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Abstract
This paper studies traveling fronts to cooperation-diffusion systems in RY for
N > 3. We consider (N — 2)-dimensional smooth surfaces as boundaries of strictly
convex compact sets in R¥~!, and define an equivalence relation between them. We
prove that there exists a traveling front associated with a given surface and show its
stability. The associated traveling fronts coincide up to phase transition if and only
if the given surfaces satisfy the equivalence relation.
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1 Introduction

In this paper we study the following cooperation-diffusion system.

ou N
o =AAu+ f(u), xR, t>0, (1.1)
u(z,0) = uy, r € RY.

Here N > 3 is a given integer, and uy is a given bounded and uniformly continuous function
from R" to R?. Now we put D; = 9/dz; and D;; = 9*/0x;0x; for 1 <i < Nand1 < j < N,
and have A = Z;V:l D,;. A matrix A and a function f are given by

=(55). - ()

for d; > 0 for j = 1,2 and for any w = (uq, u2), respectively. Now we put

6 ()

for every n € Z. For any u = (uj,us) and v = (vy,v9) we define w < v if and only if
u; <wvj for all j = 1,2, and define w < v if and only if u; < v; for all j = 1,2, respectively.
The following is the standing assumptions in this paper.
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(A1) f is of class C? from [—1,2]? to R?. One has f(0) =0, f(1) = 0 and

D,fi(u) >0 if 0<wu<1andi#j.

(A2) There exist £ > 0 and @ = (&1, P,) with

AD"(y) + kD' (y) + f(P(y)) =0, yeER,
P(—00) =1, B(+00) =0, (1.2)
~P'(y) >0 yeR

(A3) All roots of det (A\?A+ kX + f'(0)) = 0 have nonzero real parts. There exists
qo € R? with go > 0 and f'(0)qy < O.

(A4) All roots of det (A?A+ kA + f'(1)) = 0 have nonzero real parts. There exists
po € R? with pg > 0 and f/(1)py < 0.

(A5) There exists a@ = (a1, a2) with 0 < a < 1 and f(a) =0, and

(@) — a1 Qg2
f( ) (0421 Q22
satisfies aqo > 0, ag; > 0 and ajae; — g > 0. If u satisfies 0 < u < 1 and
f(u) =0, one has u € {0,1,a,(0,1),(1,0)}.

Here D; f; = 0f;/0u; means the derivative of f; by the j-the component u,;.

Example 1 (the Lotka—Volterra system) Kan-on [5] proved the existence and unique-

ness of
U"(y) +sU'(y) + U(y)(1 = U(y) — oV (y)) = 0, y€R
dV%)+ﬂ”)+ me—%(@ Vy)=0 ’
00) 1 0
oo) 0
_U/( ) 7 > ye R?
and showed 5 5 9
s S S
— <0 — >0 — < 0.
8@0 ’ 8b0 7 860
Here ag, by, ¢y are positive constants with
1
— < ag < by,
Co

which implies the strong competition between two species. If s > 0,

A — (é 2) 7 f(U) _ (u1(1 — CpGg — Uy + CodoUg))

(1 — ug)(bour — apus)



satisfy (A1)-(A5) with

k=s, fp(y)—t(U(y),l—M)-

Qo

Indeed, we have

Colg — 1 CoQqg — 1 Coao(Coao - 1)
- bOCO —1 1 _ B boCO -1 boCD -1
a= bo(Coao — 1) ) ‘f (a) - bo(bo — CL()) _ b() — Qg
Clo(boCo — 1) ao(boco — ]_) boCo —1
and ) .
Q2021 — Qi1 Qg = (bo — ao)(coty — 1) > 0.
boCQ —1
If s <0,

A ((c)z (1)>  fu) = <u1(a0 — by — aguy +bou2))

(1 — ug)(coapuy — usg)

satisfy (A1)-(A5) with

k=—s, &) =" (V(a—oy)7 1- U(—y)) ~
Indeed, we have
bo — ao _ bo — ag bo(bo — ao)
el A ROl WP
bocyg — 1 bocg — 1 boco — 1

and
(bo — CL())(C()(IO — 1)
boCO —1

Qo021 — Q1Qip = > 0.

Example 2 (General Cases) In addition to (A1), (A3), (A4) and (A5), assume that all
eigenvalues of f/(0) and all eigenvalues of f/(1) lie in {A € C|Re < 0}. Then there exists
k € R and @ = (Pq, ;) that satisfy the one-dimensional profile equation (1.2). See [16] for
the proof. Then assumptions (A1)—(A5) hold true if & > 0.

For a scalar bistable reaction-diffusion equations called the Nagumo equation or the
unbalanced Allen—Cahn equation, multi-dimensional traveling fronts have been studied by
9,2, 10, 3, 4, 12, 13, 7] and so on. Traveling fronts associated with strictly convex compact
domain in RY~' with a smooth boundary are studied for a scalar bistable reaction-diffusion
equations in [14, 15]. The Lotka—Volterra system is a typical example of two-component
cooperation-diffusion systems. For this system the existence and uniqueness of a one-
dimensional traveling front is studied by Kan-on [5]. See also [6] and [1]. For general
cooperation-diffusion systems, the existence and uniqueness of a one-dimensional traveling
front is studied by [16]. Two-dimensional V-form fronts are studied by Wang [17]. Traveling
fronts with pyramidal shapes are studied by Ni and myself [8]. The purpose of this paper is
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to show that a strictly convex compact set in R¥~" with a smooth boundary gives a traveling
front to a competition-diffusion system in R" by using a clear and concise argument. The
argument in this paper might be useful for studies on other reaction-diffusion systems that
admit comparison principles.

In this paper we assume ¢ > k. By a moving coordinate system with speed ¢ toward the
xy-direction we rewrite the cooperation-diffusion system. Let &’ = (zy,...,25_,) € R¥7..
Let z = x5 — ct and

u(x', xy,t) =w(x', 2, t).

Then we have

(Dy — AA — cDy)w — f(w) =0, xeRY >0,

w(zx,0) = up(x), x e RV, (1.3)

Rewriting z by z, we denote the solution of (1.3) by w(x,t;uy). The profile equation of
a traveling front in R" is given by

(—AA —cDy)v — f(v) =0, x € RY. (1.4)
Now we define
2 _ )2
m, = 25 - (1.5)
Then a planar traveling front
P (E(xN - m*xl))
c

satisfies (1.4).

In §4 we prove that there exists a cylindrically symmetric traveling front solution U =
(U, Us). Since it depends only on |#'| and z for & = (x/, zy) € RY, we write U (|&/|, xy) =
(Ur(|2'|, zn), Us(]Z'|, xy)). Denoting |x'| and xy by r and z, respectively, we have

N —2
A (—DW — D, — Dzz) U-cD,U- f(U(r,z)) =0, r>0,z€R,

,
D,U(0,z) =0, z € R,
Ul(0,0) = ay, (16)
0<U(r,z)<1, D.U(r,z) >0, =D, U(r, z) > 0, r>0,z€R,

Sli_)rgoU(s +r0(s)+2)=® (%(z - mw)) in C2 _(R?).
Here D, U = 0U /dr, D,,U = 9*U/dr* D.U = U /0z and D,.U = 9*°U /2% Now ¢ is
a nonnegative function with lim, ., ¢'(r) = m,. See §4 for the definition and properties of
¢. See Lemma 8 and Lemma 10 in §4 for detailed properties of U.

For any positive-valued function g € C*(SN72) let D, = {r€&|0 <r < g(£),& € SN2}
and let C, = 9D, = {g(€)& | € € SV~2}. Now we choose the signs of principal curvatures of
C, such that the principal curvatures of the boundary of S™~2 are +1 in this paper. Then,
if all principal curvatures of C;, are positive at every point of Cy, D, is a strictly convex
compact set in RV~ Let G be given by

{ g € C*(SN72)| g > 0,all principal curvature of C, are positive at every point of Cg} )
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Speed C

Figure 1: The graph of a level set of a component of U.

For any g € G and a > 0 we define g; = 7,9 by
Cy = {z e RV"\D, | dist(z,C,) = a}.

Then 7, becomes a mapping in G by Lemma 11 in §5. We define an equivalence relation
g1 ~ ¢go if and only if one has either g, = 7,95 or go = 7,91 for some a > 0. Roughly
speaking, we define g; ~ g, if and only if one can expand D, with a constant width
and the expanded one equals Dy, or one can expand D, with a constant width and the
expanded one equals Dy, . See §5 for the details.

The following is the main assertion in this paper.

Theorem 1 Let g € C*(SV72) satisfy g(&) > 0 for all € € S¥2. Assume that D, =
{ré|0<r <g(&),& € S"*} is a convex compact set in RN and all principal curvatures
of 0D, = {g(§)& | & € SV} are positive at every point of 0D,. Then there exists a unique
solution U = ([71, (72) to

(—A O 0 )f]—f(ﬂ‘) =0 inR", (1.7)

_— C—
2
— ox; 0Ty

U(x) — min U(|z' — g(&)&|,zy)| = 0. (1.8)

lim sup (uin,

S§—00 |w|25

Here x = (x',zy) € RY. Let g; satisfy the assumption stated above and let ﬁj be the
associated solution for j = 1,2, respectively. One has

Uy(x',zy) =Ui(x', 2y — ) for all (&', zy) € RY (1.9)
with some ¢ € R if and only if g1 ~ gs.



Let G be the set of all g that satisfies the assumption of Theorem 1. Let D, be as
in Theorem 1 for g € G. We define an equivalence relation in G. Roughly speaking, we
define g; ~ ¢, if and only if one can expand Dy, with a constant width and the expanded
one equals Dy, or one can expand D, with a constant width and the expanded one equals
D, . See §5 for the details. Theorem 1 says that each element of a quotient set G/ ~ gives
an N-dimensional traveling front U in a competition-diffusion system. Figure 1 shows the
graph of a level set of a component of U.

This paper is organized as follows. We state preliminaries in §2, and give a uniform
estimate on pyramidal traveling fronts in §3 with respect to the number of lateral faces.
Using this estimate we show that pyramidal traveling fronts converge to a cylindrically
symmetric traveling front U as the number of lateral faces go to infinity and we state
properties of U in §4. In §5 we define an equivalence relation for surfaces in R¥~* with
positive principal curvatures. In §6 we give a proof of Theorem 1. We construct a weak
supersolution and a weak subsolution by using U, and prove the existence of U between
them. Finally we study the stability of a cylindrically non-symmetric traveling front U.

2 Preliminaries

Without loss of generality we can assume |pg| = 1 and |go| = 1. From assumptions (A3)
and (A4) we have

f(1)po < =381, ['(0)go < —351
for a constant 8 > 0. There exits a constant 6, € (0,1/4) with

—f'(v)po > 251 if |v — 1] < 24,
—f'(v)go > 261 if |v| < 26,.
For
K =max max [Df;(u)|=0,
we define
> B K (2(uy — 1) max{0,u; — 1} + (max{0, uy — 1})?
Flw) = flw+5 (2(u1 1) max{0, us — 1} + (max{0, uy — 1})2
+5 2uy max{0, —u; } — (max{0, —uy})?
2 \ 2u; max{0, —us} — (max{0, —u; })?
and have

Flu) = f(u), flu)=fu) foO<u<l,

D;fi(u)>0 if-1<wu<2andij.
See also [17]. Replacing f by f if necessary, we can assume that f satisfies (A1)~(A5) and
D;fi(u) >0 if —1<u<2andi#j

except that f is of class C' in [—1,2]* to R%. Then we have the comparison principle as
follows. For the proof see [11] for instance.



Lemma 1 [fu(x,t) and u(x,t) satisfy

(D; — AA)Tw — f(w) >0, (D;— AA)u— f(u) <0 zeRY, t>0,
—1§u( 1) <2, —1<u(x,t) <2 x eRY >0,
Su( 0) <wu(x,0) <2 x € RY,
then one has
u(z,t) < u(x,t) xeRY t>0.

Moreover, if u;(-,0) # u;(-,0) for some j in addition, one has u;(x,t) < u;(x,t) for
xeRY t>0.

Using this comparison principle and (A2), we have —®'(y) > 0 for y € R. Let

M =max max_|D;f;(s)| >0, (2.1)

i,j —1<s<2

and define 6, € (0,7/2) by tand, = m,. Choosing xo € C*°(R) with

Xo(y) =1 if 4y > 3,
0<xo(y) <1, 0<xp(y) if 1<4y <3,
Xo(y) =0 if 4y <1,
we define
p(y) = a0+ xo(y)(Po — qo)  foryeR. (2.2)

Let n > 2 be a given integer and let{a;}}_, be a set of unit vectors in R"~" with a; # a;

for i # j. Then a; = (aj,...,a] ") satisfies

N-1
;> =) (a})*=1 forall1<j<n.
=1

Here we put ¢’ = (z1,...,2y,) € R¥" and ¢ = («',zy) = (21,...,2y) € RY with
') = /> 22 and |x| = />, 22, respectively. For ' € R¥"! we set
hi(x') = m.(a;, o), (2.3)
no__ o
h(z') = lrgjiélh (') = m, 11;1%);((1],33 ).

Here (a;, ') denotes the inner product of vectors a; and «’. In this paper we call {(«’,zy) €
RY |zy > h(x')} a pyramid. Setting

Q; ={z' e R"" [ h(z') = h;(x)}

for j =1,...,n, we have
RN71 - U:;L:]_Qj.

We denote the boundary of €2; by 02;. Now we put
S;={x e RV |xy = hj(z') for ' € Q;}
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for each j, and call U}S; C RY the lateral faces of a pyramid. We put
I'y={x eR"|xy =hix) fora' e i}

for j =1,...,n. Then Uj_,I'; represents the set of all edges of a pyramid. For v > 0 let
D(v) = {x e RY| dist (2, U}_, [}) > v} .

Now we define v(x) by

o) =@ Loy - @) = o @ (Lo - ny@).

1<j<n C
Pyramidal traveling fronts are stated as follows.

Theorem 2 ([8]) Assume (A1), (A2), (A3) and (A4). Let h be given in (2.4). Let V =
(V1, V) be defined by

V(zx) = lim w(z,t;v) for all z € RY,

t—o00

where w(x, t;v) is the solution of (1.3) for wy = v. Then one has

(—AA— D)V —f(V)=0, xecR", (2.5)
lim sup |V(x)—v(z)| =0,
V7O meD(y)

O<w(x)<V(zr)<l1 for all x € R".

Here we state lemmas that we will use later.

Lemma 2 Let h be given in (2.4) and let V- = (V1, Va) be as in Theorem 2. For any given
t=(t',ty) € RY withty >0 and m,|t'| < ty, one has

Moreover, for j = 1,2, one has

k
—D,V; > —|VVj] in RY.
c

Proof. For any € > 0 , we have
v(x +cet) < v(x) for all x € R".
Then, from the definition of v, we get

V(x+et) <V(x) for all x € R".
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This gives
8_V <0 in RY
ot

for j = 1,2. The latter inequality follows from

A% k
— > = —
( !VVJ'!’BN) Z 080 =0

where ey =*(0,...,0,1) € RY. This completes the proof. 0

Lemma 3 Let v satisfy (1.4) with 0 < v < 1. Then one can choose a constant mgy > 0
and has

max{max sup |Djv(m)|,lmax sup |DiDjv(az)|} < my. (2.7)

1<5<2 L cpw <ij<2 pepN

Here mg depends only on (f, A, c,N).

Proof. Let p € (1,00) and 7, satisfy
N
0<vm<l——.
p

For any xy € R and j = 1,2, we have

dnax |f;(s)]

LP(B(wo;l)))

by applying the Schauder interior estimate to (1.4). Here a constant Cjy depends only on ¢
and f, and B(xp;1) = {x € RY || — x| < 1} . Now we have

Vi {[w2p(Bei1)) < Co (H%’Hm(s(mo;l)) +

max mseuR}J)V IDjv(x)| < o0

by using the Sobolev imbedding W?2?(B(xy;2)) C C'°(B(x; 1)). Differentiating (1.4) by
x; and applying the argument state above to D;v, we complete the proof. O

Lemma 4 Let h be given by (2.4), let V' be as in Theorem 2 and let 1 < j < N — 1.
Assume

Wy, . o1, @, T, - Tna) = W@y, .oz, |25, T, oo, Tny)
for (z1,...,xy_,) € RV"'. Then one has
V(zy,. .., 21,2, %j41, ..., xy) = V(T1,...,Tj-1, ||, Tjr1, .o, Tw)
for (z1,...,xy) € RV, and

DjV(ZE‘l,IQ, .. ,ZEN) >0 for T; > 0, (Il, ey L1, Ty - - ,IN) c RN_l,

DjV(.Tl,...,$j,1,0,$j+1,$N):0 fOT’ (1’1,...,.Ij,1,$j+1,...,$N) ERNfl.



Proof. Without loss of generality, we can assume j = 1. The former statement follows
from the definition of V' in Theorem 2 and

Q($1,$27 e ,$N71) = Q(’$1|,$27 e 7$N71)

for (x1,...,25_,) € RN
For the latter statement we have

D1h<l’1, Lo, ... 7.171\,_1)
Dlh(O, Loy ... ,‘I'N,l)

v

0 for x; >0,(xg,...,2x_,) € R
0

for (z9,...,xzy_,) € RY72
Then we get

Div(zy,x9,...,2x_,) >0 for x; >0,(xe,...,xx_,) € RY
=0

Div(0,xo,..., x5 1) for (z9,...,2xy_,) € RV 72
Now w (zx,t) = Dyw(x, t; v) satisfies

(D; — AA — Dy — fl(w(z,t;v)))w; =0 for x>0, (xg,...,2y) € RV E >0,
Dlwl(O,xg,...,xN):0 for (IQ,...,ZEN)ERN_l.
wi(x,0) >0 for x >0,(xs,...,xy) € RY

Then we get
Diyw(x,t;v) >0 for x1 > 0, (zg,...,zyx) ERY1 ¢ > 0.

Sending t — 0o, we obtain

D,V(x) >0 for x1 > 0, (zg,...,2y) € RV
D1V (0,z9,...,25) =0 for (zq,...,zy) € RN
This completes the proof. O
Let (1)
. K1 x,t 0
K(x,t) = < 0 KQ(:v,t)> ’
where ) o 2
Ki(a:,t):—NeXp(—kE’ +(IN+C)) fori=1,2.
(4md;t) = 4d;t

The following lemma plays an important role.

Lemma 5 Let t be as in Lemma 2 and let M be given by (2.1). Let v satisfy (1.4) with

ov
< - N
0< at(a:) forallz € R
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Then one has

e | K(x—y,1l) (—g—:(y)> dy

RN

(e G )

for all x € RY. Especially, for every xy € RY and R > 0, one has

(—%) for1<i<?2,

5 N+1
max (—ﬂ) < Kp min
B(zo;R) ot B(zo;R)

ot

N+1
min D, f;(v) max (—%) < Kr _min (_81}1-) if i #j.
B(xo;R) B(zo;R) ot B(xo; 1) ot

Here a positive constant Ky depends only on (R, f

Proof. Now w(x,t;v) = v(x) satisfies

(Dy — AA — cDy)w — f(w) =0

w(z,0) = v(x)

Then —%—1;’ satisfies

JA ¢, N).

zecRY,t>0,
x c RY.

8w1

(D¢ = diA = Dy — D1 f1(v)) (——> =Dy f1(v) (_%

ot

(D; — doAA — cDy, — Do fo(w)) (_%> Dy o) (_%

ot
for x € RY and ¢t > 0 with

ow ov
—E(fﬂao) = —E(-’B)

Let W (x,t) = (Wi(z,t), Wa(x, t)) be given by

_ow
(D; — AA — Dy + M)W = (gjﬁgzg E_az_z;

Wia,0) =~ V()

Then we have

W1+% -
(Dt—AA—CDN+M)(WQ+% - _

11

ot

ot

for x € RV.

)
)

>

>

0,

0

(2.8)



The maximum principle yields
0
W(x,t) < ———

Now we have

W)= [ K-y (-5w) aw

RN

e[ (v (SR TEG)) ) a0

Putting ¢t = 1, we obtain (2.8). Fix i € {1,2}, and let j # i. Let yo € B(xo; R) satisfy

81}]‘ i 8?}]‘
Tt W) = B‘?i?fé)( ot )'

Then we have

v, 1 ov;
i) > = % if 2 € B(yo: 7o),
5 (%) = 2;23;;)( at) if ¢ € B(yo; 7o)
where rq = dy maxiB(mo;R)(—%) and we can fix p > 0 depending only on (R, f, A, ¢, N) due

to Lemma 3. From (2.8) we find

1 81)]-) _M/ 0v;
— max (——=2 e Kx—-y,1)dy < ——(x)
2 B(zo;R) ( ot B(yo;ro) ot

for all £ € RY. Then we obtain

ov; !
min D, fi(v) | max (—ﬂ) / e~ M(1=s) (/ Ki(x —y,1— s)dy) ds
B(zo;R) B(zo;R) ot 0 B(yo;ro)NB(xo;R)

81)1‘
< _
<25 @)

for all x € RY. Using these inequalities, we obtain the last two inequalities of the lemma.
This completes the proof. O

3 A uniform estimate on pyramidal traveling fronts

In this section we give an estimate of the widths of transition layers of pyramidal traveling
fronts with n lateral faces uniformly in n. This uniform estimate enables us to take the
limit of n — oo in §4.

Lemma 6 Let v™ = (UE"),UQM) be as in Theorem 2 associated with (2.4). Then, for any
d € (0,0.), there exists £g > 0 such that one has

—Dyi(@) > e if |f;(0™ ()] >0

for j =1,2. Here eq depends only on (8, f, A, ¢, N), and is independent of (2.4).
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Proof. Assume the contrary. Then there exist y™ € R such that we have
(—AA — D) v™ — f(™) =0 in RY,
£ (y™) 26, lim [Dyof” (y™)] = 0.

Let Vy and A,_, be the volume and the surface area of a unit ball in RY. We choose R > 0
large enough such that we have

dRVy > 2max{1, mo}Ay_, max {dy, ds, |c|} .
Lemma 2 and Lemma 5 give

lim sup |[Vo™|=0
" Bu™iR)

or
lim  sup |D;if;(v™)] =0 for i # j.
" B™R)

Then we have
lim  sup |f;(v™) —apl =0
" BER)

for a constant aq € [0, 1] with |ag| > 8. Integrating (1.4) over B(y™; R), we have

o™ N
/ (Aa—]y + cqu](- )> ds = —/ fi(w™(x)) de. (3.1)
9B(y(");R) B(y(");R)

Now we estimate the left-hand side as

o™
/ A—1— + CVNUJ(-n) ds
oB(ymiR) \ OV

Next we estimate the right-hand side as

/ fj('v(”)) dx
B(y(");R)

Now we have a contradiction in (3.1) taking j large enough. This completes the proof. [

< \/§max{1, mo } max{dy, ds, [c|}Ay_ RV .

lim
j—o0

> 0RYVy.

Proposition 1 Let v = (v, v2) be as in Theorem 2 associated with (2.4). Then there exists
positive constants py and &y such that one has

—Dyv(x) > pol if [v(x) —al < dp. (3.2)
Here py and dg depend only on (f,A,c, N) and are independent of (2.4).
For a while we make preparation to prove this proposition. We write (1.4) as

—d1Avy — cDyvy — fi(vi,v2) =0 N
’ T ox e RY. 3.3
—dyAvy — D yvy — fov1,v2) = 0, (33)
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Without loss of generality we can assume

11 (& D))
—_— > 3.4
R (3.4)
Indeed, otherwise we exchange v; and vy, and study (ve,v1) to
—dyAvy — cDyvy — fo(v1,v2) = 0, x € RY. (3.5)

—d1Avy — cDyvy — fl(Ula Uz) =0,

Then we have (3.4) and assumptions (A1)—(A5) for this new system. Next we assume
dy; = 1 without loss of generality. Denoting ds simply by d, we have

—A’Ul — CDNU1 - fl(Ul, UQ) = O, (36)
c 1
_AUQ — —DNUQ — —fQ(Ul, UQ) = O (37)
d d
for all & € RY. Now we have
dOéH > 99. (38)

Multiplying (3.6) by Dyv, and (3.7) by Dywvy respectively and using
(Dyva)Avy 4+ (Dyv1)Avy = div ((Dyve)Voy) 4+ div ((Dyv1)Ve) — Dy (Voy, Vug) ,
we obtain
—div ((Dyv2)Vuy) — div ((Dyv1)Vus) + Dy (Vuy, Vuy)

1 1
—C (1 + ZZ) (DN?Jl)(DNUQ) — fl(Ul, UQ)DN’UQ — afg(vl,UQ)DNvl =0. (39)
Multiplying (3.6) by Dyv; and and using

. 1
(Dyvy)Avy = div ((Dyvy) Vo) — QDN (|Vu?),
we get
. 1
—div ((DNvl)Vvl) + §DN (’VU1‘2) — C(DN?Jl)z — fl(vl, U2>DN01 = 0.
For a > 0 that will be fixed later, we obtain

—div ((DNUQ)V’Ul) — div ((DNvl)va) + DN(VUL VUQ)

—adiv ((Dyv1)Voy) + %DN (IVor]?)

1
—c <1 + 3) (Dyv1)(Dyvy) — ac(Dyvy)?
1
— f1(v1,v2)Dyvg — EfQ(U1>U2)DNU1 — afi(vy,v2)Dyvy = 0. (3.10)

Now we choose p
Q11 — (9
a=—="2>0.

dOélg -
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For e, > 0 we introduce a quadratic form

2
daf; + apaan; — a0
2d0é12

@
F(y,z) = ( — 6*) v+ (loar| + o) yz + <£ — €*> 22

2

for (y,2) € R?. An assumption (A5) implies that F is a positive-definite quadratic form if
€, > 0 is small enough. We fix ¢, > 0 such that F'is a positive-definite quadratic form.
Now we prove Proposition 1.

Proof of Proposition 1. Let v(™ = (v§n),v§n)) be as in Proposition 1. For p; € (0, p) we
define

Q = {(w’,xN) eERY||2' —x| <, ar—p < (@ zy) < al},
I, = {(sc’,xN) ERY||o' — x| <, "N zy) = al},
no= {@.o) eRY |l -2l <t 0@ z) =a1—pm},
I; = {(:1:’,$N) e RY ‘ ' — x| =0 a—p < Ugn)(m’,x,v) < al}.
Here ¢ > 0 is determined by p; as
k
@F(Ph OVl =14+mp(2+ a)Ay_,. (3.11)

Now Vy_; is the volume of the unit ball in R¥* and A,_, is the surface area of the unit
ball in RY¥~' respectively. Then we have 02 = I, U I, U I}.

We assume that (3.2) does not hold true and get a contradiction. Then, using Lemma 5
and Lemma 6, we can have

lim (max min (—DNUJ(.”))) =0, (3.12)
n—o00 I 1<j<N

lim max |v£n)(m) —as| =0.
n—oo €l

Defining

aé”) = max vén)(

wEFc w>

and a™ = (ay, agn)), we have lim,,_,», |a™ —a| = 0. Choosing p > 0 small enough, we have

“h(0) + afil0) £ 2(a) + afi() + DiF(v - o)

for a™ — pl <ov < a™,
fi(v) < fi(a™) +DyF(v — a™)

if n is large enough. Here we put D1 F(y,2) = F,(y,2) and DoF(y,2) = F.(y,z) for
(y,2) € R% Let

o = max { 11 foa )] + al (@)L (a ™)

and we have lim,,_,. k, = 0.
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Now we show _
aé") —p< vé")(:l:) < aé") for all € 2, (3.13)

if p1 € (0, p) is small enough. Indeed, otherwise we have

inf inf max (—DNvén)> >0
p1€(0,p) neN @

from Lemma 6. Then, from Lemma 5, we get

inf inf max <—DNU§n)) > 0.

ple(o,p) neN

(n)

Due to Lemma 2 and Lemma 3, this inequality contradicts v;’ = a; on [, by sending
p1 — 0. Thus we obtain (3.13) and fix p; hereafter.
From now on we denote v™ simply by v. Let v = (1, ..., vy) denote the unit outward

normal vector on 0f2. Integrating both sides of (3.10) over 2, we obtain
/ (= (D) (Vor, ) — (Dytr)(Vos, 1) + v (Vor, Vo)) ds
o9
1
+a/ (—(DNvl)(Vvl,u) + §\Vv1|21/N) ds
o9

- /Q (fl(UbUQ)DNUZ + <$f2(v1,vz) + ozfl(vl,vQ)) DNU1> de > 0. (3.14)
Now we put
I(x) = —(Dyve)(Vur,v) — (Dyv1)(Vug,v) 4+ vy (Vor, Vug)
+a (—(DNvl)(Vvl, I/) + %|VU1‘2I/N) s
J(x) = fi(vi,v2)Dyvy + (%lf2(1)1,v2) + afi(vq, U2)> Dyv;.

Now we estimate the third term of (3.14) . We begin with

J(x) > (DQF(vl —ay, vy — ag")) — an> Dyvy + (DlF(Ul — a1, vy — ag")) — /in> Dy
> Dy (F(v1 —ay, vy — aé"’)) + Ky (Dyvr + Dyvs) (3.15)

for € (). Consequently we find

/J(a:)dazz/ vwF(v —a™)ds — k,
0

o2

/ vy(v1 + v9) ds
o0

N | —

/ vnF(p1,0)ds > 0,

u

if n is large enough. Lemma 2 gives

a3

minvy > —.

u

o
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Let |I,| be the measure of I7,. The measure of
BNTD(0;4) = {' e RY | 2| < ¢}

is given by Vy_, "', Then we get

[Ta] = Va7,
and L
/ Z/NF(pl, 0) ds Z EVN,lgNilF(pl, 0),
and thus .
/ J(x)dx > —Vy_("F(p1,0). (3.16)
Q 2c
Using
Vvl
V= —— on [,
|VU1|
we have 1
I(x) = —(Dyvo)|Vur| + 504(—DN711)|VU1’ >0 on [,.
and )
/ I(x)ds = / <—(DN1}2)\V01| + 504(—DNU1)]V'01\) ds > 0. (3.17)
Using
V’Ul
v=— on I,
|VU1|
we get
1
I(x) = (Dyv2) |V | + §a(DN01)|Vv1| <0 onl,
and

/u I(z)ds = / <(DN112)]V1)1\ + %a(DNvl)\Vvﬂ) ds < 0.

Now we continue the calculation as

/Fff(zc)ds

< mO/ (=Dyva — (1 + a)Dyvy) ds < mp(2 + «) |8B(N*1)(0;€)| _
I

where

OBN"V(0;0) = {x' e RV | 2| =}
The measure of 9BWN=1(0; /) is given by Ay_,¢¥2. Thus we obtain

/Ff](a;)ds

Using (3.14), (3.16), (3.17) and (3.18), we obtain

<2mp(2 + ) Ay 0" 2. (3.18)

1 k
(/ (—Dyvo)|Vur| + Eoz(—DNvl)|Vvl|> ds > 2—CF(,01,0)VN,1€1\”1 —mo(2+ a)Ay V2

c
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Using (3.11), we obtain

1 k
/ ((—DNUQ)]Vvl\ + 50&(—DN1)1)|VU1’> ds > EF(pb O)VNflgNil. (319)

Let 1. be defined by
L= {(@, vo(@) | o' — ah < ¢}

Now Lemma 2 gives
[Vipe| < m.

Then we have

0| = / VIF [ VinRda < Sy,
B(N—l)(o;e) k}

Then (3.19) contradicts (3.12) by using Lemma 2, Lemma 3 and Lemma 5. This completes
the proof. 0

Proposition 2 Let v = (vy,v2) be as in Theorem 2 associated with (2.4). For any 6 €
(0,9,) one has

—Dyv(x) > Bsl if |v(x)| >0 or|v(x)— 1] > 4. (3.20)
Here a positive constant By depends only on (f, A, ¢, N), and is independent of (2.4).

Proof. Let v™ = (0! v{”) be as in Theorem 2 associated with (2.4). In view of
Lemma 6 and Proposition 1, it suffices to prove

inf {v§“>(m) [neN, & eRY, of"(x) = MO} >0,
inf {vgﬂ(m) IneN, zeRY, v (x) = #0} >0

for every po € (0,1). It suffices to prove only the former inequality without loss of generality.
Assume the contrary. Then, replacing (v™),cn by its subsequece and choosing x, € R,
we have -

lim o\ (x,) =0, o§ (@) = po.
n—oo

Then, using Lemma 2 and Lemma 5, we have

lim sup v\ =0  for every R > 0. (3.21)

n—o0 57— 75v

B(zn;R)
Then, from (1.4), we have
f1(0,u9) =0 for all uy € [0, o).

Now (Ab) gives
fg(o, Ug) 7é 0 for all Uy € (0,/1/0]

Using f2(0, po) # 0 and Lemma 6, we have, for some g5 > 0,
inf (—DN’Uén)(a})) > g0 > 0, (3.22)
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if (v{" (), v{" (x)) lies in a neighborhood of (0, o) € [0,1]2, say, B((0, juo); 7o) for 7o > 0.
From (3.21) and Lemma 5, we have

lim max {—DNU§R)(33) ‘v(”)(w) € B((0, po); ro), T € B(axy; R)} =0

n—00

for every R > 0. Combining this equality and (3.22), we have

lim min {vgn)(a}) ‘az € B(w,; R), v§" () = po + %0} =0
n— oo
for every R > 0. From this equality we have

f1<O,UQ> =0 for all uy € [0,M0+T0/2]

and
f2(0,us) # 0 for all us € (0, o +ro/2].

Repeating this argument, we finally obtain
f1(0,u9) =0 for all 0 < wy <1,
which combined with (A5) gives
f2(0,u9) # 0 for all 0 < up < 1.
Since we have fy(ai,az) = 0 and Dy fo > 0, we get f5(0,a2) < 0. Then we find
f2(0,uq) <0 for all 0 < ugp < 1. (3.23)

Taking a subsequence if necessary, we define

V = lim o{"” (- +x,) in C2_(RY).
n—oo
and have
—d AV — DV — f5(0,V) =0 in RY, (3.24)
—86—‘75/ >0 in RY,
0<V(x)<1 for all x € R",

V(0) = po, (3.25)
inf{—DyV(z) |z € R",6§ < V(x) <1-6} >0 foranyd € (0,0.). (3.26)

Here t is as in Lemma 2, and the last inequality follows from Lemma 6 and (3.23). We
define
Qo={(z,zy) eRY||Z'| < R0 < V(a,zy) <1—6}

for R > 0 and § € (0,4,). Integrating (3.24) over €, we find

c/ (=DuV) da:+/ (—h0,V)de =ds | Vs,
Qo Q0 a9, OV
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Now we put 0€0g = Iy U I, where

Iy, = {(:L'/,:BN)GRN‘|:1:’|:R,5<V(1:’,$N)<1—5},
I = {(ag’,lfN)eRN“m/|<R,V($”IN>€{(5,1—6}},

Now we have

/ﬂo(—fg(O,V))d:c < d2/ WV 4.

Toul 81/
If 6 is small enough, we have

for all R > 1. Thus we get

1 oV
5 /g‘zo(—fg(O,V))da} S d2 LO 8_l/ds

The right-hand side remains bounded uniformly in R > 1, while the left-hand side goes to
+00 as R — oo, which gives a contradiction. This completes the proof. O

Now we put
Lw] = (D; — AA — cDy) w — f(w),

and prove the following lemma.

Lemma 7 Let p(-) be given by (2.2). For any v with (1.4) and (3.20), let

B
O<5<min{5* 1 },

" 8mol| X0l 2= (0,1)

and let o > 0 satisfy (3.27). Then

w(x,t) = v(a, zy—od(l—e )+ e Pp (Jo(e',zy — od(1 — e_ﬁt))|) ,
wi(z,t) = v(@, oy +05(1—e ) —de Pp (Jv(@, zy+od(1—e))|)

become a supersolution and a subsolution of (1.3), respectively, that is, one has

Llw'] >0, Llw]<0 forallzeRY, t>0.

Proof. We take o large enough to satisfy

1
5053% > B4 2M + 2cmo||xoll 2o (0,1)
+16N? max{d;, d>} max{1, m{} max {[|x¢||L=(0.1): IX0|l L0y } - (3.27)

We put
E=ay—o6(1l —e P,
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By direct calculation we have
Llw*] = de P'm(x, 1),
where

m(x,t) = of(=Dyv(z’,€)) - Bp (jv(a',§)|)
—2068e™'p' (Jv(@', €)]) (v(a',§), Dyv(a',€))/Jv(x’, )|
—(AA+cDy) p (o', §)])

/ Flw(@, &) + 0" 0p (|v(.€)]) O p (|v('. €)])

If 4lv(a’,£)| < 1, we have

1
m(x,t) > —Bqo — /0 (v, &)+ de'0qy) A gqo > —Bqo + 251 > 0.

If 4|v(x’,€)| > 3, we have

1
m(z,t) > —Bpo —/ f'(v(@',€) + de0po) I py > —fpo + 241 > 0.
0
Thus it suffices to prove m(x,t) > 0 if 1 < 4|v(a’,£)| < 3. In this case we have

m(x,t) > of(By1—20p' (jv(a, )I)((w',i) ( &)/ Jv(@',€)])
—B1 = (AA +cDy) p(Jv(2',8)) —

Using Lemma 3 and the definition of p, we get
1
mi@,t) 2 SoBBYL— (6 +2M)1 = 2ol <o
—16N? max{d;, d>} max{1, mj} max {||x4||L>(0,1) [|X0 |l L (0,1 } 1 > 0.
Thus we obtain

Llw*] =deP'm(xz,t) >0  forall z € RY, t > 0.

4 Cylindrically symmetric traveling fronts

Let N be the set of positive integers and and let N = NU {0}. For m € N with m > 2 we
define J as

J={jeN|o<j<2m—-1} i N=3,
J={0, - jno) ENY2|0 < g <2m(1<z<N 3),0< jy, <2 —1}if N > 4.

For each 5 = (j1,...,Jn_) € J, we define

2] 277
a; = (cos (;—n{l) ,Sin( ;f)) for N = 3,
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and

2m for N > 4.

. 1 . TJn—3 2T N2
simm{ —1]...sln COS
2m 2m 2m
jl . .Nf‘ .
] —2m

sin

Let h(™ be as in (2.4) associated with {a; |j € J} and let V(™ = (V™ V™) be as
in Theorem 2 for A™. Since h(™ is symmetric with respect to a plane (z,a;) = 0,
V(m)( -, Ty) is symmetric with respect to the same plane for any fixed xy € R by the
definition of V™ in Theorem 2. We choose (,, € R by Vl(m) (0...,0,(n) = a; and define

Uy (', xy) = lim VO (x' 2y + () in C2

loc
m—o00

(R™).

Since V™ (z/, zy + () satisfies Lemma 6 and Proposition 1, Uy (', zy) also satisfies
Lemma 6 and Proposition 1. Now U, is a function of (|&'|, zy). We denote |z’| and =y by
r and z, respectively, and we write Uy (2, zy) by U(r, z) = (Uy(r, z), Us(r, 2)). Then we
have (1.6) in §1.

The property of U = (Uy, Us) is as follows.

Lemma 8 For any given s = (s1, $2) with so > 0 and m,|s1| < sy, one has

0<U(r,z) <1 forallr >0, z € R,
—%—ZZO forallr >0, z € R,
D, U(r,z) >0 forallr >0, z € R.

For any 6 € (0,0.) one has
-D.U(r,z) > Bs1 if \U(r,2)|>6 or|U(r,2) —1| > 4.
Here Bs is a positive constant in Proposition 2.

Proof. The inequalities in this lemma follow from the definition of U, Lemma 2,
Lemma 4, Lemma 6 and Proposition 2. |

Defining ¢(r) by Uy(r, ¢(r)) = a1, we obtain ¢(0) = 0 and
0<¢(r)<m,  forallr>0.
Then we have

limp_,oo SUP {|U(r, 2)| ’ z—@(r) > R} =0,

limp oo sup {|U(r,2) = 1| |2 = 6(r) < —R} =0, (4.1)
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and thus
lim sup {|D.U(r,z)| ||z — ¢(r)| > R} =0 (4.2)
R—o0

by applying the Schauder estimate to (2.5).
First we show the following lemma.

Lemma 9 One has
lim ¢'(r) = m,.

7—00

Proof. 1t suffices to prove liminf, .o ¢'(r) = m,. Assume the contrary. Then there
exists (s;)ien with

0<s <S8 <vee — 400,
sup ¢'(s;) < M.
(2

Assume, in addition, that there exists {f; }ieny with lim; 8; = 400 and 0 < 24; < s; for all
1 € N such that we have

0< max ¢ <m' <m, for all i € N
[si,5i+28]
or
OS[m%x]gzﬁ’<m’<m* for all i € N
$i—2Bi,8i
for m’ € (0, m,). Then we set

U(r,z) = lim U(r +s; + Bi, 2 + ¢(s; + 3;))  for (r,2) € R?,
1—00
or
U(r,z) = im U(r + s; — Bi, 2 + ¢(s; — Bi)) for (r,2) € R?

1—00

respectively. Here we have U = (U;,U;). Then we get

(=AD,, — AD,, — cD,)U(r,2) = f({U(r, 2)) for (r,z) € R?,
Ul(oa 0) =a
D U(r,z) <0 for (r,z) € R2

Defining ¢(r) by Ui (r, ¢(r)) = a1, we have ¢(0) = 0 and, with some m’ € (0,m.),
0<d(r)<m' <m, forallr eR

Let v, be the two-dimensional front V-form associated with xy = m/|z| in Theorem 2
for N = 2. Let 0 and 0 be as in Lemma 7. Then we have

U(r,z) S v(r,z = A) +6p (Jv(r, 2 = A)])
by taking A > 0 large enough. Using the sides of

U(r,z) < v.(r,z— X —00(1 — e’ﬁt)) +de Pp (\v*(r, z—00(1— e’ﬁt))|) ‘t:O
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as initial values of
w; = A(Dy + D) w+ f(w) (r,z) € R% ¢ >0,
we obtain
Ur,z—ct) <vr,z—A—ct—o6(1—e )+ e "'p (Jv.(r,z — A=t —ad(1 — e™))])
for (r,2) € R? and t > 0, where
¢ =k1+ (M) <ec

Sending ¢ — +00, we have a contradiction from U,(0,0) = a;.
Thus we can choose b, > 0 that is independent of ¢ such that we have

11{11 ¢'(&) = m.

for some &; € [s; — by, $; + bi]. Then we have

lim (—%) =0,
oo\ 050 / |(g, o(c0)
where
k(1
Sg — E m, .
Now we have
—AD,, — N 2ADT — AD,, —cD, — f’(U)) (_8_U) =0 forr>0,z€eR,
r oU 00 (4.3)
—-——2>0 forr >0, z € R.
880
For .
=1+ —b,.
R + A

we have (s;, ¢(s;)) € B((&, ¢(&)); Re). Then Lemma 5 gives
= 0.

w (-5)
lim ( ———
oo\ 050/ {5, 6(s0))

Since the gradient of U; does not vanish at (s;, ¢(s;)) by Lemma 8, we obtain lim; ., ¢'(s;)
m,, which gives a contradiction. This completes the proof.

o

Now we prove the following property of U.

Lemma 10 One has

lim U(s+ r,6(s) + 2) — (é(z - m*r)) in C2_(R2).

S5—00
Moreover, for every n > 0 one has

U(r+mn,z+m.m) <U(r z2) forallr >0, z € R,

lim sup \U(r,z) =U(r +n,z+mm)| =0.
R—o0 (r,2)€[R,00) xR
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Proof. Using (4.3), Lemma 5 and

we obtain

lim  sup (—%> =0

57 B((5,6(s));R)

for every R > 0. Then, from Lemma 5, we have

: oUu
lim sup —-——1]=0
% B((sp)R) \ 080

From this equality and (1.6), U converges to a unique one-dimensional traveling front to
the direction (—m., 1) with speed k, that is,

Ulr +s,6(s) +2) — ® <§(z - mw)) ‘ =0

lim sup
70| +|z<R

for every R > 0. This shows the first equality of the lemma. The second inequality in the
lemma follows from Lemma 8. Combining these inequalities and Lemma 8, we obtain the
third equality. This completes the proof. O

5 Surfaces in R with positive principal curvatures
Let g € C*(SY2) satisfy g(&) > 0 for all £ € S¥=2. We set

Cy = {9(&)&1§€ 577},

Dy = {rf]0<r<g(§),£€5"’},

and have C, = 0D, C R""'. For some neighborhood of g(§)§ € C, with £ € SV2,
we introduce a coordinate and write C, as (y, ¥ (y)) with (y°) = 0 and Vi (y") = 0,
where y = (y1,...,Yn_»). Here g(€)¢€ € C, corresponds to (y°,0) with y” € RV-2 in this
coordinate.

Let v(y) be the unit normal vector of C, at (y,v(y)) pointing from D, to R\ D,.

We have ) Vi)
o - Yy
0= e (1)
where

Vi (y) =" (Div(y),. ... Dyoth(y)).

The eigenvalues r1(y°),. .., ky_»(y°) of the Hessian matrix
_D2w(y0) = - (Dijw(yo))lgi’jgj\/,g

are the principal curvatures of C, at g(§)§. We take the basis of RV~ as the eigenvectors
of the Hessian matrix. Using this principal coordinate system, we have

—D*¥(y’) = diag (k1(y"), -, in-2(y"))
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and
DjVZ'<yO) = :‘ii(’yo)éij 1 S ’L,j S N —2.
We define G by
{ g € C*(SV"2)| g > 0, all principal curvature of C, are positive at every point of Cg} )
For any g € G and a > 0 we define g; = 7,9 by
C, ={2' € C,URY\D,) | dist(a',Cy) = a}.

See Figure 2.

X,

Figure 2: The graphs of Cy and Cy,.

Then we have the following lemma.
Lemma 11 For any a > 0, 7, is a mapping in G. Moreover one has

Ty (Ta.g> = Tb+ad (51)
foranya>0,b>0and g€ gG.

Proof. First we show 7,9 € G for a > 0 and g € G. In a neighborhood of (y°,0) we have

1 N—-2 1 N—-2
52 (mi) =€) (4 =)’ < —v(y) < 5 D (mi(¥) +2) (0 — )",
=1 =1
where y° = (30, ...,9%_,) and ¢ is any number with 0 < 2¢ < min{r;(y°),...,ky_o(y")}.
1 N-2
By putting

RKmin — min {"il(yo)a"w’%N—z(yO)}v
Rmax — maX{Hl(yO)a"'aﬁN—2(y0)}7
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we have ] ]
5 ("imin - 6) ’y - y0|2 S —¢(y) S a ('Limax + 6) ’y - y0|2

\V)

when y belongs to a neighborhood of y°.

Let 7o and Ry be the radii of the inscribed ball and the circumscribed ball of C, at
g(&)E, respectively. Then we have

(Kmax + 5)_1 S To S RO S ("imin - 5)_1 .
Next let 7 and R; be the radii of the inscribed ball and the circumscribed ball of Cj, at
(y°, av(y)), respectively. Then we have
TO—FCLSTlSRl SRQ—FCL
and thus
a+ (/{max + 5>_1 S 1 S Rl S a+ (’imin - 5)_1 .

Now the principal curvatures (&), ;. y_, of Cy, at (y°,¢(y") + av(y")) satisfy

(04 (min—2)") " <Ry < (@t (Fma+0)7)
for 1 < j < N — 2. Sending ¢ — 0, we obtain

Rmin ~ Rmax .
I< ——m <k < ——— 1< <N-2).
1+a/{/min - 1+a"imax ( == )

This shows that 7, is a mapping in G.
Next we prove (5.1). It suffices to prove that

v(y’) = ((1))

is orthogonal to the tangent space of Cy, at (y°, av(y?)). Now Cy, is parameterized by

(w?m) M ];w(y)P (Niﬂy))

when y belongs to a neighborhood of y°. Let {t¥},<;<ny_» be the tangent vectors of C,,
at (y°, av(y®)). We have

£ — <Dj;gy0)) n 1+|$w( = <—DNOw(yO)>

—a (1+[Vi(y ZD,¢ 1Dyt (y )( V%ﬁ(yo))

(7]

Here e; € R has 1 for the j-th element and 0 for other elements. Then we find
(t/,v(y")) =0for 1 <j < N — 2. This completes the proof of Lemma 11. 0

Now we define an equivalence relation g; ~ go for gi,9, € G. We define g; ~ go if and
only if one has either g1 = 7,92 or g2 = 7,91 for some a > 0. We will show that G/ ~ gives
a traveling front of (1.1) in §6.
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6 A traveling front associated with a surface C,

In this section we give a proof to Theorem 1 in §1 as follows.

_ We construct a weak subsolution and a weak supersolution, and show the existence of
U between them. Let U be a cylindrically symmetric traveling front solution to (1.6). We
define a weak supersolution V' (x) as

V(z) = min U(|z' —g(&€)&],zy)  for (2/,xy) € RY.

gcSN-2
Here = (@', zy) € RY. Then, for each & € S¥~2, we have
w(zx,t; V) <U(|Jx' — g(€)€)], 7y) for (&', zy) € R, t >0,
which gives

w(z,t; V) <V(x' vy) = min U(|lx' — g(€)€)|,zy) for (&', zy) € RV, t > 0.

geSN-2

Here w(zx, t; V) is the solution of (1.3) for ug = V. Let {x,(€)}1<j<n_2 denote the principal
curvatures of C, at g(£)€ for £ € SV~>. By the assumption we have

min  x;(§) >0 for all £ € SV 2.

1<j<N—2

We choose 1 > 0 large enough such that we have

1
> max max ————
g 1<<N-2¢esN-2 k(&)

and D, is included in the closure of a circumscribed ball of C; at ¢(§)€ with radius n for
every £ € S¥ 2. See Figure 3. Let v(§) be the unit normal vector of C, at g(§)€ pointing
from D, to R¥""\D, for & € SN2, A set {(g(£)&,0)| & € SV~2} lies in a cone

{(@',2y) € RY [2y +man 2 mufx’ — g(&)€1 + v (&)}

for all & € SV2. Then, from Lemma 8, we have

U(lz' — g(&)& +nv(&)], 2y + man) SU(J2" — g(€)] 2v)

for all (x/,zy) € RV, £ € SV=2 & € SV~2 Thus we get

e U((@' = g(6)& +mo(0)l v+ mn) < min U(la' = g()¢l, )

for all (o', xy) € RY. Now we define a weak subsolution V (x) as

V(' xy) = max U (|2’ — g(&)&+nv(€)], zx + m.n) for all (&',zy) € RY, (6.1)

£€SN72

and have .
V(' zy) <V(z zy) forall (x',zy) € R,
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Then, for each & € S¥2, we have
U (|l —g(&)€+nv(€)|,zx +mn) < w(x,t; V) for (x',zy) € RV, t > 0,
which gives

V(z' xy) = max U (|o" = g(§)§ +nv(€)], xx +m.n) < w(x,; V)

xreSN—2

,xy) € RY, t > 0. Here w(z,t;V) is the solution of (1.3) for ug = V. Using
< V(x), we obtain

V(z) <w(z,t;V) <w(z,t; V) < V(z) xeRY ¢t>0.
Taking ;1 > 0 large enough, we find
U(lz'|, oy +p) < V(x 2y) < V(z zy) <U(|x|,zy —p) forall (z',zy) € RY. (6.2)
From Lemma 10, we have

lim  sup |U(|x' —g(&)&|,zn) —U(|x' — g(&)€ +nv(&)|, xx + mun)| =0

R—00 |3/|>R zyER
for each & € S"2. Using this fact and (6.2), we have

lim  sup |V(&/,zy) — V(&' zy)| =0. (6.3)

R=00 |3/ | +]ay|>R

9(€)€-nv(¢)

Figure 3: A circumscribed ball of C.

Using wy(x,t; V') > 0 for t > 0, we define U as

U(x) = lim w(x,t; V) for all x € R".

t—o00

29



Combining this convergence and (6.3), we get

lim sup |w(x,t; V) —U(z)| = 0.

t—o00 zeRN

Then U satisfies (1.7) with

V(z)<U(x) <V(xz) foralaxeR"

Now we state properties of U as follows.

Lemma 12 One has _
_6_U >0 inRY
ot

for any t in Lemma 2. There exists i1 > 0 such that one has

U(|l2'|,zn +p) <U(x',zy) <U(|2'|,2x —p)  for all (@, zy) € RY.

For any 6 € (0,0,) one has

—DU(z)>Bs1  if |Ux)|>6or|U(x)—1|>06.

Here Bs 1s a positive constant in Proposition 2.

Proof. This lemma follows from the definition of U and Lemma 8.

By (6.3) we get (1.8). If g1 % g2, we find

[72(1‘1, S 7xN—17'rN) 7_é ﬁl(l’l, o TN, TN —

for any ¢ € R.

(6.4)

Proof of Theorem 1. It suffices to show the uniqueness. First assume that we have
another U; satisfying (1.7) and (1.8) for the same g. Let § > 0 and o > 0 be as in Lemma 7

for U. Then, we take A\ > 0 large enough and have
U (x',zy) <U xy — ) + 6p(|U(&, x5 —

Then we get

U (x',xy) <U@ 2y — X —06(1 — e ) + de Pp(|U (', xr —

Sending t — oo, we find

U (x',zy) <U@ 2y — X — 00).

We can replace U and (71, and carry on the argument stated above. Then we have

Uz, zy) < lel(a:’,xN — XN —d'd")
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for & > 0, ¢’ > 0 and X' > 0. Then, without loss of generality, we can assume
U, zy) <U (', 2y) U x5 — N)
for some A > 0. Now we can define
A = inf {)\ >0 ‘ ﬁ(az’,xN) < ﬁl(w’,xN) < ﬁ(a:',xN - /\)} )
Then we have A > 0 and
Uz, zy) < Uy (', 2y) <U(x' 2y — A).

If A =0, we have U = U,. Assume U = U, and get a contradiction. Then we have A > 0
and the strong maximum principle gives

U, zy) < Uy, zy) <U(x',zy — A).
Let o > 0 be as in Lemma 7 for U. Using (4.1), (6.6) and the Schauder estimate, we have

lim sup {|DNI7(33’,1‘N)| ’ oy — ()| > R} =0.

R—o0

Taking R > 0 large enough, we get

20 SUp{|DNle(£B'7xN)| ‘ 2y —d(x')| > R— A — 1} < inf [p(y)|.

0<y<1
Using Lemma 10, we take h € (0,1/(20)) small enough and find
Uz, zy) <U(x ,xx — A+2ho)  if oy —d(x')| > R—A—1.
If |y — ¢(x’)| > R— A — 1, we have
U, zy — A+ 2ho) — U@, zy) > U@, 2y — A+ 2ho) — U(x', zy — A)

1
~ono [ DNU<x',xN—A+2hae>dez—h( in |p<y>|)1.
1

0<y<1
Combining the two inequalities stated above, we find
U (z',zy) U@ xy — A+ 2ho) + hp(|U(x', 2y — A+ 2ho)|)  for all (z/,2y) € RY,
which yields
U, (x',zy)
<U(@,zy — A+ 2ho — ho(1 — e ) + he Pp(|U (', 2y — A + 2ho — ho(1 — e 1)))).

Sending t — 0o, we get B B
Ui(x',xy) U@, 2y — A+ ho).

This contradicts the definition of A. This gives A = 0 and the uniqueness of U. Finally, if
g1 ~ g2 , the definition of U gives (1.9). This completes the proof of Theorem 1. O

Now we state the stability of U as follows.
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Corollary 3 (Stability) Let U and V be as in Theorem 1 and (6.1), respectively. Let a
bounded and uniformly continuous function ugy satisfy

lim sup |ug(x) — Ulx)| =0,

R_“”hﬂzﬂ
V() <ug(x) <1 for all x € RY.

Then one has B
lim sup |w(z,t;ug) — U(x)| = 0.

t—o00 RN

Proof. For a > 0 we introduce

vi(x',xy) = min U(|z' — 7,9(€)€|, 25 — mya)
£€SN_2

and have ~
lim sup |vi(x) —V(x)| =0, lim sup |vi(x) —U(x)|=0

by using Lemma 10. Let 6 € (0,0,) be as in Lemma 7. Using Lemma 8, we take a > 0
large enough such that we get

U(lz' — g(&)& +nv (&), xy +m.n) — op(|U (|2 — g(§)€ + nv ()], x5 +m.n)])
< up(x)

<U(|z' — 7a9(8)€, 25 — mua) + 0p(|U(|&" — 7ag(§)E], v — maa)])

for all (o', xy) € RY and € € S¥2. Then we have

Ullz' — g(§)€ +nv(€)], xx +man + 0d(1 — ™))
— 3¢ p([U (|2 — g()& +mu(€)], xx +man + 0d(1 — e ™))
< w(x,t;ug)
<U(|&' - 1,9(€)€], 25 —mua —ad(1 — ™))
+oe p(|U (|2 — 7,9(£)€l, 2 — maa — 0d(1 — ™))

Sending t — oo, we get

max U(|z' — g(&)€&+nv(€)|, zy + mun+00) < htm inf w(x,t;ug) < limsupw(x,t;up)

gesN-2 —00 t—o0
< 56121131_2 U(lz' — 7.9(€)€l, vy — mua — 00)

for all (', zy) € R". Taking the left-hand side and the right-hand side as initial values of
(1.3), we find

U, zy + 06) < liminf w(e, t; uy) < limsupw(z, t;ug) < U2, x5y — o).

t—o0 t—00

from Theorem 1. Since we can choose ¢ arbitrarily small, we complete the proof. O

32



Acknowledgements

The author would like to express his sincere gratitude to Professor Wei-Ming Ni of East
China Normal University and University of Minnesota and Professor Hirokazu Ninomiya
of Meiji University for valuable comments and suggestions. Special thanks go to Prof.
Zhi-Cheng Wang of Lanzhou University for valuable discussions. This work is supported
by JSPS Grant-in-Aid for Scientific Research (C) Grant Number 26400169. Finally the
author thanks the referee who carefully checked this paper and gave valuable comments
and suggestions.

References

[1] S.-I. Ei and E. Yanagida, Dynamics of interfaces in competition-diffusion systems,
SIAM J. Appl. Math., 54 (1994), 1355-1373.

[2] F. Hamel, R. Monneau and J.-M. Roquejoffre, Ezistence and qualitative properties of
multidimensional conical bistable fronts, Discrete Contin. Dyn. Syst., 13, No. 4 (2005),
1069-1096.

[3] F.Hamel, R. Monneau and J.-M. Roquejoffre, Asymptotic properties and classification

[10]

[11]

[12]

of bistable fronts with Lipschitz level sets, Discrete Contin. Dyn. Syst., 14, No. 1 (2006),
75-92.

M. Haragus and A. Scheel, Corner defects in almost planar interface propagation,
Ann. 1. H. Poincaré, AN 23 (2006), 283-329.

Y. Kan-on, Parameter dependence of propagation speed of travelling waves for
competition-diffusion equations, STAM J. Math. Anal., 26 (1995), 340-363.

Y. Kan-on and Q. Fang, Stability of monotone travelling waves for competition-
diffusion equations, Japan J. Indust. Appl. Math., 13 (1996), 343-349.

Y. Kurokawa and M. Taniguchi, Multi-dimensional pyramidal traveling fronts in the
Allen—Cahn equations, Proc. Roy. Soc. Edinburgh Sect. A, 141 (2011), 1031-1054.

W.-M. Ni and M. Taniguchi, Traveling fronts of pyramidal shapes in competition-
diffusion systems, Netw. Heterog. Media, 8, No. 1 (2013), 379-395.

H. Ninomiya and M. Taniguchi, Existence and global stability of traveling curved fronts
in the Allen—Cahn equations, J. Differential Equations, 213, No. 1 (2005), 204-233.

H. Ninomiya and M. Taniguchi, Global stability of traveling curved fronts in the
Allen—Cahn equations, Discrete Contin. Dyn. Syst., 15, No. 3 (2006), 819-832.

M. H. Protter and H. F. Weinberger, “Maximum Principles in Differential Equations,”
Springer-Verlag, Berlin, 1984.

M. Taniguchi, Traveling fronts of pyramidal shapes in the Allen—Cahn equations, STAM
J. Math. Anal., 39, No. 1 (2007), 319-344.

33



[13]

[14]

[15]

[16]

[17]

M. Taniguchi, The uniqueness and asymptotic stability of pyramidal traveling fronts
in the Allen—Cahn equations, J. Differential Equations, 246 (2009), 2103-2130.

M. Taniguchi, Multi-dimensional traveling fronts in bistable reaction-diffusion equa-
tions, Discrete Contin. Dyn. Syst., 32 (2012), 1011-1046.

M. Taniguchi, An (N — 1)-dimensional convex compact set gives an N -dimensional
traveling front in the Allen—Cahn equation, SIAM J. Math. Anal., 47 No. 1 (2015),
455-476.

A. 1. Volpert, V. A. Volpert and V. A. Volpert, “Traveling wave solutions of parabolic
systems,” Translations of Mathematical Monographs, 140, American Mathematical
Society, Providence, RI, 1994.

7.-C. Wang, Traveling curved fronts in monotone bistable systems, Discrete Contin.
Dyn. Syst., 32 (2012), 2339-2374.

34



