U27u4)'
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