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ABSTRACT 

A new method  of   determining  the  lengths   of   magnets  
i n  a m a g n e t i c   c i r c u i t   , b y   u s i n g   t h e   f i n i t e   e l e n l e n t  
method  has  been  developed.  This  method  has  the 
advantage   tha t   the   l engths   o f   magnets   which   produce   the  
p r e s c r i b e d   f l u x   d i s t r i b u t i o n   c a n   b e   d i r e c t l y  
c a l c u l a t e d .  

I n   t h i s   p a p e r ,   t h e   e r r o r   o f   t h i s  method i s  
d iscussed   a t   f i r s t . and   then   an   example  of a p p l i c a t i o n  
de te rmining   the   shape   of  a magnet, i s  shown. This  method 
is e f f e c t i v e   f o r   t h e '   d e s i g n   o f   m a g n e t i c   c i r c u i t s  
consis t ing  of   several   permanent   magnets   and  the 
d e t e r m i n a t i o n  of the  shapes  of   magnets .  

1. INTRODUCTION 

I f   t h e   f l u x   d e n s i t i e s   a t   s e v e r s 1   p o i n t s   i n  a 
magnet ic   Eield  produced by magnets   are   prescr ibed  and 
the  lengths   of   magnets   which  produce  such a '   f l u x  
d i s t r i b u t i o n   a r e  unknoyn,  nany i t e r a t i v e   m o d i f i c a t i o n s  
of  assun:ed l e n g t h s  of magne t s   a r e   necessa ry   i n   o rde r   t o  
de t e rmine   t he   l eng tks ,o f   magne t s  by u s i n g  t h e   u s u h l  
f i n i t e  e lement   ana lys i s .  

A new Tilethod which i s  c a l l e d   t h e   " f i n i t e   e l e m e n t  
method  with  shape  modificction' .  El] has  beer:  developed 
i n   o r d e r  to  solve  the  above-mentioned  proold, .!s.  
liowever, the   s ssunip t ions  of  t h i s  n!eti.od l e a d '   t o  sol;,e 
e r r o r s .  Then, t h e   e r r o r  i s  exac1i.ned.  The a p p l i c a b i l i t y  
Of t h i s  newly  developed  method  of  detern  j.ning  the 
l e n g t h s  of  magnets with c o n p l i c a t e d  sl;apc.s i s  a l s o  
i n v e s t i g s t e d .  

2. AXALYS IS. 

W'nen k'e want tc   p roduce  a magnet ic   f ie ld ,   in   which  
t h e   f l u x   d e n s i t i e s   a t   s e v e r a l   p o i . n t s   a r e   p r e s c r i b e d ,  by 
us ing   magnets ,   the   p roblem is to   de t e rn , ine   t ne  
pos i t ions   and   s izes   o f   the   magnets .  The p o s i t i o n s  and 
t h e   w i d t h s  of  t h e   m a g n e t s   a r e   o f t e n   p r e s c r i b e d  i n  
advance.  In  such a case ,   u sua l ly   t he   l eng ths   o f  thc: 
rnsgnets arcs assumed  and t h e   f l u x   d i s t r i b u t i o n  i s  
anz lyze l   numer i ca l ly .  It t h e  a s s u w d   l e n g t h  (131 is 
i i f f e r e n t   f r o m   t h e   t r u e   l e n g t h  ( L t l  , i t e r a t i v e  
modi f ica t ions   o f   - the   assumed  length  \r,ai a r e .   n e c e s s a r y  
u n t i l   s a t i s f a c t o r y   v a l u e s   a r e   o b t a i n e d  by u s i n g  a 
numerical  method. (h) and i L t i  ienote  tt .e  column 
matr ices   of   the   lengths   of   magnets .  

A new method by which  the  lengths  of  magnet 
producing t h e  g i v e n   f l u x   d e n s i t i e s   a t  some p r e s c r i b e d  
p o i n t s   c a n .  be d i r e c t l y   c a l c u l a t e d  i s  developed.   This  
method i s  expla ined  by  an example shown i n   F i g .  1. For 
s i m p l i c i t y ,   t h e   w i d t h  W and the magnet iza t ion   of   the  
u a g n e t   a r e   g i v e n ,  The h a t c h e d   p a r t   i n   F i g .   l ( a )  shows 
the,difference  between  the  assumed  magnet   and  the 
obtained  magnet.  D i s  the   l eng th   o f  t h i s  p a r t  and i t  
i s  d i r e c t l y   c c l c u l a t e d  by o u r  new method. The  method 
is conce ived   f rom  the   idea   tha t   the   ha tcked   par t   ccn   be  
equ iva len t ly   deno ted  by l i n e   e l e m e n t s   r e p r e s e n t e d  by 
t h i c k   l i n e s   i n   F i g .   l ( b ) ,   b e c e u s e   t h e   f l u x   l i n e s   i n  
t h i s   p a r t  Fass n e a r l y   p e r p e n d i c u l a r   t o   t h e   l i n e  
e l emen t s .   These   l i ne   e l emen t s   a r e   ca l l ed   t he   " shape  
modifying  element" [11,[21. This   e lement   has   the  same 

The auLhors   a re  w i t h  the  Department of E l e c t r i c a l  
Engineer ing ,  Okayanla U n i v e r s i t y ,  Okayama 700, Japan.  

T. Nakata  and N. Takahashi  

0018-9464/82/1100-1C49$00.75O1982 IEEE 

1049 

!a) model of a  magnetic (b) finite  element 
circuit  subdivision 

Fig. 1. Shape  modifying element. 

ecergy 8 s  t h e   h a t c h e d   p a r t   i n   F i g .   l ( a ) .   I f   t h e  
ca l cu la t ed   ene rgy   o f   t he   shzpe   mod i fy ing ,e l emen t  i s  
p o s i t i v e ,  i t  aeans t ha t   t he   magne t   shou ld   be  
lengthened.  The f ine1  shape  of   the  magnet  i s  o b t a i n e d  
by moving the  s ide  of   the  assumed  magnet ,  on which   the  
shape  modifying  element i s  s e t .  

I n  t h i s  me thod ,   t he   fo l lowing   a s sumpt ions   a r e  
n e c e s s a r y  C23. 
( a )  The ene rgy   i n   t he   ha t ched   pa r t   czn  be c o n c e n t r a t e d  
on t h e   l i n e   c l e m e n t .  
( b )  The m a g n e t i z a t i o n   o f   t h e   l i n e   e l e m e n t  i s  equal   tu  
t t a t  of the   ad jaccc t   magnet .  

Idher, t h e   f l u x   d e n s i t i e s  at  some poi .nts ,   and  the 
pos i , t ions   and   the   wid ths .   o f   magnots   a re   p rescr ibed ,   the  
lengths   of   magnets .   can  be  calculated by u s i n g   t h e  
f i n i t e   e l e m e n t   m e t l l o ~ .  The f o l l o w i n g   e q u a t i o n  i s  
derived  from tte above-mentioned  idez121 

wbert i A l  and (BO/ a r e   t h e ,  column  matr ices   of   vector  
p o t e n t i a l s   a n d   t h e   p r e s c r i b e d   f l u x   d e n s i t i e s .  ( (1)  i s  a 
f u n c t i o n   o f   G q u i v a l e n t   m a g n e t i c   c u r r e n t   d e n s i t i e s  and 
t h e  known v e c t o r   p o t e n t i a l s '  on t h e   D i r i c t l e t   b o u n d a r i e s  
[2]. [HI i s  t h e   s o - c a l l e d   c o e f f i c i e n t   m a t r i x .  and [ C ]  
and   [F ]   a r e   t he   cons t an t   ma t r i ces , r e spec t ive ly   [Z j .  

Al though  the   modi f ied   va lues  I n \  a r e   d i r e c t l y  
obta ined  by the  proc,ess   denoted by t h e   s o l i d   l i n e s   i n  
F i g .   2 ,   t h e s e   r e s u l t s   a r e   n o t   s a t i s f a c t o r y   b e c a u s e  of  
t h e   e r r o r   c a u s e d  by the  above-nier l t ioned  assumptions.  
T h e r e f o r e ,   u s u a l l y   a ,  few r e p e t i t i o n s   a r e   n e c e s s a r y  
u n t i l   t h e   d e s i r e d   r e s u l t s   a r e   o b t a i n e d  by modi fy ing   the  
s u b d i v i s i o n  as shown  by tbe   b roken   l i nes  i.n Fig.  2.  

Only t h e   l i n e c r   a n a l y s i s  i s  d e a l t '  w i t k .  i n   t h i s  
paper .  The n o n - l i n e a r   a n a l y s i s  w i l l  be r e p o r t e d   l a t e r .  

3 .  FUNDAMENTAL STUDY OF EPKOBS 

Our method  contains  t t e  e r r o r   d u e   t o   t h e  
assumpt ions   ment ioned   in   sec t ion  2 .  Then ,   the   e r ror  
of t h i s  method i s  examined by a l i n e a r   s i m p l i f i e d  model 
shown i n   F i g .  3 .  I n   F i g .  3 ,  ( Y . - ~ ? - Y - ( \ - I , (  deno tes   t he  
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F i g .  3. Analyzed  model. 

analyzed  region  which i s  ha l f   o f   t he   who le   r eg ion .  The 
y-component Bypo o f   t h e   f l u x   d e n s i t y   a t  a p o i n t  P i.s 
p r e s c r i b e d .   F i g u r e  3 shoris t h e   c s s e  when the   shape  
modifying  element  which i s  denoted  by t t e   t h i c k   l i n e  i s  
s e t  on t h e  same s i d e   o f   t h e  magnet a s   t h e   p r e s c r i b e d  
p o i n t  P. 

F i g u r e  4 shows t h e   e r r o r  €1, o f   t h e   l e n g t h   o f   t h e  
wagne t   and   t he   e r ro r  EB o f   t b e   f l u x   d e n s i t y .  EL and EB 
a r e   d e f i n e d  by t h e   f o l l o w i n g   e q u z t i o n s .  

EL' ___ x l o o ( % )  (2) L - L t  
L t  

Where L End  Byp a re   t he   ob ta ined   magne t   l eng th   and   t he  
c a l c u l a t e d   f l u x   d e n s i t y . r e s p e c t i v e l y .   T h e   e r r o r  FA of 
t h e  assumed  length i s  d e f i n e d   b y   t h e   f o l l o w i n g  
e q u a t i o n .  

The r e l a t i o n s h i p s  among La, L t  and L i n   e a c h   r e g i o n   a r e  
a l s o  shown i n   F i g .  4 ( a ) .  There i s  no c u r v e   i n   t h e  
.Latched p a r t s  f r o m  the  physical   poi.nt   of  view.  Eack 
upper   half   par t   of   Fig.  4 ( a )   a n d   ( b )   c o r r e s p o n d s   t o  
F ig .  3 .  The shape   modi fy ing   e lenent  i s  s e t  on t h e  
same s i d e  of t h e  rr.agnet a s   t h e   p r e s c r i b e d   p o i n t  P i n  

I 
(b) error i n  f l u x  d e n s i t y  

Fig. 4. Errors i n  length   and  flux d e n s i t y .  

Fig.  3 .  When the  shape  modifying  e lement  i s  s e t  on t h e  
o p p o s i t e   s i d e   o f   t h e   m a g n e t ,   t h e   s i g n   o f   t h e   e r r o r  €1, 
is &lways   nega t ive  and the   lower   ha l f   o f   F ig .  4 
c o r r e s p o n d s   t o   t h i s   c a s e .   T h e   e r r o r  i s  d u e   t o   t h e  
a s sumpt ion   ( a )   men t ioned   i n   s ec t ion .  2 .  A s  t h e  
a n a l y s i s  i s  a l i n e a r  one, the   assumpt ion   (b)  does not  
c h u s e   t h e   e r r o r .  

I t  i s  concluded  from  Fig.  4 t h a t   t h e   s h a p e  
mod i fy ing   e l emen t   shou ld   be   s e t   on   t he   oppos i t e   s ide   t o  
t h e   p r e s c r i b e d   p o i n t ,  and t h e  assumed  length / I n 7 1  should 
be   sma l l e r   t han  (Lt) .  

4. AN EXAMPLE OF APPLlCATlOE 

An example   de te rmining   the   shape   of  a magnet  which 
produces a p r e s c r i b e d   f l u x   d i s t r i b u t i o n  i s  ana lyzed  by 
using  our  n.ethod.  The  rotor of a synchronous  generator  
with  perwznent   magnets ,can  be  designed  by A s i m i l a r  
met  hod. 

F i g u r e   5 ( a )  ' shor,~s the  analyzed  model  wbose f l u x  
d i s t r i b u t i o n  on t h e   l i n e  A-A' i s  p r e s c r i b e d   t o   b e  
s p a t i a l l y   s i n u s o i d a l  as shown i n   F i g .  5 ( L ) .  Four 
s h a p e   m o d i f y i n g   e l e n e c t s   a r e   s e t  on t h e  samc s i d e s  3 s  
t h e   p o i n t s   a t   w h i c h   t h e   f l u x   d e n s i t i e s   a r e   p r e s c r i b e d  
as  shown by t h e   t h i c k   l i n e s .  The f i n a l   s h a p e   o f   t h e  
magne t   can .be   ob t s ined  by moving t h e   u p p e r   s i d e   o f   t h e  
magnrt by D. 

The e r r o r s  EL and LB i n   t h e   l e n g t h  o f  magnet  and 
t h e   f l u x   d e n s i t y   a r e   i n v e s t i g a t e d  when t h e   i n i t i a l  
v a l u e s  L l a  , I,?: , Laat , L?? of   t he   l eng ths   o f   magne t s  
a r e  40 , 3 5  , 30 , 25 mm, r e s p e c t i v e l y .   F i g u r e  6 shows 
t h e   e r r o r s  EL and EE a t   e a c h   s t e p   o f   i t e r a t i o n s   d e n o t e d  
by t h e   b r o k e n   ' l i n e s   i n   F i g .  2 .  EL and EB a f t e r  two 
i t e r a t i o n s   a r e   b o t h   w i t h i n   a b o u t  C.8 R .  . The o b t a i n e d  
nlagcet   lengths  L l  , L 7  , I,:\ , I,,, a r e  37.3 , 36.0 , 
3 3 . 5  , 30.1 nm!, r c s p e c t l v c l y .  Ever: if t h e   ; , 1 a x i n 1 ~ ~  
e r r u r  of  ti-!e i n i t i a l   a s s u x e d   n n g n c t   l e n d t i ,  i s  about  
16 % , it  i s  p o s s i b l e  t o  o b t a i n   t h e   s a t i s f a c t o r y  
1enStk.s of  the  naznet  b y  only a fev  i t e r a t i o n s .  

~i~~~~ 7 si-,0ws t h e   f l u x   d i s t r i b u t i o n  o f  t:w 
obtcini-6 ma;,net. 

I t  is c lea r   t bz t   ou r   ~ , ; , e thnd  i s  a p p l i c a b l e  t c  
dcterr;linin; the s i z e  n f  i..egcet  haVinL 3 conpl ics tc 'd  
sha  pc. 
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(b) error i n  flux d e n s i t y  
6. E r r o r s  a t  e a c h   i t e r a t i o n .  

The new method  enLbles   us   to   des ign   the   mos t  
s u i t a b l e   m a g n e t i c   c i r c u i t  composed  of  several  magnets 
wi th   compl ica ted   shapes .  

The a n a l y s i s  of t h e  fo l lowing   problems will be 
r e p o r t e d   l a t e r :   ( a )   e r r o r  which  occurs when t h e r e   a r e  
more t k a n  two magne t s .   ( b )   ana lys i s   o f   t he   ca se  when 
t h e   d i r e c t i o n s   o f   t h e   p r e s c r i b e d  f l u x  d e n s i t i e s  do n o t  
c o i n c i d e   w i t h   t h e   a x e s ,   ( c )   n o n - l i n e a r   a n a l y s i s , ( l )  
m o d i f i c a t i o n  of t he   w id th  of magnet, ( e )  the  optinunl 
design  of   magnets   heving  the minimum volume, ( f )  
exper imenta l   s tudy .  

Our method will be also e x t e n d e d   t o   t h e  optimurr 
d e s i g n  of e l e c t r i c   f i e l d s .  
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