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Abstract

In this paper, we define coaction crossed product of Hilbert C*-bimodule by finite groups. We show
that resulting bimodule is of finite type, and compute indices of them. We present a Takesaki-Takai
duality theorem which is some non-commutative generalization of abelian groups case in [KW2].
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1. Introduction

In [KW1], we defined Hilbert C*-bimodules of finite type, and showed fundamental matters and examples.
After this, in [KW2], we construct crossed products of Hilbert C*-bimodules of finite type by countable
discrete groups. We showed that the crossed product bimodules are also Hilbert C*-bimodules of finite type,
showed some categorical formulas, and showed Takesaki-Takai duality theorem for finite abelian groups. In
[KW3], we made a generalization to crossed products by bundles. In [K], we considered crossed product
bimodules by locally compact non-discrete groups using the theory of countably generated Hilbert C*-
bimodules presented in [KPW].

In this paper, we construct a coaction crossed product bimodule by finite group. Then, using the theory
of linking algebra in [BGR], we may define actions and inner products on crossed products bimodules.
Moreover, we construct finite basis in two sides, and we show that this crossed product bimodules are of
finite type. At last we show Takesaki-Takai duality theorem, which is a generalization of that in [KW2].

2. Hilbert C*-bimodule of finite type

We review an equivalent definition of Hilbert C*-bimodules of finite type following [KW3]. Let A and
B be unital C*-algebras. Let X be a C-vector space.

Definition 1. (([KW1]) X is called a Hilbert A-B bimodule of finite type if the followings hold.
1. X is a left A-module.

2. X has a left self adjoint A-inner product 4(-|-). The linear span of the range of this inner product is
equal to A.

3. alazly) = aa(zly).
4. X is a right B-module.

5. X has a right self adjoint (not necessarily positive) B-inner product (-|-)p. The linear span of the
range of this inner product is equal to B.
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]

(z|lyb)s = (z|y) Bd.

7. Left A action and right B action commute each other.

oo

. (azly)B = (zla*y)p and s(z|yd) = a(zb*|y).
9. There exists a finite subset {u;}; in X such that }; u;(u;|r)p =z for all z € X.

10. There exists a finite subset {v;}; in X such that 3, s(z|v;)v; =z for all z € X.

We call the subset {u;}; the right B-basis of X and {v;}; the left A-basis of X.
([KW1]) If X satisfies all conditions in Definition 1, the followings hold.

1. a(z|z) >0 and (z|z)p > 0. a(z|z) = 0if and only if £ = 0 and (z|z)p = 0 if and only if z = 0.
2. |la(zblzb)l| < [IBlf?]|a (z|2)]| and [{(az|az) 5]l < llall?||(z|z)5]-

3. la(zlz)ll < 122; alwilui)lli(z]z) 8]l and
I(z]z)sll < | X;(vjlv;)Blllla(z|z)]l In particular, two norms

llzla = li(z}2)['/* and |lz||ls = ||(z|z)5]|"/* on X are equivalent.

4. X is complete with respect to || - ||4 (equivalently || - || B).

3. Coaction Crossed products by finite groups

We review the definition of coaction C*-crossed products by finite groups. Let A be a unital C*-
algebra, and G be a finite group. Let A be a *-homomorphism for C*(G) to C*(G) ® C*(G) given by
A(Mg)) = Mg) ® Mg) where A(g) is defined by A(g)¢(g") = £&(g7"9") for £ € I*(G).

Definition 2. A unital *-homomorphism § from A to A ® C*(G) is called a coaction of G on A if the
following holds.

(6@ Ic-g)od=(Ia®A)0d

Since G is a finite group, all tensor products are algebraic and no problem concerning C*-tensor products
occur.

For f € C(G), we define the multiplication operator My in B(I*(G)) by M;(¢)(g) = f(g)&(g) for
£el?(G).
Definition 3. Let A be represented on a Hilbert space H faithfully. The coaction crossed product A x; G

of A by G is a C*-algebra generated by {8(a),I ® M¢la € A, f € C(G)} in B(H ® I*(@)). The coaction
crossed product C*-algebra is independent of the choice of the representation space H of A.

Following Lemma is a coaction version of Fourier expansion and is well known. We present proof because
we do not know reference. Let 7 be an irreducible unitary representation of G, H, be a representation space
of 7, and dx be the dimension of H,. We fix ortho normal basis {v] }i=1,....a,. We put €7 ;(g) = (n(g)v],v])
for g € G. We enumerate {e];} and put this finite set {wy}p=1,....n where n is the order of G.

Lemma 4. Each element of the coaction crossed product A x5 G may be expressed of the form

n

> 8(ap)(I ® M(wp))

p=1
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This expression is unique. Another expression

n

Y (I ® M(wp))é(ay)

p=1
is also possible and unique.

Proof Since there exists a conditional expectation E from A x4, G to A by the action dual to 4. Then,
for example by [S], {I ® M(w;)}; is a Pimsner-Popa basis for E, and the above expression is possible. Let
fo(g') = 84,9 Then {f;},ec is a base in C(G), and the expression ) ; 6(ag)(I ® My,) is unique. Then
the above expression using {w,}, is also unique. O

Let A and B be unital C*-algebras and X be a Hilbert A-B bimodule of finite type. Suppose that
there exist a coaction d4 of G on A, coaction ég of G on B and a bounded linear map dx from X to
X ® C*(G) such that (§x ® Ic-(¢))0x(x) = (Ix ® A)dx(z) for £ € X. We remark that X ® C*(G) is an
A® C*(G)-B ® C*(G) bimodule of finite type, which is an example of outer tensor product [KW1].

Definition 5. The system (X, A, B, 6x,04,05,G) is called a G equivariant co-system if the following holds.
1. dx(azx) = d4(a)dx(z), Ox(xb)=0dx(z)ép(b)forac A,be Bandz € X.

2. 84(a(zly)) = agc-(c)(0x(2)|6x(y), dB((z]y)B) = (6x(x)|dx (¥))BoC~(G)-

We denote X" as the imprimitivity Kg(Xpg)-A bimodule changing left action and left inner product
from X. We denote C" as the linking algebra of (Kg(Xg), X, A) ((BGR]).

Lemma 6. Let (X, A, B,dx,04,0p8,G) be a G equivariant co-system. Then there exists a coaction dc» of
G on C” canonically.

Proof By Proposition 2.5 in [Bu], we may define a coaction éx of G on Kp(Xp) such that §x(Tz) =
Sk (T)éx (z) for T € Kp(Xp) and z € X. f T = 0] ,, we have 6k (67 ,) = 65, () sx(y)- L€t Ox be the linear

z,y
map canonically defined on X from éx. We may define a action éc- of G on CT as follows.

(12 1) - [ %)
forac A,z€ X,z' € X and k € Kg(Xp). .

‘We make a coaction crossed product of C” x,.. G. By Lemma 4, elements of C” x5, G may be expressed
of the form )~ dc-(cp)(I ® M(wy)) and this expression is unique. Then by [BGR], (1,2) part of C" x5, G
is the imprimitivity bimodule between A x;, G and B Xép G.

Definition 7. We denote (1,2) part of C" x4, Gby Xr X5y G.
Similarly, we define C!, 6ot and X' x5, G.
Lemma 8. X7 X, Gis a right Hilbert B x;, G module and X! Xy G is a left Hilbert A X34 G module.

Lemma 9. X7 x;, G and X! X5x G are naturally isomorphic as linear spaces.

Proof Elements in X" x5, G and X* x5, G have the same expression because they are (2,1) component
of coaction C*-crossed products. Since Fourier expansion is unique, we may define a linear isomorphism
canonically. a

By these lemma, C" X5,. G may be considered as left Hilbert A x5, G module.
Let {u;}; be a finite base of X and {v;}; be a finite left base of 4X. We put 4; = éx(u;) and
‘lfj = 5)( (’Uj).
O
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Lemma 10. {i;}; is a right B x4, G basis, and {;,}; is a left 4 x5, G base.

Proof We only consider right base case. In C” x4, G, inner products and actions are expressed by products
in C*-algebras. Then for z = }°_dx(zp)(I ® Mo, ) € X7 x4 G,

Z 0i(05€) pu, ¢ = Z dx (v;)0x (v;)* Z x(zp)(I ® M,,)
3 3 4

3" 6x (" vi(vilep)8)I ® M.,)
4 J

= > dx(z,)I®M,,)

p
= z

O

The conditional expectation Eq from Kp(Xpg) to A satisfies Eg(dx (T)) = d4(Eo(T)). Then the restric-
tion of 8k to A is the original §4. Then A x5, G can be considered as the C*-subalgebra of K p(Xp) x5, G.
We may consider two left actions of A x5, G on X" x;, G by the inclusion 4 x5, G C C* x 5, G and the
inclusion of 4 x;, Gc Kp(XB) Xsx G.

Lemma 11. Then left actions as above of 4 x5, G on X x5, G are identical.
Proof Let z =3 dx(z,)({ ® M,,). Then we have,

4(@) Y dx(z)I®M,,) = Y bx(az,)(I®M,,)

P P
T®M,)Y bx(z)T@M,,) = > > E((I®M,)x(zp)(I®Mz))(IQM,,)I®M,,)
) P g
Then E ((I ® M,))éx (z,)(I ® Mg7)) is independent of the representation spaces of X. 0

By these arguments, we have the following theorem.

Theorem Let A and B be unital C*-algebras, X be a Hilbert A-B bimodule of finite type and G be
a finite group. Let (X, A, B,0x,04,08,G) be a G equivariant co-system. Then X" x;, G is made into a
Hilbert A x5, G-B x5, G bimodule and is of finite type.

Definition 12. We call this bimodule X x;, G.
We may compute indices of the coaction crossed products.
Proposition 13. We have rind[X x;, G] = d4(rind[X]) and lind[X x;, G] = §p(lind[X]).

Proof We only show the case of rind. We have
> axs, ¢(ld) = > axs, ¢(0x (ui)]dx (u:))

= D alaluslus))
6(rind{X1))

(]

Let A and B be unital C*-algebras, and X a Hilbert A-B bimodule of finite type, G a finite group, and
(X, A,B,v,a,0,,G) be a G-equivariant system ((KW2}). The by [KW2], X x., G is defined and is made
into a A x4 G-B xg G bimodule of finite type.

There exists coactions d4, 6p and dx of G of A x, G, B xg G and X x., G such that

5a(arg) = aAg ® Ag, OB(bAg) =BAg ® Ay, Ox(zhg) = zA, ® A,
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Then (X x,G,A x4 G,Bxg,0x,04,0p,G) is a G-equivariant co-system.
On the other hand, if (X, A, B,6x,04,8p,G) is a G-equivariant co-system. Then there exist actions dyx,
64 and dp dual to 8x, 64 and dp and (X X 55 G A X5, G,B X5p c‘:,&x,SA,SB,G) is a G-equivariant system.

Proposition 14. (Takesaki-Takai duality Theorem) (X x,G) X, G ~ X®C(I*(@)), and (X x5, B) X5, G =
X ® C(I%(G)) hold and the above isomorphisms are compatible with Takesaki-Takai dualities of C*-crossed
products.

Proof The proof is similar to [KW2] and [K], and use crossed products of linking algebras. 0

Remark 15. We may construct crossed products bimodule by finite dimensional Kac C*-algebras in a
similar way.
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