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-__ A b s t r a c t  - T h i s   p a p e r   d e s c r i b e s  a b o u n d a r y   e l e m e n t  
m e t h o d   u s i n g   v e c t o r   v a r i a b l e s   f o r   t h r e e - d i m e n s i o n a l  
a n a l y s i s  o f   eddy   cu r ren t   d i s t r ibu t ions .   In   t he   boundary  
e l e m e n t   m e t h o d ,   e l e c t r i c   f i e l d   v e c t o r s   a n d   m a g n e t i c  
f l u x   d e n s i t y   v e c t o r s   a r e   u s e d  as  u n k n o w n   v e c t o r  
v a r i a b l e s   o n   t h e   b o u n d a r i e s  o f  t w o  materials.  The 
f o r m u l a t i o n  i s  p e r f o r m e d   b y   u s i n g   t h e   v e c t o r   G r e e n ' s  
t h e o r e m .   A f t e r   d e t e r m i n i n g   e l e c t r i c   f i e l d   v e c t o r s   a n d  
m a g n e t i c   f l u x   d e n s i t y   v e c t o r s  on the  boundaries ,   eddy 
c u r r e n t   d i s t r i b u t i o n s   i n   t h e   c o n d u c t o r   a r e   c o m p u t e d .  
T h e   c o m p u t a t i o n   r e s u l t s   o f  a c o n d u c t i n g   s p h e r e   m o d e l  
a g r e e d   e x a c t l y   w i t h   a n a l y t i c a l   s o l u t i o n s .  As a n  
example  of   three  dimensional   eddy  current   problems,   the 
a n a l y s i s   o f  a conducting  cube  model was done. 

INTRODUCTION 

The computa t ion   of   th ree-d imens iona l   eddy   cur ren t  
d i s t r i b u t i o n s  i s  b e c o m i n g   i m p o r t a n t   i n   t h e   d e s i g n   o f  
e l ec t r i ca l   mach ine ry   and   appa ra tus .  For s o l v i n g   t h r e e -  
d i m e n s i o n a l   e l e c t r o m a g n e t i c   f i e l d   p r o b l e m s   b a s e d   o n  
M a x w e l l ' s   e q u a t i o n s ,  i t  i s  n e c e s s a r y   t o   i n t r o d u c e  
u n k n o w n   v e c t o r   v a r i a b l e s   s u c h  a s  v e c t o r   p o t e n t i a l ,  
e l e c t r i c   f i e l d   v e c t o r   a n d   m a g n e t i c   f l u x   d e n s i t y   v e c t o r .  

I n   t h e ,   b o u n d a r y   e l e m e n t   m e t h o d ,  we i n t r o d u c e  
e l e c t r i c   f i e l d   v e c t o r s   a n d   m a g n e t i c   f l u x   d e n s i t y  
v e c t o r s  as unknown v e c t o r   v a r i a b l e s  on the   boundar i e s  
o f   two   ma te r i a l s .  

The boundaries   of   two materials are d i v i d e d   i n t o  a 
n u m b e r   o f   t r i a n g u l a r   e l e m e n t s .  And e l e c t r i c   f i e l d  
v e c t o r s   a n d   m a g n e t i c   f l u x   d e n s i t y   v e c t o r s   o n   t h e  
t r i angu la r   e l emen t   a r e   app rox ima ted   t h rough   t he   u se   o f  
a l i n e a r   f u n c t i o n   o f   c o o r d . i n a t e s .   T h e   f o r m u l a t i o n   o f  
the  boundary  element  method i s  performed  by  using  the 
v e c t o r s   G r e e n ' s   t h e o r e m .   A f t e r   i n t r o d u c i n g   b o u n d a r y  
c o n d i t i o n s   o f   e l e c t r i c   f i e l d   a n d   m a g n e t i c   f l u x   d e n s i t y ,  
f i n a l   s i m u l t a n e o u s   e q u a t i o n s  a re  ob ta ined .   The   eddy  
c u r r e n t   d i s t r i b u t i o n   i n   t h e   c o n d u c t o r  i s  computed  by 
u s i n g   e l e c t r i c   f i e l d   v e c t o r s  and   magnet ic   f lux   dens i ty  
v e c t o r s   o n   t h e   b o u n d a r i e s .   H e r e ,  a c o n d u c t i n g   s p h e r e  
mode l   and  a c o n d u c t i n g   c u b e   m o d e l   w e r e   c h o s e n   a s  
examples  of  the  above  problems. 

FORMULATION 

M a x w e l l ' s   e q u a t i o n s   f o r   s i n u s o i d a l   t i m e   d e p e n -  
d e n c e ,   w h i c h   a r e   f u n d a m e n t a l   e q u a t i o n s   i n   t h e   e d d y  
cu r ren t   p rob lems ,   a r e   g iven   by  

VXE = - jwB 
VX; = jwp(E-jo/w)E t UJ 

+ + 
(1  1 

( 2 )  
+ +  

+ 
V*E = 0 

V * B  = 0 
where E i s  t h e  

B i s  t h e  
Js i s  t h e  
p i s  t h e  
E i s  t h e  
5 i s  t h e  
w i s  t h e  
j i s  t h e  

+ 
+ 
+ 
+ 

( 3 )  

( 4 )  
e l e c t r i c   f i e l d ,  
magne t i c   f l ux   dens i ty ,  
s o u r c e   c u r r e n t   d e n s i t y ,  
p e r m e a b i l i t y ,  
p e r m i t t i v i t y ,  
c o n d u c t i v i t y ,  
angular   f requency ,  
complex  operator.  

On t h e   o t h e r   h a n d ,   t h e   e d d y   c u r r e n t   d e n $ i t y ,  Je, + 
i n   t h e   c o n d u c t o r  i s  computed by m u l t i p l y i n g  E by 5 :  

+ +  
J = o E  

e ( 5 )  
The formulat ion  of   the  boundary  e lement   method is  

b a s e d  02 t h e   v e c t o r   G r e e n ' s   t h e o r e m t l  1.- E l e c t r i c  
f i e l d ,  E i ,  a n d   m a g n e t i c   f l u x   d e n s i t y ,  Bi ,  a t  a n y  
c o m p u t a t i o n   p o i n t ,  i ,  i n   t h e   r e g i o n ,  V ,  which  i s  
e n c l o s e d   b y   t h e   s u r f a c e ,  S, a r e  o b t a i n e d  by t h e   u s e   o f  
the  vector  Green's  theorem as f o l l o w s [ 2 ] :  

n 

+I JXVQ,  dv + B 
+ 

v s  0 .  

where fi i s  t h e   s o l i d   a n g l e   s u b t e n d e d  by S a t  i, i 
+ 
n i s  t h e   u n i t   n o r m a l   v e c t o r  a t  sou rce   po in t ,  
@ i s  the   fundamenta l   so lu t ion ,  

Bo i s  the   impressed   magnet ic   f lux   dens i ty .  
-t 

And i s  given  by 

rb= e x p I - j w J u ( E - j ~ / w ) r l  
4nr 

where  r i s  t h e   d i s t a n c e   b e t w e e n   t h e   s o u r c e   p o i n t   a n d  
the   computa t ion   po in t .  The in tegra t ions   which   appear  
i n  Eqs. (6 )  a n d  ( 7 )  a r e   e v a l u a t e d   b y   n u m e r i c a l  
i n t e g r a t i o n s .  

In   the  boundary  e lement   method,   only  the  boundary 
s u r f a c e ,  S, i s  d i v i d e d   i n t o  a n u m b e r   o f   t r i a n g u l a r  
e lements [2] .  And e l e c t r i c   f i e l d ,  ce, and   magnet ic   f lux  
d e n s i t y ,  fie, on t h e   t r i a n g u l a r   e l e m e n t   a r e   a p p r o x i m a t e d  
t h r o u g h   t h e   u s e   o f   t h e   l i n e a r   f u n c t i o n   o f   c o o r d i n a t e s  
a s   f o l l o w s :  

+ e + + +  
E = L  E +L E +L E 

1 1   2 2  3 3  

1 1   2 2  3 3  
+ e + + +  
B = L B t L B + L B  

Fig.  1 Typical   eddy  current   problem 
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where  L1,  L2 a n d   L 3 . a r e   t r i a n g u l a r   c o o r d i n a t e s ,  
g2 and g 3  are  e l e c t r l c   f i e l d   v e c t o r s  a t  v e r t i c e s ,   1 ,  
and 3, r e s p e c t i v e l y ,   a n d  B1,  8, and 8 a r e   m a g n e t i c  
f l u x   d e n s i t y   v e c t o r s  a t  v e r t i c e s .   A c c o r d i n g l y ,   t h e  
e l e c t r i c   f i e l d   v e c t o r   a n d   m a g n e t i c   f l u x   d e n s i t y   v e c t o r  
a t  t h e   v e r t e x  or node a r e  assumed as unknown vec tors .  

The s i m u l t a n e o u s   e q u a t i o n s   a r e   f o r m e d  by u s i n g  
Eqs. ( 6 )  and ( 7 ) ,  a n d   b o u n d a r y   c o n d i t i o n s   a r e  
introduced.  The typ ica l   eddy   cur ren t   p roblem i s  shown 
i n  F i g .   1 .   I n   t h i s   c a s e ,   t h e   b o u n d a r y   c o n d i t i o n s   o f  
e l e c t r i c   f i e l d  and   magne t i c   f l ux   dens i ty   a r e   g iven  by 

3 

+ + +  + 
E * t = E  * t .  

i l  i o  
+ + +  + 
B * n = B i d n  , 

i l  

(11)  

(12)  

A f t e r   s o l v i n g   f i n a l   s i m u l t a n e o u s   e q u a t i o n s ,   e d d y  
c u r r e n t   d e n s i t y   i n   t h e   c o n d u c t o r  i s  computed by us ing  
Eqs. ( 5 )  and  (6).  

COMPUTATION  RESULTS 

I n   o r d e r  t o  v e r i , f y   t h e   a c c u r a c y  o f  t h e   b o u n d a r y  
e l emen t  method, a conducting  sphere  model was chosen as 
an  example  of   the  eddy  current   problem. The conduct ing 
sphere moddl i n  a u n i f o r m   a l t e r n a t i n g   m a g n e t i c   f i e l d  i s  
shown i n  Fig.2. The number  of   t r iangular   e lements   on  an 
e igh th   pa r t   o f   t he   sphe re   su r f ace  i s  36 and  the number 
of  nodes,  a t  which unknown e l e c t r i c   f i e l d   v e c t o r s   a n d  
m a g n e t i c   f l u x   d e n s i t y   v e c t o r s  are def ined ,  i s  28. 

The c o m p u t a t i o n   r e s u l t s   o f   e d d y   c u r r e n t   d e n s i t y  
and  magnetic flux d e n s i t y   a r e  shown i n  Fig. 3. I n   t h i s  
ca se ,   t he   f r equenc ie s   o f   impressed   magne t i c   f i e ld   a r e  
50 (Hz)  and  500 (Hz) .  T h e   c o m p u t a t i o n   r e s u l t s   a g r e e  
e x a c t l y   w i t h   a n a l y t i c a l   s o l u t i o n s [ 3 ] .  

An e i g h t h   p a r t  of a conduc t ing   cube   mode l ,   wh ich  
i s  a th ree -d imens iona l  eddy current   prot i lem,  i s  shown 
i n   F i g .  4. T h e   n u m b e r   o f   t r i a n g u l a r   e l e m e n t s   a n d   t h a t  
o f   nodes  on a n   e i g h t h   p a r t   o f   t h e   c u b e   s u r f a c e   a r e  150  
and 91, r e s p e c t i v e l y .  The d i s t r i b u t i o n   o f   e d d y   c u r r e n t  
d e n s i t y   a n d   t h a t   o f   m a g n e t i c   f l u x   d e n s i t y   a r e  shown i n  
F ig .  5 and  ,Fig. 6 ,  r e s p e c t i v e l y .   T h e s e   c o m p u t a t i o n  
resu l t s   have   reasonable   phys ica l   meanings .  

0 = 5 . 9 2  x 1 0  1 In 0 

0 

Fig .  2 A conducting  sphere  model 

0.055 

055 

- : real  (analytical) 
Ei 
v (BEM) 

0.055 

e 

Fig.  3 Dis t r ibu t ions   o f   eddy   cu r ren t   dens i ty ,  Je ,  
and   magnet ic   f lux   dens i ty ,  B,  on  x-y p lane ,  
(a)  Je  (f=50 Hz), (b) B ( f = 5 0  H z ) ,  ( e )  Je (f= 
500 Hz), (a) B (f=500 Hz) 
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-+ 
B = (0,0,1) 

f=50 (Hz) 
0 

(0.0.0.05) 

7 

X 

Fig. 4 A conducting  cube model 

"1 '  ' ' . 

- 
3x1 O8 (A/m2) 

Fig.  5 D i s t r i b u t i o n s   o f   e d d y   c u r r e n t   d e n s i t y   v e c t o r ,  
( a )  r ea l  components,  (b)  imaginary  components. 

Fig.  6 D i s t r i b u t i o n s  o f  magnetic f l u x  d e n s i t y   v e c t o r ,  
( a )  r ea l  components, (b )   imag ina ry  components. 

CONCLUSION 

T h e   p a p e r   d e s c r i b e d   t h e   b o u n d a r y   e l e m e n t   m e t h o d  
u s i n g   v e c t o r   v a r i a b l e s  for computing  three-dimensional 
e d d y   c u r r e n t   d i s t r i b u t i o n s .  The c o m p u t a t i o n   r e s u l t s   o f  
t h e   c o n d u c t i n g   s p h e r e   m o d e l   a g r e e d   e x a c t l y   w i t h  
a n a l y t i c a l   s o l u t i o n s .   F i n a l l y ,   t h e   c o m p u t a t i o n   r e s u l t s  
o f   t h e   c o n d u c t i n g   c u b e   m o d e l ,   w h i c h  i s  a t h r e e -  
dimensional  model,  were shown. 

The boundary  element  method  can  be  applied  easily 
to   th ree-d imens iona l   p roblems  because   the   computa t ion  
i s  p e r f o r m e d   b y   u s i n g   o n l y   t h e   d a t a  o f  t r i a n g u l a r  
e l e m e n t s   o n   t h e   b o u n d a r i e s   o f   t w o  materials.  The 
a d v a n t a g e   o f   t h i s   m e t h o d  i s  t h a t   e l e c t r i c   f i e l d   a n d  
magnetic flux d e n s i t y  are so lved   d i rec t ly   and   boundary  
c o n d i t i o n s   a r e   p h y s i c a l l y   c l e a r .  We e x p e c t   t h a t   t h i s  
method may b e   a p p l i e d   t o   v a r i o u s   f i e l d s   o f   i n d u s t r y .  
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