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ABSTRACT CAUCHY PROBLEMS FOR QUASI-LINEAR
EVOLUTION EQUATIONS IN THE SENSE OF HADAMARD

NAOKI TANAKA

1. Introduction

This paper is concerned with abstract Cauchy problems for quasi-linear evolution
equations in the sense of Hadamard. We start with three real Banach spaces

YCECX (1.1)

such that the inclusions are continuous and dense, and
(H1) there exists an isomorphism S of Y onto X.

Let D be a closed, bounded subset of Y, and consider the abstract Cauchy
problem for the quasi-linear evolution equation

u'(t) = A(t,u(t))u(t) fort e [0,T], (QE)

in the space X, where {A(t,w): (t,w) € [0,T] x D} is a family of closed linear
operators in X satisfying the following condition.

(H2) The domain D(A(t,w)) of A(t,w) contains Y and A(t,w)(Y)C E for
(t,w) € [0,T] x D. The family {A(t,w) : (t,w) € [0,T] x D} is strongly continuous
in B(Y,E).

We introduce the notion of well-posedness of the Cauchy problem for (QE) in
the sense of Hadamard. Let X, be another real Banach space continuously
embedded in X such that

XN S™H(X,) is dense in X, (1.2)
and let Dy be a subset of X, such that
‘DO CcD and S(D()) C XU’ (13)

The Cauchy problem for (QE) is said to be well-posed in the sense of Hadamard, if
classical solutions w(t) exist for initial data u(0) in the set Dy and depend
continuously on their initial data in the following sense. There exists M > 0 such that

lu(t) = u(®)l[x < Mu(0) —u(0)||lx, fortel[0,T].
Here by a classical solution to the Cauchy problem for (QE) we mean a function in the
class C([0,T]; D) N C([0, T]; E) satisfying (QE) and the initial condition.
The abstract Cauchy problem in the sense described above does not seem to
have been studied in full generality. For the autonomous case where A(t,w) is
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independent of (¢,w), there exists a vast literature on Hadamard well-posed
problems. (For instance, see Krein and Khazan [10] and Fattorini [6].) Hadamard
well-posed problems have recently been studied using the theory of integrated
semigroups or regularized semigroups. The theory of integrated semigroups was
studied intensively by Arendt [1] and Neubrander [11], and that of regularized
semigroups was initiated by Da Prato [3] and renewed by Davies and Pang [4].
For more information, we refer the reader to Arendt et al. [2] and deLaubenfels
[5]. Some results obtained there were extended to the non-autonomous case by
introducing the notion of regularized evolution operators and giving a generation
theorem for regularized evolution operators in [14]. The generation theorem was
used in [16] to study a class of quasi-linear evolution equations of second order
which includes the abstract Kirchhoff equations of degenerate type. This is a
recent development closely related with the theory of regularized semigroups or
integrated semigroups.

For the quasi-linear case, it is well known that Kato’s theory [8, 9] is widely
applicable to well-posed problems in the usual sense. The above-mentioned result
[16] does not contain Kato’s result, although it has an example to which Kato’s
theorem cannot be applied. Our purpose is to establish a theorem generalizing
Kato’s theorem as well as some results on abstract Cauchy problems closely
related with regularized semigroups or integrated semigroups. Section 6 presents
the relationship between our result and Kato’s theorem.

To attain our objective, a new type of stability condition is introduced in §2,
from the viewpoint of the theory of finite difference approximations. Such an
attempt was made in the non-autonomous case with X =FE = X,, and an
important and fundamental result due to Kato [9] was improved in [15]. In the
present formulation, the space E is not always equal to X, so that some
difficulties arise. For example, the solution of the difference equation associated
with (QE) cannot be represented by the time-ordered products of resolvents, so
that a different method from the previous one [15] is needed to prove the
convergence in Y of the solution of the finite difference equation associated with
(QE) (see §5). A new approach is also required in extending a classical solution to
a larger interval (see Proposition 4.4).

Unlike the theory of quasi-contractive non-linear semigroups, we need the
construction of approximate solutions with ‘nice’ properties, since our purpose is
to find a solution in the class C([0,T]; D), and a detailed reason is provided in a
paragraph following Lemma 3.1. On the basis of a key estimate (Lemma 3.1),
several types of mild solution are considered and their continuous dependence on
initial data is given in §3. Section 4 contains the convergence theorem of
approximate solutions and the existence of several types of mild solution. The
main result in this paper is provided by Theorem 5.6, which has the possibility of
applying to the global solvability of concrete problems (see §7) as well as an
application to the local solvability of a degenerate Kirchhoff equation with non-
linear perturbation (see §8).

2. Stability conditions

In this section we introduce a new stability condition from the viewpoint of the
theory of finite difference approximations. We begin by making the following
hypothesis, which is an analogue of the range condition in the quasi-contractive



HADAMARD WELL-POSEDNESS FOR QUASI-LINEAR EQUATIONS 125

semigroup theory, because it guarantees the existence of solutions of the finite
difference equation for (QE).

(H3) There exists Ay > 0 such that if x, € Dy and {t;},_, is a finite sequence
with 0 =1y <t; <...<; <T and t, — {1 <Ny for k=1,2,...,4, then there
exists a sequence {x;}j,—, in D such that

(@ — 1)/ (e — te1) = Al Tp1)zg for k=1,2,... 4. (2.1)

Under assumption (H3), we consider the notion of a stable family of operators
in the following sense: a family {2((¢t,w) : (t,w) € [0,T] x D} of closed linear
operators in X is said to be stable if there exist \j >0, 1<p < oo and M>1
such that to each finite sequence {t;}}_; with 0=ty <t <...<t;<T and
ty —t_y <o for k=1,2,...,i, each finite sequence {z;}}_; in D satisfying (2.1)
with z, € Dy, each v, € X, and each finite sequence {f;}i_; in E, there
corresponds a unique sequence {v;};_; such that

(Vg = vpe1) /(b — tg1) = A(tpr, 2p)vp + fr for k=1,2,...,4, (2.2)

and the unique solution {v,},_; of (2.2) satisfies

i
il <M<||Uo|§(0 3 (- tk_onfk%). (2.3)
k=1

Such a stable family {2(¢t,w) : (t,w) € [0,T] x D} is denoted by
{Q[(t,’LU) : (t7w) € [OvT] X D} € S((X7XO7E)vDOaM7p7 AO)

In a special case where X = X; = E we give a sufficient condition for stability,
which is useful for dealing with the global solvability of the inhomogeneous
Kirchhoff equation with linear dissipation in §7.

PropPOSITION 2.1. Let {A(t,w): (t,w) € [0,T] x D} be a family of closed
linear operators in X satisfying condition (H3) and the following two conditions.
(i) There exists hy >0 such that R(I —hA(t,w)) =X for he€ (0,hy] and
(t,w) € [0,T] x D.
(ii) There exists a family {|| - || : (t,w) € [0,T] x D} of norms in X such that
the following conditions are satisfied:
(N1) there exist M >m > 0 such that m||z||x <||z||.) < M|z|x for v € X and
(t,w) € [0,T] x D;
(N2) there exist 1<p < oo and w>0 such that
Nl ) < llz = DA W)l 0y + Bzl (2.4)
for (t,w) € [0,T] x D,x € D(A(t,w)), h € (0, hy] witht + h<T andw;, € D
satisfying wy, — hA(t, w)w;, = w.
Then there exists M, > 0 such that

{A(t,w) : (t,w) € [0,T] x D} € S(X, X, X), Dy, M, exp((2w+ 1)T),p, Xy)

where Ay > 0 is a constant such that Ay < hg and (2w + 1)\g < 1.
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Proof. Let 0=ty <t; <...<t;<T and hy :=t, —t,_; <Ay for 1 <k<i, and
let 2y € Dy and {x;},_; be a sequence in D satisfying (2.1). Let v, € X, and
{fi}ie1 be a sequence in E. Then it follows from condition (i) that the finite
difference equation (2.2) with 2 = A has a solution {v,},_;.

To prove (2.3) we need to show that there exists C, > 0 such that

-+ holl, ) < L+ Bl + ol
for (t,w) € [0,T] x D, 0<h<1 and u,v € X. Since the function
0 — (Iullw) + ORIVl (1)) /P
is convex on [0, 1], we have
(lu + hllf, ) = el ) /2 < Ul + Bllol] )" Bll0l] )
<27 1(||u|| o IVl ) + RIVIE,,)-

Here we have used the inequality (a+ )" < (2 b) <2'(a" +0b") for 0<a<b< o
and 7> 0. The desired inequality is obtained by Young’s inequality.

We use the inequality shown above, (2.2) with A=A, and (2.4) with
(t,w) = (t_1,2p_1), * = vy, h = h;, and wy, = x;, to find that

(1 = )l ) < @+ Blloalll, .+ mGllf

H (tg—1,7p-1)
for 1 <k <. This recursive inequality gives

1 0= hee 11 el < ol +thc T
The desired inequality (2.3) is proved by condition (N1) and the fact
(1—1)"'<exp(2t) for t e [0,1]. In a way similar to the above argument, the
uniqueness of solutions follows from condition (N2). O

REMARK 2.1. (1) Proposition 2.1 asserts that the stability condition follows
from the range condition (i) together with the dissipativity condition (ii) in a
special case where X = X; = E. An idea similar to this is found in the paper by
Hughes et al. [7], but it is different from ours in that they used a family {{| - ||}
of equivalent norms in X, depending Lipschitz continuously on (¢, w).

(2) As will be seen in §7, the notion of dissipativity conditions corresponds to
energy inequalities in the case of concrete problems. An advantage of our result is
that the strong convergence of approximate solutions in the underlying space is
proved under such dissipativity conditions.

Now, we state basic hypotheses on the family {A(t,w): (t,w) € [0,T] x D}
appearing in (QE).

(H4) There exist 1<p < oo and M >1 such that
{A(taw) : (tvw) € [OaT] X D} € S((X,X(),E),DO,M,]Q, )‘0)

(H5) There exists Ly >0 such that ||A(t,w)— A(t,2)|lye < Lallw—z||x for
(t,w),(t,2) € [0,T] x D.
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(H6) There exist an open, bounded subset W of Y satisfying D C W and a
strongly continuous family {B(t,w): (t,w) € [0,T] x W} in B(X,FE) satisfying
condition (B) below such that

SA(t,w)S™" = A(t,w) + B(t,w) for (t,w) € [0,T] x D. (2.5)

(B) There exists Lp >0 such that |B(t,w)— B(t,2)|xp<Lpllw—z|y for
(t,w), (t,2) € [0,T] x W.

REMARK 2.2. (1) In a special case where X = X; = E, condition (H6) was
introduced by Kato [8], and used successfully by Sanekata [13] to prove that a
successive approximate solution converges in the ‘nice’ space Y, without the
reflexivity assumption of underlying spaces. Condition (2.5) means that

{zeX:5 'z e DAt w) and A(t,w)S 'z € Y} = D(A(t,w))
and
SA(t,w)S 'z = A(t,w)z + B(t,w)z for x € D(A(t,w)).

This condition corresponds to the notion of commutators in the case of concrete
problems, and so it is not difficult to check this condition in most applications.
Recently, Kato [9] introduced a new concept of ‘intertwining condition’ instead of
this condition, so that his abstract theory can be applied to concrete problems in
the space of continuous functions.

(2) Since D and W are bounded subsets of Y, the following assertions follow
from the strong continuity of the operators and conditions (H5) and (B): there
exists My > 0 such that [|A(t, w)||y.p < My for (t,w) € [0,T] x D, and there exists
Mp > 0 such that ||B(t,w)||xr < Mp for (t,w) € [0,T] x W. N

(3) There exists a strongly continuous family {A(t,w) : (t,w) € [0,7] x D} in
B(Y,E) such that A(t,w) = A(t,w) for (t,w) € [0,T] x D, where D denotes the
closure of D in X. This fact follows from conditions (H2) and (H5).

(4) Under conditions (H2) through (H5) we see that a solution of (2.1) is
unique. Indeed, let {y,}i_; be another solution of (2.1) with y, =z, and set
2z, = xj, — ;. for 0 <k <. Since z; = 0 and

(e = 26-1)/ (te — ti1) = Alte—r, o) 2 + (Alti—1, Tpo1) — Alte—1, Y1) Uk
for 1< k<i, we have by (H4) and (H5),

k

l2ells <M ) (4 — t171)L€1||2171||§<(01§?§i ol
=1 <is

for 1 <k<i. It is shown inductively that z, =0 for 1 <k <.

From §2 to §5 we assume conditions (H1) through (H6).

Let M =27"'M exp(2PMM}ET) and let g, € (0,)g] be a number satisfying
2P MM}Fey < 1. The following proposition asserts that the stability condition (H4)
is preserved under the perturbation of a uniformly bounded family in B(X, E).

PROPOSITION 2.2.  The family {A(t,w) + B(t,w) : (t,w) € [0,T] x D} belongs
to the class S((X, Xy, E), Dy, M, p, ).



128 NAOKI TANAKA

Proof. Let 0=ty <t <...<t;<T and t;, —t;_; <gp for 1<k <4, and let
xy € Dy and {z;}),—; be a sequence in D satisfying (2.1). Let vy € X, and {f,}—1
be a finite sequence in E. We first show that the difference equation

(0 — V1) /(ty, — the1) = Altp—1, Tp_1)vy + Bltg_1, 2p—1)vp + fi (2.6)

has a solution {vk}fczl in X. For this purpose, let 1 <[ <i and assume that a sequence
{v,}1= has been chosen so that (2.6) is satisfied with 1<k<— 1. Then we set

0¥ = v,_; and define v inductively by a unique element satisfying the equation
0" — v/t — i) = Atz )™ + Bty 20" + (2.7)
for n =1,2,... . This definition makes sense. Indeed, for the sequence {gk}fﬁl in B

defined by gy = B(ty_1, 24-1)vg + fi for 1< k<l —land g; = B(t_1, x_1)o" " + f;,
consider the difference equation (uj, — up_q)/(tr, — tr_1) = A(tp_1, xp_1)uy, + gp for
1< k<, where uy =wvy € Xy. Then it has a solution {v,.. .,vl_l,v<”>} by the
stability condition (H4) and the hypothesis of induction.

Now, we set w™ := o™ — ™D for n=1,2,.... Then the sequence {z,}\_o
defined by z, =0 for 0<k<I—1 and z = w™ is a solution of the equation

(21 = 26-1)/ (e — 1) = A1, Tp—1) 2 + Fy, for 1<k <,

where F, =0 for 1<k<l—1and F;, = B(tl,l,xl,l)wm_l) € E. By condition (H4)
again we have

™ 5 < Mt = i)l Bty 21wV, < MMBeq '™ V|%,

which implies [0 — o V|| < (%)"71”1)(1) — 09| for n>1, by the choice of &.
By a standard technique we see that the sequence {v(”>} is convergent in X as
n — oco. We denote the limit lim, ., v by v,. Since B(t;_y,z,_1) € B(X,E) we
deduce from (2.7) that the sequence {A(t,_;,z,_;)v'™} converges to the element
(v —v_)/(t; —ti_y) — (Blti_1,xi—1)vy+ f;)) as n—oo. The closedness of
A(t;_y,2;_,) implies that the equation (2.6) is satisfied with k =1[. The desired
claim is thus proved by induction. By the stability condition (H4), the solution
{vgYi_y of (2.6) must satisfy the estimate
I
00 (el + 320k =t DIBlt 1)+ Al

k=1

for 1<1<i. Since [|Blti o 1)ui + filly <27 (MBllol + 1 fllh) by Remark
2.2(2) and Holder’s inequality, the desired inequality (2.3) with M = M is
obtained by Lemma 2.4 below.

Finally, we prove the uniqueness of solutions of (2.6). To do this, let {2, }4_; be
another solution of (2.6) and set z; := v, — v, for 1<k<i. Then the sequence
{z:}i_, is a solution of the difference equation

(21 = 2p1)/ (b — tre1) = Al Te-1) 2 + Bt 2p-1)2 for 1<k <
Since z, = 0, we have by condition (H4), ||z|[% <M S o1 (tp — te1) M5 2|/ for
1<I<i. Lemma 2.4 implies that z, =0 for 1 <k<. O

We next give a result on uniform boundedness in Y of solutions of finite
difference equations to be used in later arguments.
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PROPOSITION 2.3. Let {t,},_, beasequencesuchthat0 =ty <t, <...<t;<T
and t, —t, 1 <g, for 1<k<i, let xy€ Dy and {x;},_; be a sequence in D
satisfying (2.1). Let {f;},_; be a sequence in Y such that Sf, € E for 1<k<i.
Let vy € YN X, and Sv, € X, and assume that {v;},_; is a solution of

(U — 1)/ (b — tee1) = A(ti—1, Tro1)vp + fi (2.8)

for 1<k<i. Then we have v, € Y for 1 <k<1,
(Svy, — Sv_1)/(ty, — tyo1) = (Altp—1, 2p—1) + Blty_1, v4-1)) Sy, + Sty (2.9)

for 1<k<i and

1ol <M<||S”0|§(D 3 (- tk_1>||ka||%). (2.10)
k=1

Proof. By Proposition 2.2, the family {A(t,w)+ B(t,w) : (t,w) € [0,T] x D}
belongs to the class S((X, X, E), Dy, M, p, ). Let wy = Svy. Then there exists a
unique solution {wy};_; of the difference equation

(wp — wy—1)/(ty — tp1) = (Alte1, o) + Btp_1, 7p—1))wy, + S,

for 1 <k <1, satisfying the estimate ||wl||§(§M(||w0||p + 30t =t 1)||ka||p)
for 1< k<i. Now, we set 0, = vy and v, = S~ 'wy, for 1 <k<z Clearly, v, € Y for
0< k<1, and (2.9) and (2.10) are satisfied with v, replaced by v,. By (2.5) we see
that {2, },_; is also a solution of (2.8). Since 0, = v, we have 7, = v, for 1<k <1,
by the uniqueness of solutions in condition (H4). O

A discrete version of Gronwall’s inequality is given by the next lemma.

LEMMA 2.4. Let {a)}_; and {h},_, be two sequences of non-negative
numbers, let {al}le be a non—decreasing sequence of non-negative numbers, and
let $>0. Assume that a;<oy+ 33 % hya, for 1<I<i. If Bh e [0,5] for
1<1<, then we have a; < exp(2ﬂzk 1hk)a, for 1 <1<,

Proof. Let 1<1<i, and set by = oy and b; = oy + ﬂZiﬂ hpa;, for 1<j<1.
Then we have a; <a; + 52‘}2:1 hpa, < oy + ﬁZ{,:l hyay, = b; for 1 <j <1, by using
the non-decreasing property of {oy}. Since b; — b,y = Bhja; < Bh;b; for 1<j<1,
we have b; < exp(20h;)b;_; for 1 <j<I. It follows that b; < eXp(ZﬁZk 1 )by for
1<5<!, which 1mphes that a; < eXp(QﬁZk Lhi)ay for 1<j<I. The desired
inequality is obtained by settmg j=1. O

3. Several types of mild solutions and a key estimate

We begin by giving a key estimate with some comments.

LEmMMA 3.1, Let 0<7<T. Let A={0=1t; <t <...<ty} be a partition of
[0,ty] such that ty <. Let uy € Dy and wy € Y N Xy, and let {&;}1, and {g;}},
be sequences in E. Assume that {u;}Y | and {w;}}, are a sequence in D satisfying
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(3.1) and a sequence in Y satisfying (3.2) respectively:
(w; —wimy)/(t; —tisy) = A(ticy, umyJu; +¢; fori=1,2,..., N, (3.1)
(Wi —wi1)/(ti —ti) = Alti,w)w +g; fori=1,2,...,N.  (3.2)

Let us define two step functions u and w by

i1 forte|t,_i,t;)andi=1,2,... N,

u(t)z{u1 rt € Loy, ti) and (3.3)
uy fort =ty,
. fort € [ty di=1,2,...,N,

w(t)={w1 or £ € lfi-y, fo) and i (3.4)
wy fort=ty.

Let P={0=sy<s <...<Sg=ty} be a partition of [0,ty] which is a
refinement of A, and let vy € X, zy € Xy and h € C([0,7]; E). Let {vj}]Kzl and
{zj}jK:l be sequences in D and X respectively such that

(v; —vj_1) /(85— 8j-1) = A(sj_1,vj-1)v; for j=1,2,..., K,
(zj = zj-1)/ (85 — 8j21) = A(sj_1,v5-1)7 + h(sjo) for j=1,2,... K,

and define two functions v and z similarly to u and w in (3.3) and (3.4). Then
we have

lu(t) —v(@®)[lx <C(llug — vollx, + (e + B+ 7)), (3.5)
lw(t) — 2(t)[| x <C(lwy — 20llx, + 19 = Pllzr(0.7m)) + (@ + B+7+ pr(|A]))
+ C My (||ug — vl x, +0(a+ B+7)) (3.6)

for t € [0,ty], where C' denotes various constants, ¢ : [0,00) — [0,00) stands for
various non-decreasing, continuous functions such that 6(0) = 0, p;, is the modulus
of continuity of h, |Al=max)<;<y(t —t;1), g€ LP(0,7;E) and the symbols
My,a a, 3, ﬂ,fy and v are defined by

ity = ,
v = max wily.

N

L
_ al = P
o= max lele & =3[ o) - allde

SN )
B= | max (SUP{”( (i) — A(ti—laui—l))ui—IHE ct € [t 4]},

B— lmax (sup{[[(A(t, ui—1) — A(tioy, 1)) wiqllg : t € [tioy, 1]}),

Y= 1r<na<xN||ul uilly, 7= 11<na<XN||w, w;_q]|y-

Unlike the generation of quasi-contractive non-linear semigroups, we need the
construction of approximate solutions with ‘nice’ properties. In fact, our purpose is
to find a solution u in the class C([0,7]; D), and so it is necessary to show that a
sequence {u®(t)} of approximate solutions converges in the space Y as well as the
underlying space X. By taking account of the fact that the limit function v of the
sequence {Su®(t)} must be Su(t) and formally satisfies the equation

V(t) = A(t,u(t))v(t) + f°(t) fort € [0,T], (3.7)
where f'(t) = B(t, S 'v(t))v(t) for t € [0,T], the function v(t) is regarded as a
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fixed point of the operator ® mapping z to the unique limit of a sequence {w*(¢)}
of approximate solutions of (3.7) with f" replaced by f?. By the above insight
similar to that due to Sanekata [13], the problem of whether the sequence {w*(t)}
converges in X occurs in discussing the convergence in Y of a sequence {u®(t)} of
approximate solutions. This is a reason why we need to study the construction
and convergence of approximate solutions with ‘nice’ properties. By virtue of
Lemma 3.1, we introduce the notion of approximate solutions to the Cauchy
problem for (QE).

By (QE; uy) we denote the Cauchy problem for (QE) with initial condition
u(0) = ug.

Let uy € Dy and € > 0. If there exists a sequence {(t;,u;,&;) Y, in [0,7] x D x E
satisfying (3.1) such that 0=ty <t <...<ty<7, t; —t;_; <e for 1<i<N,
T—e<ty, a<e f(<e and y<e, then a step function defined by (3.3) is called a
regular e-approximate solution to (QE; wg) on [0, 7].

Let uw e C([0,7]; X). If for each sufficiently small € > 0 there exists a regular
g-approximate solution u® to (QE; ug) on [0, 7] such that ||u®(t) — u(t)||x <e for t
in the domain of u°, then the function w is said to be a regular mild solution to
(QE; ug) on [0,7].

PROPOSITION 3.2. Let uy € Dy. A classical solution u to (QE; ug) on [0,T] is
a regular mild solution to (QE; wg) on [0,T].

Proof. Let A={0=1ty <t <...<ty =T} be a partition of [0,T]. If we set

1

up =u(t;) and ¢ = Pa— J (A, u(t))u(t) — A1, uig)u;) dt
i bi-1Jtig

for 1 <i< N, then (3.1) is satisfied. Since (¢, s) — A(t,u(s))u(s) is continuous in E

on [0,T] x [0,7] and w is continuous in Y on [0,7], the assertion is true. O

Let uy € Dy and u be the unique regular mild solution to the Cauchy problem
(QE; ugy) on [0,7]. (The uniqueness of regular mild solutions will be proved by
Proposition 3.3.) To prove u € C([0,7];Y), the notion of approximate solutions to
the problem

{v’(t) = A(t,u(t))v(t) + f(t) forte|0,7], (CP: , f)"

v(0) = x,

is also needed for each = € X, and f € L?(0,7; E).
(a) Let e > 0. If there exist w, € Y N X, and a sequence {(t;,u;,&;,w;, g;) . in
[0,7] x D x E xY x E satisfying (3.1) and (3.2) such that Su; € D(A(t;_1,u;_1)),

&= (Su; — Sui1)/(ti —ticy) — (A1, ui1) + Bty ui 1)) Su; € B

and ||&]| g <e for 1<i< N, such that a step function defined by (3.3) is a regular
e-approximate solution to (QE; u,) on [0, 7] whose difference from w is less than or
equal to € and such that [Jwy — z||x, <e,a<ewithg = f, <ecand y<e, then astep
function defined by (3.4) is called a regular e-approximate solution to (CP;z, f)"
on [0, 7].

(b) A function w e C([0,7]; X) is said to be a regular mild solution to
(CP;z, f)" on [0,7] provided that for each sufficiently small € > 0 there exists a
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regular e-approximate solution w® to (CP;x, f)* on [0,7] such that ||w®(t)]y is

uniformly bounded as € | 0 and ||jw®(t) — w(t)||x <& for ¢ in the domain of w®.
(¢) A functionv € C([0, 7]; X) is called a mild solution to (CP; z, f)" on [0, 7], if, for

each sufficiently small € > 0, there exists a regular mild solution w* to (CP;y, g)" on

0,7] such that |z — yllx, <, [1f  gll o) < and supyepo) 07 (2) — v(t)|1x <e.
The uniqueness of mild solutions is given by the following result.

ProrosiTION 3.3. (i) Let ug,uy € Dy, and let uw and @ be two regular mild
solutions to (QE; uy) and (QE; uy) on [0, 7] respectively. Then we have

lu(t) — u(t)||x <Cllug —wllx, forte[0,7].

(ii) Let uy € Dy and u be a regular mild solution to (QE; ug) on [0,7]. Let
T,T € Xy and f, f € LP(0,7; E). If v and © are mild solutions to (CP;x, f)* and
(CP;z, f)" on [0, 7] respectively, then

lo(t) = 3(0)x < Clllz = Zx, + IIf = Fllrorm)

for t € [0,7]. In particular, the (CP;x, f)* has at most one mild solution on [0, 7]
for each x € Xy and f € LP(0,7; E).

Proof. We begin by proving that assertion (ii) is true. Let y,y € X, and
9,9 € LP(0,7; E), and let w and @w be regular mild solutions to (CP;y,g)" and
(CP;9,9)" on [0,7] respectively. By the definition of regular mild solutions to
(CP;y,9)" on [0,7], for each sufficiently small € >0 there exists a regular
g-approximate solution w® to (CP;y, g)" on [0,7] such that ||w*(¢)|y is uniformly
bounded as £ |0 and [Jw®(¢) —w(t)|x <e for ¢ in the domain of w®. Let
{(tf,uf,ef,wf,gf)}f\ﬁl be a sequence in [0,7] x D x E xY x E satisfying (3.1)
and (3.2), and let the regular e-approximate solution w® be defined like (3.4).
Similarly, for each € > 0 there exists the corresponding approximate solution w®
with w replaced by w, satisfying the desired properties.

Now, let € € (0,)] and let {s,}, be the minimal refinement of {t;}2, and
{tAf}évzl Then by conditions (H3) and (H4) there exists a sequence {(v;, )}, in
D x X such that

(v —v21) /(51— 8121) = A(s121, V121,
and

(21— 211)/ (81 = s1-1) = A(s121,vi-1) 21 + h(51-1)

for 1<I< K, where h € C([0,7]; E), vy =ug, 20 =w; and w; is an element in
Y N X such that ||y — w§|x, <e. By Lemma 3.1 we have

[[w(t) — @° ()l x < Cllwg — Wi llx, + Ilg = hllzrorm) + 19 = Allro.rm)
+ 26(32 + pu(e)) + CME8(3¢)
for t € [0,¢5 1N [O,tA]% ], where

My = sup{|lw®(t)|ly : t € [0,t5 ]} +sup{[|[w()|ly : t € [0,7?]\575}}.
Since 1\7[15 is bounded as ¢ | 0, we have

lw(t) —w(t)llx <Cly = ¥llx, + 19 = gl 0rs))  for t € [0,7].
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Here we have taken the limit as h — g in L”(0,7; E). The desired claim follows
from this inequality together with the definition of mild solutions to (CP;z, f)"
on [0, 7].

Assertion (i) is verified in a way similar to the derivation of (ii). O

PrROPOSITION 3.4. Let uy € Dy and u be a regular mild solution to (QE; ug)
on [0,7]. Let x € X, and f € LP(0,7; E). If v is a mild solution to (CP;z, f)* on
[0, 7] then we have

o(t) = yllx < Cllle = yllx, + Lo + 7 Mallylly)
for t € [0,7] and y € XN S™(X,).

Proof. Tt suffices to prove the proposition under the assumption that v is a
regular mild solution to (CP;x, f)" on [0,7]. Let y € X,N S (X,). Once the
function w(t) = y for ¢ € [0, 7] is shown to be a regular mild solution to (CP;y, g)"
where g(t) = —A(t,u(t))y for t € [0,7], the desired inequality follows from (ii) of
Proposition 3.3.

Since v is a regular mild solution to (CP;z, )" on [0, 7], there exists a sequence
{(t;,uz,e)}Y, in [0,T] x D x E satisfying (3.1) such that Su; € D(A(t;_1, ui_1)),

& = (Su; — Su;q)/(t; — tioy) — (Aticy, wiy) + B(ti_q,u;-1))Su; € E

and [|§]| g < e for 1 <i< N and such that a step function defined by (3.3) is a regular
e-approximate solution to (QE; ug) on [0, 7] whose difference from w is less than or
equal to €. If we define w; =y for 0<i <N and g; = —A(t;_y,u;_1)y for 1<i <N,
then equation (3.2) is clearly satisfied. Since the family { A(t,w) : (t,w) € [0,T] x D}
is strongly continuous in B(Y, E) on [0, 7] (see Remark 2.2(3)) and

||A(S7 uz?l) - Z(Sa u<t)> HY,E < LA5
for s € [0,T],¢ € [t;_1,t;] and 1 <i< N, we see that the step function w® defined like

(3.4) is a regular e-approximate solution to (CP;y, g)* on [0, 7], and w*(t) = w(t) for
t € [0, 7]. This means that w is a regular mild solution to (CP;y, g)". |

Proof of Lemma 3.1. We use an auxiliary function w : [0,ty] — Y defined by
w(t) = wiy + (E— i) (w; —wi1)/(t —tiy)
for t € [t;_1,t;] and i =1,2,...,N. By (1.1) and condition (H2), we have
hj = (w(s;) —w(s;-1))/(s; = sj-1) = Alsj-1,v;-1)w(s;) € E
for j=1,2,..., K. We use the stability condition (H4) to find the estimate
J
Iy = @l <31l = il + 3 (o= sl ) (59
=1
for j=1,2,.... K.

To estimate Z‘Z:l(sl—sl,l)||h(sl,1)—h,||’é, let r€(s;_y,s) for some
le{1,2,...,K}. Since P is a refinement of A, there exists ke {1,2,...,N}
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such that ¢, ; <s_; <r < s;<t;. By the definition of w, we have
A(si-1, up—1)(w(s;) — wy,—1)
= ((s1 = tr1)/(th — trr))A(s1-1, gy ) (W), — Wy ). (3.9)
Since

h(si-1) — hi = (h(s1-1) — gr) + (A(s1-1, v-1)w(s;) — A1, we—1)wy)
and A(s;_1,v_1)w(s;) — A(tj_1, up_q)wy, is written as

(A(si1,v1-1) = A(si1, wp—1))w(sy) + A(si—r, wer) (W(s;) — wi—y)
+ (A(s1-1, up—1) — Aoy, wp—))wi—y + Aty wpmy ) (Wi — wy),
we have, by (3.9),
[A(si-1) = il < llg(r) = gille + pn(|A]) + |2(r) — g(r)ll &
+ LaMy|lv(r) — u(r)|[x +2M47 + B.
Substituting this estimate into (3.8) we find that
25 — @) I < Cllwo — z0l%, + 119 — bll o) + 8@+ B+ 7+ pu(1AD)

S

+ cM;JO" llu(r) — o(r)||% dr (3.10)

for j=1,2,.... K.

Now, let t € [0,ty). Since P is a refinement of A, there exist integers i and j
such that 1 <i<N, 1<j<K and t;_; <sj_ <t <s;<t;, and then w(t) = w,;_;
and z(t) = z;_;. By the definition of w we have

w(s;_1) —wi_y = ((8;21 — ti-1)/(t; — ti1))(w; — wiq);

hence |lw(s;_y) —w;_|[x <cx?y, where cx >0 is a constant such that
|lull x <cexllully for u € Y. Combining this inequality and (3.10) we find that

lw(®) = 2% < Cllwo = 2ll%, + llg — A

Il)/'(U,T;E))
/

+ 8@+ B+7+ pu(AD) + OFEE fulr) = o). (311

Here we have used the fact that s;_; <t. The inequality (3.10) with j = K implies
that (3.11) is also valid for ¢t = ty. If wy =y, 20 = vy, g=h =0 and ¢; = g; for
1<i< N, then we see that w(t) = u(t) and z(t) = v(t) for t € [0,ty] and that
a<T"?qand My = maxyc; <y ||y < My, where My, = sup{||ully : v € W} < o0
because W is bounded in Y; hence (3.11) implies (3.5) by Gronwall’s inequality.
The desired inequality (3.6) is obtained by substituting (3.5) into (3.11). O

4. Convergence of regular approximate solutions

The convergence of regular approximate solutions for (QE) is given as follows.

ProproOSITION 4.1. Let uy € Dy. Assume that for each sufficiently small ¢ > 0
there exists a regular e-approximate solution u® to (QE; uy) on [0,7]. Then there
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exists a regular mild solution u to (QE; wy) on [0,7] such that
lim(sup{fju®(t) —u(t)llx : £ € [0,2x]}) =0,

where [0,t5 | is the domain of u°.

Proof. Let uy € D,. By the definition of regular e-approximate solutions to
(QE; uyg), for each sufficiently small e > 0 there exists a sequence {(¢7,u;,e; )}f\;l
in [0,7] x D x E, satisfying (3.1), such that a step function defined like (3.3) is
the regular e-approximate solution u°.

To prove the convergence of {u°} in X let A\, o € (0, Ag] be sufficiently small. We
want to estimate the difference between v* and u” in X. For this purpose, let {s;}l 1
be the minimal refinement of {tA}N*1 and {t“}N_1 Then by condition (H3) there
exists a sequence {v;}; in D such that (v, — v,_1)/(s; — s1-1) = A(s;_1,v_1 ), for
1<I< K, where vy = uy. By Lemma 3.1 we have

[l (#) = w” ()] x < C(8(3A) + 6(3)

for t € [0,ty Injo,ty ], which shows that the sequence {u®} converges in X
uniformly on every Sublnterval of [0,7). Once the limit function of the sequence

{u*} is uniformly continuous on [0, 7), the desired assertion follows from the principle
of extension by continuity.

It remains to show that the limit function of the sequence {u°} is uniformly
continuous on [0,7) in X. By (3.1) we have [lu; —u/||g<(t5 —t7)(MaMy +¢)
for 1<i<j< N.. Since FE is continuously embedded in X, it is shown that the
limit function is Lipschitz continuous on [0,7) in X. O

The following proposition establishes the convergence of regular approximate
solutions to (CP;x, f)".

PROPOSITION 4.2. Let uy € Dy and let uw be a regular mild solution to
(QE; ug) on [0,7].

(i) Let y € X,y and g € LP(0,7; E). Assume that for each sufficiently small € > 0
there exists a regular e-approximate solution w® to (CP;y, g)" on [0, 7] such that
||w®(t)|ly is uniformly bounded as e | 0. Then there exists a regular mild solution
to (CP;y,g)" on [0,7].

(ii) Assume that there exists a regular mild solution to (CP;y,g)" on [0,7] for
each y in a dense subset of X, and g in a dense subset of [*(0,7; E). Then there
exists a mild solution to (CP;x, f)" on [0, 7] for every x € X, and f € LP(0,7; E).

Proof. Similarly to the proof of Proposition 4.1, the desired assertion (i) follows
from Lemma 3.1. (See also the proof of (ii) of Proposition 3.3.) To prove (ii), let € X
and f € LP(0,7; E'). Then there exist a sequence {y,} in X and a sequence {g,} in
LP(0,7; E) such that lim, . [y, — 2llx, = lim,_ |9, — fllzr@0,r) = 0 and such
that the (CP;y,,g,)" has a regular mild solution w,, for each n > 1. Since a regular
mild solution to (CP;y,,g,)" on [0, 7] is clearly a mild solution to (CP;y,,g,)" on
[0, 7], we deduce from (ii) of Proposition 3.3 that the sequence {w,} converges in
X uniformly on [0, 7]. The limit function is the desired mild solution to (CP;x, f)"

n [0, 7]. O
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LEMMA 4.3. Let 0 <7<T. Let uy € Dy and uw be a regular mild solution
to (QE; wy) on [0,7]. Assume that there exists v & C([0,7]; X) such that
v(t) € S(W) for t € [0, 7] and v is a mild solution to (CP; Sug, f*)" on [0, 7], where
fU(t) = B(t, S~ v(t))v(t) for t € [0,7]. Then the following assertions hold:

(i) there exists a sequence {u®} of regular e-approximate solutions to (QE; )
on [0,7] such that it converges to u in Y uniformly on every compact
subinterval of [0,7), as € | 0.

(i) w is a classical solution to (QE; ug) on [0,7], and Su(t) = v(t) for t € [0,7].

Proof. Let >0 be fixed arbitrarily. By the definition of mild solutions to
(CP; Sug, f”)" on [0, 7], there exists a regular mild solution w to (CP; y, g)" on [0, 7]
such that [ly — Suollx, < 1" — ooz <71 and supsep) [w(t) — o(8)]lx <n.
By the definition of regular mild solutions to (CP; y, g)* on [0, 7], for each sufficiently
small £ > 0 there exists a regular e-approximate solution w® to (CP; y, g)" on [0, 7]
such that ||w®(t)|ly is uniformly bounded as € | 0 and [Jw®(¢) — w(t)||x <e for
t in the domain of w®. By the definition of regular e-approximate solutions to
(CP; y, 9)" on [0, 7] there exist w; € Y N X, and a sequence {(¢7,u;, &/, w;, gf)}fifl in
[0,7] x D x E XY x E satisfying (3.1) and (3.2) such that

Su; € D(A(ti1,ui1)),
& = (Sui —Sui 1)/ (t; —ti ) — (A(ti1,uiy) + B(ti1,u;1))Su; € E

and ||&7 || < e for 1 <i < N, such that a step function «° defined by (3.3) is a regular
e-approximate solution to (QE; uy) on [0,7] whose difference from w is less than
or equal to € and such that ||wg—ylx, <&, a<e, f<e and y<e. Notice that
ti —ti 1 <e for 1<i<N,, a<e fB<e and y<e because u® is a regular
g-approximate solution to (QE; uy) on [0,7]. Here o, 8, v, &, B and 7 are the
symbols defined as in Lemma 3.1.

We apply condition (H4) to the sequence {Su; — w; }f\i}], so that

[[Su®(t) — w(t)ll%

i—1
<M(||Suo —wilh, + SO — DB, uf 1) Suf + & — gzn';;) (4.1)
k=1

for t € [t;_;,t7) and i =1,2,...,N,. We write
B(ti 1, ui1)Sui — gi = (B(ti 1. ui 1) — B(ti 1, 8™ 0(r))) Sui
+ Bt 8™ 0(r))S(uf — ujy)
+ B(ti1, 5™ (1)) (Suiy — v(r))
+ (B(ti1, 8™ 0(r) = B(r, S o(r)) u(r)
+(f7(r) = g(r) + (9(r) = 91)
for r € (t;_y,t;) and k=1,2,..., N.. By condition (B) in (H6) and Remark 2.2(2)
we find that
I B(ti-1, ui-1)Sui — gille
< LullS ey I1Su(r) — o) 1Sllyx My + Ml Sllyxy
Mgl Su(r) — o()llx + (Bt 1, ™ 0(r)) — Bl S~ o(r)o(r)
+17°r) = 9l +1lg(r) — gille (4.2)
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for r € (t;_;,t;) and k=1,2,..., N.. Here we have used the fact that
|Sugllx <[ISllyxMy for 1<E<N.,.

Since v is continuous on [0, 7] in X, the set K = {v(r) : r € [0, 7]} is compact in X.
This fact, together with the strong continuity of B on [0,7] x W in B(X, E),
implies that the function (t,2) — B(t, S™'2)z is uniformly continuous on [0,7] x K
in E, so that the fourth term on the right-hand side of (4.2) is bounded by 6(¢).
Integrating the pth power of both sides of (4.2) over (¢;_;,t;) and summing up the
resultant inequality from k=1 to k=17 — 1, we have

1

(e = te-) 1B, wi1) Sug — gillg
1

i

>~
Il

£, , ~
<0J0 15u”(r) = o(r)x dr + 6(v) + 6(e) + I1f* = 9l o,y + @

for i =1,2,..., N,. Combining (4.1) and the above inequality gives

15u(t) = v(®)llx <6(e) + 6(n) + CJ(;IISUE(T) —o(r)|lx dr

for t € [O,tfvg). By Gronwall’s inequality we have

lim sup ( sup [[Su®(t) - v(t)Hsz) < exp(Cr)8(1),

el0 tel0ts,)

and the right-hand side tends to zero as 7 | 0. This means that the sequence
{Su®(t)} is uniformly convergent to v(t) in X on every compact subinterval of
[0,7), as € | 0. Since ||u®(t) —u(t)||x <e for ¢ in the domain of u®, we have by
(H1), u(t) € Y and Su(t) = v(t) for t € [0,7). This is also valid for ¢ = 7, since u
and v are both continuous in X on [0,7]. Assertion (i) is thus shown to be true.
By (3.1) we have

[
)

il etf i—1
=S [ Al wiui — A dr + S0 1)
k=1
for t € [t7,,t7) and i =1,2,...,N,. A passage to the limit implies (ii), by the
strong continuity of A in B(Y; E) and assertion (i). a

PROPOSITION 4.4. Let uy € Dy and u be a regular mild solution to (QE; uy)
n [0, T]. If for each x € X, and f € LP(0,T; F) there exists a mild solution to
(CP; z, f)" on [0,T] then u is a classical solution to (QE; ug) on [0,T].

Proof. Since S(W) is open in X there exists » > 0 such that
{z € X : ||z — Supllx <r} C S(W).

Let us define a space G by the set of all functions v € C([0,7]; X) such that
v(0) = Suy and ||u(t) — Sug||x <r for te€[0,7], where 7>0 is yet to be
determined. Clearly, the space G is a complete metric space with the usual
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distance. Since the function v(t) = Su, for t € [0,7] belongs to G, the space G is
non-empty.

Let v € G, and define f(t) = B(t, S~ v(t))v(t) for t € [0,7]. By assumption,
there exists a unique mild solution z" to (CP; Sug, f”)" on [0, 7]. The uniqueness of
mild solutions follows from (ii) of Proposition 3.3. Now, consider the mapping ®
from G into C([0,7]; X) defined by ®v = z'. Then we have, by Proposition 3.4,

1(@0)(t) = yllx < C(ISug = yllx, + 7 (MplISlly.x My + Mallylly)) (4.3)

for ¢ € [0,7] and y € X, N S™'(X;). Notice that || - [|x <cx, || - [|x, for some cx, >0
because X, is continuously embedded in X. Since Suy € S(Dy) C X by (1.3), the
above fact and (1.2) together imply that [Suy— yollx + C||Sug — yol|x, < 37 for
some y, € X, NS™H(Xy) (CY). By (4.3) with y = y, there exists 7> 0 such that
the operator ® maps G into itself. By (ii) of Proposition 3.3 we have

[(@v)(t) — (2V) (1)l < CJ;IIB(IZ S™o()u(t) — B(t, S~ 0(1)o(t) | dt,

and the integrand on the right-hand side is bounded by
(LpllS ™ xy 1Sllvx My + Mp)|[o(t) — w(t)|[5  for ¢ € [0,7],

by virtue of condition (B) and Remark 2.2(2). This implies that the operator ® is
strictly contractive on G for sufficiently small 7> 0. By the Picard—Banach fixed-
point theorem, the operator ® has a fixed point v in G; namely there exists
v e C([0,7]; X) such that v(t) € S(W) for ¢t € [0,7] and v is a mild solution to
(CP; Suyg, f°)" on [0,7]. Such a function v is unique by Proposition 3.3 and an
application of Gronwall’s inequality.

Now, let us define t,,, by the supremum of 7 € [0,7] such that there exists
v € C([0,7]; X) such that v(t) € S(W) for ¢t € [0,7] and v is a mild solution to
(CP; Sug, f)" on [0,7]. By the preceding argument we have 0 < ¢, <T. By
the definition of ¢,,, and uniqueness, there exists v € C([0,¢,,,); X) such that
U(t) € S(W) for ¢ € [0,tu.) and such that for each 7 € (0,t,,,), the restriction of
¥ to [0,7] is a mild solution to (CP; Sug, f°)" on [0, 7]. By Lemma 4.3 we see that
u is a classical solution on [0, ¢,,,.) and Su(t) = v(t) for ¢ € [0, t,,.c). To prove that
the limit lim; u(t) exists in Y, we have only to show that the limit limy, o(t)
exists in X. Since o(t) € S(W) for t € [0,t,.) and W is bounded in Y, we
have f% € L®(0,tp.; E). By assumption there exists a mild solution w to
(CP; Sug, f)" on [0,t.]. By (ii) of Proposition 3.3 we have o(t) = w(t) for
t € [0, tyay)- Since w is continuous in X on [0, t,,.4], the above fact implies that the
limit limy, (t) = w(tyay) exists in X.

Once t,,« = T is proved, the fact shown above implies that the desired claim is
true. Assume to the contrary that ¢, <7, and set v* = lim;; 9(t). Then we
have S~1v* = limyy, S™1o(t) = limyy, w(t) in Y. Since u(t) € D for t € [0, )
and D is closed in Y, we have v € S(W). Let us define R >0 such that
{reX ||z —v||x <R} C S(W), and define another complete metric space G by
the set of all functions z € C([0,7]; X) such that z(t) =v(t) for t € [0,¢,,.,) and
|2(t) = v*||x <R for t € [tyax, 7] where 7 is a number such that t,,. <7<T,
which will be determined in later arguments. The space G is clearly non-empty.

Let z € G. By assumption there exists a mild solution w* to (CP; Suy, f*)" on
[0,7]. Consider the operator ¥ from G into C([0,7]; X) defined by ¥z = w*. Since
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F2(t) = f(t) for t € [0,tn.), we have (Uz)(t) = w(t) = v(t) for t € [0,ty), by
uniqueness. Let us define g € LF(0,T; E) by g(t) = f°(t) for t € [0, t,.x), and 0 for
t € [tmax; I']. By assumption there exists a mild solution w to (CP; Sug,g)" on
[0,7]. By the definition of g we have w(t) =9(t) for t &€ [0,t,.,); hence

W(tyay) = v*. By (ii) of Proposition 3.3 we find that
1(W2)(t) — ()|l < CJT 12O dt < C(T = tunax) (M| S|ly.x My )

for t € [0,7]. It follows that
H(\IJZ)(t) - U*HX < O(T - tmax)l/pMB”S

lyx My + |[w(t) — v"|| x

for t € [tyay, 7]- Since w is independent of z € G and lim,, w(t) = W(typax) = V",
the above inequality implies that |[(¥z)(t) — v*||x <R for t € [tyax, 7] if 7 (> tiay)
is chosen close to ?y,,. It is thus shown that the operator ¥ maps G into itself for
such numbers 7. Let z, 2 € G. Since f*(t) = f3(t) for t € [0, tyna), we find, by (ii)

of Proposition 3.3,
1(T2)(t) — (L2)(1)II% < CL IFE® - PO

for t € [0,7]. In a way similar to the derivation of strict contractivity of ®, we see
that the operator W is strictly contractive on G for some 7 (> t,..). By the
Picard-Banach fixed-point theorem, there exist 7 (> ty.) and z € C([0,7]; X)
such that z(t) € S(W) for t € [0,7] and z is a mild solution to (CP; Sugy, f*)" on
[0, 7]. This is a contradiction to the definition of ¢,,,. O

REMARK 4.1. In the proof, the limit u* = lim,, _u(t) was shown to exist in
Y. If w* were in Dy, a routine argument would imply the extension of the classical
solution u on [0, t,,,..). However, the fact that u* is in Dy is in general false. This is
a reason why we have introduced another space G and had a continuation
argument of new type.

5. Existence of classical solutions to the Cauchy problem for (QE)

We begin with a sequence of lemmas, which are necessary for the construction
of approximate solutions to the Cauchy problem for (QE).

LEMMA 5.1. Let 7y € (0,6] and i>1. Let {t,}i_y be a sequence such
that O:to <t1 < ... <ti—1 <t77_1+7’]0<T and tl—tl_lgé\o for 1<l<’t—l
Let uy € Dy, wy € X, and {f;}i_; be a sequence in E. Let {(u;,w;)}iZ1 be a
sequence in D x X such that

(W —w)/(t—t1) = At w1y for 1<I<i—1,
(W —wi_y) /(6 — 1) = Al w)w + fy for 1<I<i— 1,
Then the following assertions hold:
(i) for each h € (0,7] there exists a unique w" in X such that

(wh — wi*l)/h - A(ti—la uifl)wh + f”

(ii) the function w on [0,7] defined by w(0) = w;_, and w(h) = w" for h € (0, 7]
is continuous on [0,ny] in X.
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Proof. To prove (i), let he (0,ny). Let s=¢ for 0<I<i—1 and
;i =ti_1+h. Since 0=s55< s <...<s;_1 <s;<T, there exists a sequence
{v,}i_y in X such that vy =wuy and (v, —v_1)/(5; — s1_1) = A(s,_1,v,_1)v; for
1<1<1, by condition (H3). Such a sequence is unique by Remark 2.2(4); hence
v, =, for 0<I<i—1. For the sequences {v;}i_, and {f;}i_;, condition (H4)
implies the existence of a unique sequence {zl}fzo in X such that z; = w, and
(z1— z21) /(s = s1-1) = A(si_1,v_1)z + f; for 1<I<i. By uniqueness we have
z = w; for 0<I<i— 1. This means that z; is a desired solution.

To prove (ii), let z € X, NS 1 (X,) and {g}i_, be a sequence in S~(F)
(which is a dense subspace of F by (H1) and (1.1) with the inclusions continuous
and dense). Then by an argument similar to the derivation of (i), there exist
a sequence {z}i_{ in X and a function z on [0,7] such that z(0)=z_,,
(21— 21)/(t = ti1) = Aty w1) 2 + gy for 1<I<i —1, and

(2(h) — zi_1)/h = A(ti—1,ui1)z(h) + g; (5.1)

for h € (0,7y]. By Proposition 2.3 we notice that z is bounded in Y on [0,7,]. In
view of this fact, the continuity of z in X at h =0 follows from (5.1). Now, let
ho € (0,m0] and h € [0,7]. Since

2(h) = 2(ho) = hoA(ti—1, ui1)(2(h) = 2(ho)) + (h = ho)(A(tiy, ui—1)2(h) + gi),

the sequence {v;}i_, defined by v, =0 for 0<I1<i —1 and v; = 2(h) — 2(hy) is a
solution of the difference equation (v; —vi_y)/(t; —ti_y) = A(ti_1, w_1)v + & for
1<I<i, where t; =t;_1 + hg, {§ =0 for 1<I<i—1 and

& = (h—ho)(A(ti—1, ui—1)z(h) + g;)/ho-
Since & € FE by condition (H2), we have by condition (H4),
| 2(h) — 2(ho) I < Mhgl|(h = ho)(A(t;i—1, wi—1)2(h) + ;) /holl'g
< Mhg|h = ol (Mallz(M)lly + llgill )" (1/ho)",

which tends to zero as h — hy. The continuity of z in X on [0, 7] is thus proved.
We use condition (H4) again to find that

i—1
lw(h) = 2(R)] < M(Ilwo = zll%, + Dt =ty = gl + AIlS — gﬂ%)
=1

for h€[0,m). Since X,NS'(X,) and SYE) are dense in X, and F
respectively, the above inequality, together with the continuity of z in X on
[0,7], implies that assertion (ii) is true. O

LEMMA 5.2. Let 1y € (0,&y] and i>1. Let {t,}i=5, {(w;,w;,) Y=g and {f;}i_, be
the sequences in Lemma 5.1, and w the function defined in (ii) of Lemma 5.1. If
wy € S7H(X) and f; € STYE) for 1 <1<, then w is continuous in Y on [0,n].

Proof. By Proposition 2.3, we notice that w; € Y for 1<I<i—1, w(h) €Y
for h e (0,m), (Sw—Swi 1)/t —t1) = (Alti1,w1) + B(ti_1,u1))Sw; + Sfp
for1<I<i—1,and (Sw(h) — Sw;_1)/h = (A(t;_1,ui_1) + B(t;_1,u;_1))Sw(h) + Sf;
for h € (0,n].

Let hy € [0,79]. Let zy = Swy € Xy, 91 = B(ti_1, uy_1)Sw; + Sf; for 1<I<i—1
and g; = B(t;_1,u;_;)Sw(hy) + Sf;. Since g, € E for 1<I<1i, there exists a
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sequence {z}iZ] in X such that (z —z_1)/(t; —t,1) = A(ti_1,u_1)z + g for
1<1<i—1, by condition (H4). By Lemma 5.1, there exists a continuous function
z in X on [0,n,] such that 2(0) = z;,_; and (2(h) — z,_1)/h = A(t;_1,u;_1)z(h) + g;
for h € (0,n]. By condition (H4) we have Sw; = z; for 1 <I<i— 1, Sw(hg) = z(hg)
and. [} Sw(h) — ()% < MAI|B(t_y, 1) (Sw(h) — Sw(hy))|l, which gives

1S (w(h) = w(ho))lx < (1 = (MR)"/? Mp)~"||2(h) — 2(ho)| x
for h € [0, 7,]. Since z is continuous in X on [0,7,], the desired claim is shown by

the choice of ¢. 0

LemMA 5.3. Let {t;}i2; beasequencesuchthat0 =ty <t; <...<t; <...<T
and t; —t;_1 <gy fori=1,2,... . Let uy € Dy,wy € X, and {f;};2; be a sequence
in E. Let {(u;,w;)}2; be a sequence in D x X such that

(wj —ujq)/(ti —tia) = At ui)w; fori=1,2,...,
(Wi —w; 1)/t —tio1) = At ui)w; + fy fori=1,2,....

Let {v;}i2i be a null sequence such that 0<~;<ey and t,_; +y <T for

1=1,2,.... Let wy =wy and {w;}i=; be a sequence such that
(W; —w; 1)/ = Alti—1, wi)w; + f;
for i =1,2,.... If the sequence {f;};2, converges in E as i — oo, then the

sequence {w;}2; converges in X as i — 00.

Proof. Lete>0and z, € X, NS '(X,). Since {f;}32, is a convergent sequence
in £ and S™'(E) is dense in F, there exists a sequence {g;};°; in S™'(E) such
that || fi —gillp<e for i>1 and sup;>(||gllx + ||Sg:||g) < co. Indeed, the set
K ={f1, fs,...} is relatively compact in F and E = {J.cg-1(p) B-(e) where B.(e) is
an open ball in E with center e and radius e. Hence K C ngl B_(e;,) for some
sequence {e,}n, in S~'(E). This implies that to each i>1 there corresponds
k(i) € {1,2,..., N} such that || f; — e;(;)||z < &. The desired sequence is obtained by
defining g; = ey ;) for i > 1.

By condition (H4) there exists a sequence {z;}2; such that

(2 — zio1)/(t; —tisy) = A(tisy, i)z +g; fori=1,2,....

Assertion (i) of Lemma 5.1 enables us to define a sequence {z}i=; by
(zi — zim) /v = Alticy,u;1)% + g; for i =1,2,... . Since

Sglf(”giHX + 15gill£) < oo,
0>

we see by Proposition 2.3 that the sequence {z;};2; is bounded in Y as i — oo,
and so is the sequence {Z;}2;. It follows that

”Zj —Zillx < ||5j - ijlHX + HZ];l = zic1llx + [lzim1 — 2l x
<O((yj+v) + (o1 —timy)) forj=i>1,

where C is a positive constant. This implies that the sequence {Z;};2; is a Cauchy
sequence in X because {t;} is a convergent sequence and lim; . 7; =0. By
condition (H4) we have ||w; — |y < M(||wy — 2|, +T&") for i > 1, by the choice
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of the sequence {g;}. Since {Z;} converges in X as i — oo, the desired claim is
shown by a density argument. O

LEMMA 5.4. Let {tz}zoim {(’u’z?w )}Oo(la {fz i= la {72 =1 and {U) =1 be the
sequences in Lemma 5.3. If w, € S™'(X,), f; € S™YE) for i=1,2,..., and ||Sfi|g
is bounded as i — oo, then the sequence {w;};2, is convergent in Y as i — 00.

Proof. By Proposition 2.3 we first notice that w; € Y and w; € Y for i > 1. For
each k>1, let {vl }z 1 be a sequence in X such that Uo = Sw, and

(ng) - v; )1)/(751 —t) = A(tl—laul—l)vl( ) +91( " fori=1,2,...,

where g = B(t;_1,u;_1)Sw; + Sf; € E for 1<I<k and g" =0 for I>k+1. By
(i) of Lemma 5.1 we see that for each k> 1, there exists a sequence {@W}Eﬁo in X
such that o 1}0 = Sw, and (’ﬁ;k) - v@l)/% = A(ti,l,ui,l)@(k) + ggk) for i =1,2,....
Since {91 }1:1 is a convergent sequence in F as ¢ — 0o, we deduce from Lemma

5.3 that the sequence {5(1@}2001 converges in X as 1 — oo, for each k> 1.
Now, let k>1 and i, >k + 1 Then we apply condition (H4) to the sequence
{v<k)—5w0,..., E)I—Swz 1,0 Z( — Sw;}, so that

[ — S|

i1
< M( Z (tr =t ) B(ti—1s w1) Swy + S|l +vill B(tiy, wi1) Sw; + Sf7:|%)-

I=k+1
Here we have used the relation (2.8). Since the sequences {Sw;} and {Sw;}
are both bounded in X as i — oo (by (2. 9)) the right-hand side is estimated
by MC(Z 1+ —t) for some constant C > 0. This fact, together with the
convergence of each sequence {v } . in X as i — o0, 1mphes that
lim sup || S(; — @;)| x < 2(MC( — )"
1,j—00

for all integers k> 1, where ¢ = lim; ., ¢;. The desired claim is proved by taking
the limit as k — oo. O

The following establishes the existence of regular approximate solutions.

PROPOSITION 5.5. Let 0<7<T and e¢€(0,g), and let wuy€ Dy,
wy € XoNS™H(Xy), g€ C([0,7];Y) and Sg€ C([0,7); E). Then there exists a
sequence {(t;,u;,w;)}iy in [0,7] x D x Y such that the following conditions
are satisfied:

()02t0<t1 <tN—’T

()tl—tzl\afor2—12 ,N;
(111) (ui - zfl)/(ﬁz tzfl) A(tth z'fl)ui for 1 = 1) 2a ) N7
(iv) |lw; — u_q|ly <€ for i =1,2,...,N;
() (A ui1) — At uia))uallp<e for t € [t 1, ] and i =1,2,..., N;
(Vl) (wi — W, 1)/(t - t1 1) A(tv 1y Wi— 1)wi +g(t1,—l) fOI" 1= 1525 o -7N7
(vil) ||w; —w;q|ly <e for i =1,2,...,N;
(vitl) || (At u;q) — A(tz,l,ul,l)) w;_ 1||E<5 for t € [t;_1,t;] and i =1,2,...,N.
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Proof. Let k>1 and assume that a sequence {(t;, u;,w;)}1=} in [0,7] x D x Y
is chosen such that conditions (i) through (viii) are satisfied. If ¢;,_; = 7 then the
proof is complete. Now, we may assume that t,_; < 7 and define h; by the largest
number satisfying the following conditions:

0<hi<e, t1+h<T,
Jue(he) —urally <&, lwp(he) —wially <e,
(At up—1) — Altp—1, wemr) ) wpnllp <& for t € [t_y, ty + My,
(At up—1) — Altp—1, wemr) ) wprllp <& for t € [ty_y, tpy + Ryl

Here wuy(h) and wy(h) are two functions on [0,(7 —t,_;) Aegg] such that
up,(0) = gy, wi(0) = wy_y,

(ur(h) = wgp—1)/h = A(t)—1, up—1)ug(h)
for h € (0,(1 — t;_1) A ggl, and

(wip(h) —wy—1)/h = A(ty—1, up—1)wy(h) + g(t;—1)

for h € (0,(7 — t;_1) Aegg]. The existence of such functions is ensured by Lemma
5.1. Since A(t,uy_;) is strongly continuous in B(Y; E) on [0,7] and the functions
uy(h) and wy(h) are both continuous in Y on [0, (7 — t;,_1) A gg] (by Lemma 5.2),
we have h, > 0. If we define w;, = uy(hy), w, = wy(h;) and t, = t,_; + hy, then
conditions (i) through (viii) are satisfied with ¢ = k.

It remains to show that there exists an integer N > 1 such that ¢, = 7. Suppose
to the contrary that t; < 7 for all integers i > 1, and set ¢ = lim; ., t,. For each
i>1, let us define 7; =t —t;,_;. Clearly, v, > h; and t;, | +7; <7 for i>1, and
lim; ., v; = 0. Lemma 5.4 then asserts that the sequence {w;(v;)}i2; converges in
Y as ¢ — oo, and so does the sequence {w;}i2; because lim; . h; =0. Since
[Jwi (i) = wisa e < (Mallwi(vi)lly + lg(ti-)llz)y for i>1 and since the right-
hand side tends to zero as i — oo, we deduce that the two sequences {w;(y;)} and
{w;} have the same limit in Y, and so do the two sequences {u;(v;)} and {u;} by
an argument similar to the above one. Hence there exists an integer i( > 1 such
that v; <e, [lu;j(vi) — wially <& and |Jwi(vy;) — w1 [ly <€ for i>1iy. Since v; > hy,
we see by the definition of h; that for each i >4, either

(i) there exists t; € [t;_y,] such that ||(A(t;, u;_1) — A(ti 1, ui_1))u;_y||p > € or

(i) there exists t; € [t;,_;,%] such that ||(A(t;,u_1) — A(tiy, ui1))w,_1||p > €.
Since A is strongly continuous in B(Y, E) on [0,7] X D and since lim;_,, t; =t and
the sequences {u;} and {w;} are convergent in Y, the left-hand side tends to zero
as ¢ — o0o. This implies that <0, which is a contradiction to the fact
that € > 0. 0

The main result of this paper is given by the following.

THEOREM 5.6. Let Y C E C X be three real Banach spaces such that the
inclusions are continuous and dense and that condition (H1) is satisfied. Let D be
a closed, bounded subset of Y. Let X, be another real Banach space satisfying
(1.2) and continuously embedded in X, and let Dy be a subset of X, satisfying
(1.3). If a family {A(t,w): (t,w) € [0,T] x D} of closed linear operators in X
satisfies conditions (H2) through (H6), then the abstract Cauchy problem for the
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quasi-linear evolution equation
u'(t) = A(t,u(t))u(t) fort e[0,T) (QE)

is well-posed in the sense of Hadamard. Namely, for each initial datum ug in the set
Dy there exists a unique function u(t;u,) in the class C([0,T]; D) N CY([0,T]; E)
satisfying (QE) and the initial condition u(0;uy) = uy, and there exists C > 0
such that

l[ult; ug) = ult; ug) || x < Cllug = wllx,

for t € [0, T] and ug, uy € Dy.

Proof. Let u, € Dy. By Proposition 5.5 with 7 =T, w, =0 and g =0, we see
that for each e € (0,e¢], there exists a regular e-approximate solution to (QE; u)
on [0,T]. Proposition 4.1 asserts that the (QE; u;) has a regular mild solution u
on [0,T].

Let wy € Xy NS~ (Xy) and let g € C([0,T];Y) such that Sg € C([0,T]; E). Let
e € (0,&g]. Then we deduce from Proposition 5.5 again that there exists a sequence
{(t;,u;,w;) 2y in [0,T] x D x Y such that (3.1) and (3.2) are satisfied with &; = 0
and g¢; = g(t;_;) respectively, &ng/ppg(s), Eg e, Y<e, and a step function
defined like (3.3) is a regular e-approximate solution u® to (QE; ug) on [0,T].
Proposition 4.1, together with the uniqueness of regular mild solutions to (QE; uy)
on [0,7] (by (i) of Proposition 3.3), implies that «® converges to u in X,
uniformly on [0, T]. Moreover, since (3.1) is satisfied with ¢; = 0, we have u; € Y,
Su; € D(A(ti_1,u;_;)) and

& = (Su; — Su;_1)/(t; —tiy) — (A(ti—1, wi) + B(tio1,ui-1))Su; = 0

for 1<i< N, by Proposition 2.3. Tt follows that (CP; wy,g)" has a regular
g-approximate solution w® on [0,7]. By Proposition 2.3 the sequence {w®(t)} is
uniformly bounded in Y as e | 0. We deduce from (i) of Proposition 4.2 that there
exists a regular mild solution to (CP; wy,g)" on [0,T].

Since X,NS™'(X,) is dense in X, and the set {g€ C([0,T];Y);Sg €
C([0,T); E)} is dense in LP(0,T; E), there exists a mild solution to (CP; z, f)"
on [0,T] for every z € X, and f € L”(0,T;E), by (ii) of Proposition 4.2. We
conclude from Proposition 4.4 that the (QE; uy) has a classical solution on [0,7T].
The continuous dependence of classical solutions on initial data follows from
Propositions 3.2 and 3.3. (]

6. Relations with Kato’s theory

Let X and Y be two real Banach spaces such that Y is continuously and densely
embedded in X. Let W be an open, bounded subset of ¥ and {A(t,w) : (t,w) €
[0,T;] x W} a family of closed linear operators in X. We discuss the local well-
posedness of the abstract Cauchy problem for the quasi-linear evolution equation

{ u'(t) = A(t,u(t))u(t) for t € [0,Tp),
U’(O) = Uy,

under the assumptions described below.
(A1) There exists an isomorphism S of Y onto X.
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(A2) The domain D(A(t,w)) DY for (t,w) € [0,Ty] x W, and A is strongly
continuous in B(Y, X) on [0,Ty] x W.
(A3) There exists hg > 0 such that R(I — hA(t,w)) = X for (t,w) € [0,Ty] x W
and h € (0, hy.
(A4) There exists a family {||- || : (t,w) € [0,Tp] x W} of norms in X such
that the following three conditions are satisfied:
(i) there exist Mx >myx > 0 such that myl|ul|x <||ullw) < Mx|ullx for u €
X and (t,w) € [0,Ty] x W;
(ii) there exists w>0 such that |l <[|u — hA#, w)ullyw + hwllull ¢ for
(t,w) € [0,Tp] x W, u € D(A(t,w)) and h € (0, hg|;
(iii) there exists Ly >0 such that |ull(inw,) <Iullgw +hLx|ull@w for
(t,w) €10,Tp) x W, we X, h€(0,hy] with ¢t +h<T, and wj, € W with
w = wy, — hA(t, w)wy,.
(A5) There exists Ly >0 such that [[A(t,w)— A(t,2)|lyx < La|lw—z||x for
(t,w), (t,2) € [0, Ty] x W.
(A6) There exists a strongly continuous family {B(t,w) : (t,w) € [0,Ty] x W}
in B(X) such that SA(t,w)S™! = A(t,w) + B(t,w) for (t,w) € [0,T,] x W. There
exists Lp > 0 such that

”B(taw) - B(tVZ)HX gLBHU) - ZHY for (tv w)7 (t7Z) € [O7TO] x W.

REMARK 6.1. In Kato’s theory [8, 9] (see also [13]), conditions (K1) through
(K3) below are assumed instead of conditions (A2) through (A4). A condition
similar to condition (A4) was proposed by Hughes et al. [7], but their smoothness
assumption of norms in (¢,w) is stronger than (iii) of condition (A4). It is not
necessary for us to use another Banach space X in condition (K1).

(K1) There exists another Banach space X such that Y € X C X with all the
inclusions continuous and dense.

(K2) For each (t,w) € [0,Ty] x W, A(t,w) is the infinitesimal generator of a
semigroup on X of class (Cy). If v € C([0,Ty]; W) N Lip([0, Ty]; X), then there exist
M>1 and 8>0 depending only on Lipx (v) such that for each t € [0, T}], the set
(8,00) is contained in the resolvent set p(A(t,v(t))) of A(t,v(t)) and such that
I Tl (I = MeA(t v(t) Hlx S M [Thea (L= A B)~" for every finite sequence
{ty Yy with 0<t, < ... <t; <T, and every finite sequence {\;}j_; with A\, >0
and A\, B <1 for 1 <k<i. N

(K3) The domain D(A(t,w)) DY and A(t,w)(Y) C X for (t,w) € [0,Ty] x W.
The family {A(t,w): (t,w) € [0,Ty] x W} is strongly continuous in B(Y,X).
There exists A4 > 0 such that ||A(t,w)||yj <Ay for (t,w) € [0,Ty) x W.

LEMMA 6.1. Let W, be a convex set in W. If conditions (K1) through (K3)
are assumed, then conditions (A2) through (A4) are satisfied with W = W,,.

Proof. Condition (A2) follows from condition (K3), since X is continuously
embedded in X by condition (K1).

Let L = Ay My, where My = sup{||w|ly : w € W} < co. For each t € [0,Ty), let
us define E; = {v € C([t, Ty]; Wy) : ||v(s) —v(r)||x < L|s —r| for s,r € [t,Tp]}. By
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condition (K2) there exist M >1 and >0 depending only on L such that

(8,00) C p(A(t,v(t))) for t € [0,T;], (6.1)
[T = MeA(t, v()) ™
k=1

forve By, 0<t; < ... <t;<Ty and N\, >0 with A\, < 1 for 1 <k<i. For each
w € Wy, the function v(s) = w for s € [0, Ty is clearly an element of Ej, so that we
have by (6.1), (8,00) C p(A(t,w)) for (t,w) € [0,T,] x Wy. This implies that
condition (A3) is satisfied with hy > 0 such that hyf5 < 1.

For each (t,w) € [0,Ty] x Wy, let us define a norm || - /¢ in X by

S

where the supremum is taken over all finite sequences {tk}};zl with
t<t;<...<t;<Tp, all finite sequences {\,};_; with A\, >0 and A\, 6 <1 for
1<k<i, and all functions ve E, with o(t)=w. By (6.2) we have
2]l x <llzllgw < Ml|z|x for € X and (t,w) € [0,T;] x Wy. Here we have used
the fact that if v € E; and v(t) = w then the function v extended to [0,7},] by
v(s) = w for s € [0,t] belongs to the set K.

To check (ii) of condition (A4), let (t,w) € [0,Ty] x Wy, u € D(A(t,w)) and
h € (0,hg). Let {t;}i_; be a finite sequence with t <t; < ... <t; <Tp, {\.}4_1 be a
finite sequence with A\, > 0 and A\, <1 for 1<k<i, and v € E;, be such that
v(t) = w. If we set t; =t and Ay = h, then we have

<M~ np) (6.2
X k=1

TI( = MBI — MA(t, o(t)

k=1

||x||(tu*) = Sup {

i

(1 =hB)| T = MBI = XAty v(81)))  u .
k=1
=TT = 2ed = Mt ot)) ™ (0~ A w)a) )
k=0

< JJu — hA(E, w)u||(t7w>.

This implies that condition (ii) is satisfied with w = g.

Finally, we shall prove that (iii) of condition (A4) is satisfied. Let
(t,w) € [0,Ty]) x Wy and h € (0,hy] with t+h<Ty and w, € Wy such that
w = wy, — hA(t,w)wy,. Since [|w, — w||x <higl|lwy|ly <Lh (by (K3)) and W is
convex, we see that a function v € E,;, with v(t + h) = wj, can be extended to [t, Tp)
so that ve E, with v(t)=w, by defining v(s)= (w, —w)(s —t)/h+w for
s € [t,t + h]. This implies that ||z ||(;1p.u,) < 2]/ 4w for # € X, by definition. O

By Lemma 6.1, the following is an improvement of the results in [8] and [13].

THEOREM 6.2. Let Y C X be two real Banach spaces with the inclusion
dense and continuous, and let W be an open, bounded set in Y. If a family
{A(t,w) : (t,w) € [0,Ty] x W} of closed linear operators in X satisfies conditions
(A1) through (A6), then for each uy € W there exist T € (0,7y] and a unique
function u in the class C([0,T]; W) N C*([0,T]; X) such that u'(t) = A(t,u(t))u(t)
for t € [0,T], and u(0) = uy.
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Proof. Let uy € W. Since W is open in Y, there exists r, > 0 such that
{weY :||S(w—uy)|x<ro} C W. (6.3)

Choose R > 0 and Ry > 0 such that (My/myx)Ry < R and (Mx/myx)R < ry, and
define D={weY :||S(w—uy)|x <R} and Dy={weY :||S(w—uy)|x <R}
Clearly, we have Dy C D. Since Y is dense in X, a number 7"> 0 and an element
z €Y can be chosen so that

(Mx /my)exp(20T)(Ry + || Sug — 2] x + T(MAHZHY + MB”Z”X))
+ Iz = Supllx <R,
where

w= (w+ LX + MB)(MX/mX)7

M, = sup{||A(t,w)[ly.x : (t,w) € [0,Ty] x W}
and

My = sup{|| B(t,w)|x : (t,w) € [0,Ty] x W}

We shall prove that conditions (H1) through (H6) are satisfied with
Xy =FE=X. Since D C W, conditions (H1), (H2), (H5) and (H6) follow from
(A1), (A2), (A5) and (A6) respectively.

Let Ay € (0,hy] be a number such that 2wA\; <1, but a smaller one will be
chosen again in a later argument. To check condition (H3), let z, € D, and
{t,}i_; be a sequence such that 0 =1ty <t, <...<t;<T and t, —t,_, <), for
1<k<i. Let 1<I<i and assume that there exists a sequence {xk}fg;ll in D
such that (2.1) is satisfied for 1<k<!—1. By condition (A3), there exists
2, € D(A(t;_1,2,_1)) such that (2.1) is satisfied for k=1{. Such an element z; is
unique by (ii) of condition (A4). We want to show that x; € D. For this purpose,
we notice that z;, € Y, Sz, € D(A(t_1,25_1)) and

Swp_q = Szp, — (tp — t1) (Ate—1, Tp1) + Blty_1, Tp—1)) Sy, (6.4)

for 1 <k <. Indeed, by conditions (A3) and (A4), A(t,w) — wl is m-dissipative in
X equipped with the norm |[[-[y.), for each (t,w) e [0,Ty] x W. By the
Lumer—Phillips theorem and a perturbation theorem due to Phillips [12], the
operator A(t,w)+ B(t,w) is the infinitesimal generator of a semigroup on X of
class (Cy) and the type of the semigroup is smaller than @. Notice that z;,_; €
D CY for 1<k<! (by the hypothesis of induction). Then there exists z, € X
such that Sz = 2, — (t — tp-1) (A(tp-1, Tp-1) + B(tr_1, 7p-1)) 2 for 1< k<1 By
condition (A6) we have z, 1 = S 'z, — (t;, — tj_1)A(ty_1,75_1)S ' 2;; hence z), =
S’lzk €Y for 1 <k<I, by uniqueness.

We begin by proving that z; € W. To do this, let y € Y ( € D(A(t;_1,7;_1))) be
fixed arbitrarily. By (ii) of condition (A4) with u= Sx; —y, (t,w) = (t;_1,2_1)
and h =1, —t;,_; we use (6.4) with k=1 and (i) of condition (A4) to find that

mx|| Sz, — yllx < Mx||Szq — yllx

+(t — tl—l)MX(MA”y”Y + MBHle —yllx + MBHZJHX)
+ (t = tiq )wMx||Sz; — yl| x-
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This, together with the hypothesis of induction that x;_; € D, implies that
1S(ar — uo)llx < (M /mix) (1 — D)~ (R + 1St — ylx
+ Mo(Mallylly + Mpllyllx)) + [|Suo — yllx

for any y € Y. Since Y is dense in X there exists Ay € (0, hy] such that z; € W by
(6.3) and the choice of R.

Now, we turn to the proof of the fact that z; € D. Notice that Sz,
€ D(A(ty_1,2_1)), 2€Y C D(A(tp_1,25-1)) and z, € W for 1<k<I. By (ii)
combined with (iii) of condition (A4) we have

[ull ) < 1w = hAR w)ull ) + PLx + W) |l ¢w) (6.5)
for (t,w) € [0,Ty] x W, u € D(A(t,w)), h € (0,hy] with t+h<Ty and w, € W
with w = wj, — hA(t,w)w,. This inequality is applied to the case where
u= Sz, —z (t,w)=(t_1,x_1), h=1t,—t,_; and wy, =z, and then (6.4) is
used, so that
15y, = 2|l (1,,,)
< ||S.’L'k,1 - zH(tkfl,mk,l) + (tk - tkfl)(MX/mX)(w + LX)‘|Sxk - ZH(tk‘a:k.)
+ (tr — tp1) Mx (Mall2lly + (Mp/mx)||Szy — 2l ¢, ) + Mpll2llx)
for 1 <k<I. Here we have used the inequality
||u||(t,w) < (MX/mX)”u”(s,z) (66)
for (t,w),(s,z) €[0,Ty] x W and w € X. This inequality follows from (i) of
condition (A4). The above recursive estimate implies that
1521 = 2l (1) < ex(2ET) (|20 — 2]ty + TMx (M| 2lly + Ml ))-
By (i) of condition (A4) we have
15 (21 — uo)llx < (Mx/mx) exp(20T)([|S(zg — uo)llx + |Sug — 2| x
+ T(Mal|zlly + Mpllzllx)) + [z = Sul x <R,

by the choice of T'> 0 and z € Y. This means that z; € D, and so the desired
claim follows by induction. Condition (H3) is thus checked. The combination of
(6.5) and (6.6) gives (2.4) with (p,w)= (1,w). Condition (H4) follows from
Proposition 2.1.

Since uy € Dy, the theorem is a direct consequence of Theorem 5.6. O

7. Application to global solvability

In the previous section, it was proved that Theorem 5.6 is applicable to the
local well-posedness in the usual sense for quasi-linear equations. To show that
Theorem 5.6 can be also applied to the global solvability of the Cauchy problems
for quasi-linear hyperbolic equations, we study the Cauchy problem for the
abstract inhomogeneous quasi-linear equation of Kirchhoff type,

(1) + o (| A Pu(®)[P) Au(t) + 7' (8) = f(t) for t20, (7.1)

where A is a positive self-adjoint operator in a real Hilbert space H with inner
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product (-,-) and the associated norm |||, o € C*([0,00);R) satisfies o(r) >0
for 7>0, f € C([0,00); D(AY?)) and ~ > 0.
We start with the following theorem which is a special case of Theorem 5.6.

THEOREM 7.1. Let Y C X be two real Banach spaces with the inclusion
continuous and dense. Let D be a closed, bounded set in Y, and Dy C D. If a
family {A(t,w): (t,w) € [0,T] x D} of closed linear operators in X satisfies
conditions (H1) through (H3), (H5) and (H6) with X = E = X, and the two
conditions (i) and (ii) of Proposition 2.1, then for each wy € D, the equation (QE)
has a unique solution w in the class C([0,T];Y)NCY([0,T); X) satistying the
initial condition u(0) = uy. Moreover, u(t) depends Lipschitz continuously in X on
initial data wuy.

The Cauchy problem for (7.1) was studied by Yamazaki [18] and the following
theorem was obtained. This section presents an operator-theoretic approach to the
Cauchy problem for (7.1).

THEOREM 7.2. Let (¢,9) € D(A) x D(A"Y?), and assume that
4611+ 1421+ sup 4250

is sufficiently small. Then there exists a unique solution u in the class
C([0,00); D(A)) N C ([0, 00); D(AY?)) N C*([0, 00); H)

satisfying (7.1) and the initial condition u(0) = ¢ and u'(0) =1). Moreover,
(u(t),u'(t)) depends Lipschitz continuously on the initial data (¢,%) in
D(AY?) x H.

To prove the theorem, we need the following lemma which will be used to
obtain energy inequalities for a difference equation associated with (7.1).

LEMMA 7.3. Let L>0, >0 and X\, > 0. Let {hyYeey be a sequence such
that 0 < h, < Ay for 1 <k<i. If {a;}},— is a sequence of non-negative numbers
such that

(1 + Bhy)ag — aj_y < Lhya,? (7.2)
for 1< k<1, then we have ag/Q < a[l)/2 + (2L/B)(1 + BX) 2.

Proof. Set oy =1 and ay, = [[_,(1 + 8hy) for 1 <k<i. Let 1 <k<i. Then we
multiply both sides of (7.2) by «;_;, and divide both sides of the resultant
inequality by (ozkak)l/2 + (ay_yay_1)"?. This yields

() = (1 1) < Loy by (73)
Since the function  — (1+z)"/? is concave for 2 >0, we have
(1+ Bhy) 2 = 1> §Bhy (1 + Bhy) ™2,

Substituting this inequality into the right-hand side of (7.3), we see that the
right-hand side of (7.3) is bounded by (2L/f3)(1 +ﬁ)\0)1/2(0z,1€/2 - a,lfl). We add
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the inequalities obtained above from k=1 and k=i, so that
(csa)"” <agl® + L/B)(1 + Bx) 0.

This implies the desired inequality. U

Proof of Theorem 7.2. To prove the theorem by Theorem 7.1, let

X=DAY)x HxR
and
(v, )llx = (A 2ul® + [[o]* + €*)? for (u,v,€) € X.

Let Y = D(A) x D(AY?) x R and ||(u,v,)lly = (|| Aul]® + [[A20]|” + |¢[*)"/* for
(u,v,€) €Y, and use the operator S defined by S(u,v,§) = (Al/Qu, A2y, €) for
(u,v,€) € Y, as an isomorphism of Y onto X.

We introduce two sets D, D, by employing the functional V on D(A) X
D(AY?) defined by V(u,v) = 20(||A"ul*)]| Aul* + | AY?0]* + | AV (yu + v)|*.
Since v > 0, we choose R > 0 and (> 0 such that

M, (R*)R*(1 + ) 7
1+(—L —vi))s<y, 7.4

w0 (74)
where ¢4 is a positive constant such that ||Al/2u||2 >cA||uH2 for u e D(Al/Q) (by

the positivity of A) and symbols M, and m, are defined by

My(R) = sup{|g(r)| : 7 € [0, R]} and m,(R) = inf{[g(r)|:r € [0, R]}

for g€ C([0,00);R). Assume that C;:=sup,||AY?f(¢)| is finite, and choose
0 <X <1 and Ry > 0 so small that

(2/%) V D)(ACA + Ry) <R. (75)
Let D= {(u,v,) €Y :V(u,v)<R}and £ =1}. Since V is continuous on
D(A) x D(AY?), the set D is closed in Y. Let (u,v) € D(A) x D(A"Y?) satisfy
V(u,v) < R2. Since [|AY?ul| <y7H(|AY?(yu + )| + ||AY?0]|) <2y 'R, it follows
that 2m,((27 " Ry)?) || Aul® + ||AY?0||*> < V(u,v) < R, which implies that the set
D is bounded in Y.

Let T> 0 be fixed arbitrarily. We use the homogeneous reduction technique.
For each t € [0,T] and (w, z,n) € D, let us define

A(t, (w, 2,m)) (u, v, €) = (v, =0 (| AP w]|*) Au = v+ E£(2), 0)
for (u,v,&) €Y. Notice that the problem (7.1) on [0,7] with initial condition
u(0) = ¢ and u/(0) = ¢ is equivalent to the quasi- hnear problem
{( ult), v(t),6(t))" = A(t, (u(t), v(t), £(£) (u(t), v(t), £(t))  for t € [0, 77,
(u(0),v(0),£(0)) = (¢, ¢, 1).
By Theorem 7.1 we only need to verify that the family

{AQ, (w, 2,m)) : (¢ (w, z,m)) € [0,T] x D}

satisfies the hypotheses in Theorem 7.1.
It is easily seen that for each ¢t € [0,7] and (w,z,n) € D, A(t,(w,z,1n)) is a
closed linear operator in X satisfying condition (H2) with D(A(¢, (w, z,n))) =Y
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and condition (H5) with L, = 2M,,(R?)R. Here we have used the fact that
1AM 2wl < (/) (1A (w + 2)|| +|AY22])) < (2/7) Ry < R for (w,2,1) € D. This
fact and the inequality [|AY%z|| < Ry <R for (w,zmn) € D will be used in later
arguments. By defining

W = {(u,v,€) €Y : V(u,v) < 2Rj and |¢| < 2}
and

B(t, (w, %,m)) (u,v,€) = (0, (A" (1) = £(1)), 0)
for t € [0,T], (w, z,m) € W and (u,v,&) € X, condition (H6) is seen to be satisfied.

To check condition (H3), we consider the set
Dy == {(u,v,€) € Y : V(u,v) <rf and € = 1},

where ry >0 will be determined in later arguments. If R,>r, then the set
inclusion Dy C D is true. Let (ug, vy, &) € Dy and {t;}—; be a sequence such that
0=ty <t; <...<t;<T and t;, —t,_; <Ay for 1<k<i. Then there exists a
sequence {(uy,vy) Yoy in D(A*?) x D(A) such that

(up = up—1)/(tx — 1) = vy, (7.6)

(0 = vp—1)/ (= trr) + o (1A P [|*) Ay, + o, = F(ti) (7.7)
for 1<k<i. This means that the sequence {(u;,v;, 1)}, satisfies (2.1) with
x = (ug, vy, 1) for 1 <k<i.

We need to show that (uy, vy, 1) € D for 0 <k<i. We take the inner products
of the equation obtained by (7.7) plus v times (7.6) and the equation (7.7) with
A(yuy, + vy,) and Av,, respectively. This yields

(AY2 (g + 0), AV (g, + 0) = A (quy + 00) /(8 — 1)

+ o (A Pu |P) (Yl A | + (Auy, Avy)) = (A (quy, + vy), AV £ (t,1))
and

<A1/271k; AI/Q'Uk - AI/QUA:71>/(tk —tp1) + 0(||A1/2Uk71”2)<14uk; Avy)
+ | Ao [F = (AP, AV f(ty))
for 1 <k<i. Adding these equalities and substituting the equality
(Auy, Avy) = (Auy, Auy, — Aug_) /(8 — 1)

(by (7.6)), we see by the inequality |lu||* — ||v]|* < 2(u,u —v) for u,v € H that
20 (| A" upy P Augl| + | Ao |* + ([ AY2 (g + 1) |

= V(ugor, vpm1) + 29(0 ([ APy ) [ Awgl* + [ AP0 ]|) (8 — tiy)

<2A2 (yuy + vy) + Ao, AP () (b, — t) (7.8)

for 1 <k<i.

We prove by induction that (uy, v, 1) € D for 0 <k <i. To do this, we employ
another functional V defined by V(u,v) = o(||AY?u|?)||Aul/* + ||AY?v]|* for
(u,v) € D(A) x D(AY?). Since Dy C D, the desired claim is true for k= 0.

Let 1<k<i and assume that (u,,v,,1)€ D for 0<p<k—1. To show that
(up,vp, 1) € D, let 1<I<k. Since (u;_;,v,_;,1) € D by the hypothesis of
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induction, we have ||A"?u,_,|| <R and ||AY?v,_;|| < R. By (7.8) we have
1AM 202 + | AY2 (u + )|

<V (o o) + AAY 02 + A (g + ) [2)2C 1y — 1),

This inequality implies that
(1A o) + AV (v + 0) )2 < 2050 + (R + (205 00)*)
hence ||A'?v)|| <R and ||A"?u]|| < R by (7.5), because
Ay = (1) (A2 (g + vy) — AVP0)).

By this fact we use (7.6) to obtain

LAY 2u) — A 20 1 < A2t — 1) < Rl — tiy).
Since m,(R?)||Aw|* <V (u,v,) it follows that

o (A" w]|?) = o (| A 2wy )| Aw]|? < (M, (R*)R? fmg (R2)V (w, 0) (0 — 1.

By this inequality and (7.8) we have
(148t —ti1)V(u, o) = Vw1, v)
+ 2V (w, ) (v = 2Mp (R R*(1+7) /mo(R%)) = BV (uy, 0)) (8 — 1)

<ACHV (uy, o) Pt — ).

Since
V(u,0) <2V (ug, v) + 2((7 fea) [ Aw|” + | A ?0)]%)
<2V(w, v) (14 ((7?/(mg(R*)ea)) V 1)),

we have, by (7.4),

(14 Bt = t,-))V (uw,v) = V(w_y,v9) < 4CfV(U17“l)1/2(tl —t)
for 1<I<k. We apply Lemma 7.3 to the sequence {V (u;, 1)}, so that

V(ug, Uk)l/Q <o+ (8C/B)(1 + 5)\0)1/2-
If 7y > 0 and Cj are chosen so that
ro + (8C/B)(1 + ﬂ>\0)”2 < Ry,

then we have V(uy,v,) <R3, namely (uy,v;, 1) € D. It is thus shown inductively
that condition (H3) is satisfied.

Finally, we check the two conditions (i) and (ii) of Proposition 2.1. Let
t € [0,T] and (w, z,m) € D. Since A is maximal monotone in H, it is easily shown
that for each (ug,vy,&) € X and h > 0, the system

(u—wug)/h =, (7.9)
(v —w0)/h+ o(| AP wl*) Au+ v = £f(2), (7.10)
(€—&)/h=0 (7.11)
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has a solution (u,v,§) € Y. This means that R(I — hA(t, (w,z,1n))) = X for every
h > 0. We check (ii) of Proposition 2.1. For each ¢ € [0,T] and (w, z,n) € D, let us
define [|(u, 0, )l ey = (oI A 20 ]2) | AV 20 + 0] + €)1 for (u,v,€) € X.
Condition (N1) of Proposition 2.1 is satisfied with my = (m,(R?) A1)Y? and
My = (M,(R*) v 1)"%. To verify condition (N2), let ¢ € [0,T], (w,zn)€ D,
(u,v,€) € D(A(t, (w, z,n))) and h > 0, and let (wy, 25, n;,) € D satisty the equation

(w/w Zhs nh) - hA(t7 (wa 2 n))(whv Zhs T/h) = (U}, 2 77)

If we set (ug,vy,&) = (u,v,&) — hA(t, (w,z,n))(u,v,§), then equations (7.9)
through (7.11) are satisfied. Taking the inner products of (7.9) and (7.10) with
o(||AY?w||*)Au and v respectively, and adding the two resultant equalities, we
find that

o([|Aw| ) (IA2ul? = | A" Puq ) + (l0]]* = llvg|1*) + 2vhl[vl|” < 26(v, f(£))h;

hence

||(U, U, g)”%wrh,(wh,zh,nh)) ||(U(),'UO,£0)|| (w,z,m))
< (o(| A Pwy|*) = o (| A 2wl DAYl + (Cp/e ) 1P + (0]

Since (wy, —w)/h = z,, ||[AY%w,|| <R and ||AY?z,|| <R, the first term on the
right-hand side is bounded by (2M,.(R?)R?/m,(R?))o(||AY?w,|*)||AY?u?h.
Condition (N2) is thus shown to be satisfied with

= (2M,.(R*)R? /m,(R*) V (Cy/c?) and p=2. O

8. Local well-posedness for Kirchhoff equations of degenerate type

This section is devoted to an application of Theorem 5.6 to the local well-
posedness for the degenerate abstract Kirchhoff equation

(8.1)
u(0) =¢ and u/'(0) =1,

where o € C'([0,00); R) satisfies 0(0) = 0 and o’(r) >0 for € [0,00), A is a non-

negative self-adjoint operator in a real Hilbert space H and F' is a continuous

mapping from [0,Ty] x D(A*?) into D(A%?) satisfying the following condition.
(F) For each R > 0 there exists Lp(R) > 0 such that

IE(t,w) — F(t, 2| pary < Lo(R)|w — 2ll paey,
|t w) = F(t, 2) | pasey < Li(R) Jw — 2l pas

for t € [0,Ty], w, z € D(A*?) with [wll peaszy < R and ||z]| pgs2) < R

Here for each non-negative integer k, we deﬁne Wl pearzy = maxg <<k | A2
for w e D(A"?).

In case of F =0, the Cauchy problem (8.1) was studied in [16], by the
regularized semigroup-theoretic method. In the case where o(r) = r* and F =0,
another approach is found in a paper by Yamada [17]. The following is a
generalization of [16, Theorem 4.2].

{M@+dwmww%M@mem for t € [0, Ty,
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THEOREM 8.1. If ¢ € D(A?) and ¢ € D(A%?) satisfy AY?¢ =0 and A% #0
respectively, then there exists T € (0, Ty] such that (8.1) has a unique solution u in
the class

C([0,7); D(AY?)) N ([0, T]; D(A)) N C*([0,T]; D(A?)).

Moreover, (u(t),u'(t)) in D(AY?) x H depends Lipschitz continuously on initial
data (¢,v) if the initial condition is measured in D(A) x D(A'Y?).

We need the following lemma to check a stability condition.

LEMMA 8.2. Let T>0, M>0, L>0 and Mp>0. Let j>1. Let {h;})_, be a
sequence of positive numbers such that 4(1+T)h;<1 for 1<i<j and
i <T, {a;}] 70 a sequence such that O<a7§M and 0<a; —a;_; < Lh; for

0 < 1<j— 1, where a_y = ay and hy =0, and {E}ZZO a sequence in D(AY?) such
that ||F||>< Mp and ||AY?F|?< My for 0<i<j—1. Let {(f;,9;,¢;)}_, be a
sequence in D(A'?) x D(A'?) x R and (wy,z,n9) € D(A"?) x D(A'?) x R.
Then there exists a unique sequence {(w;, z;,m;)})_, such that w; € D(AY?),

a;,_w; € D(A), z € D(AY?) and 1, € R for 1<i<}j, satisfying the system

w; —wi_1)/h; = z; + fi
2 — zio1) [ hi + Alai_qw;) =0, F_q + g5,
i — nifl)/hi =€

for 1 <1< j. Moreover, we have

—_— e — =

| A2y < (C(T) + 1) My + C(T) My + MpC(T)M;,
] < (L + M)(C(T) + 1) My + (C(T) + 1) M,

+ (L + M) (T)M4 + (L + M + 1)MFC(T)M5,

T) + 1)M5,

T)+1)M; + (L + M)C(T)M, + C(T) M.

L+ M)C(T)My + (L + M+ 1)MpC(T) M.

+

for 1 <1< j, where C(6) is a positive function on (0,00) such that limgs, C(6) =0
and the symbols M; for i =1,2,3,4,5 are defined by

J J
= [|woll* + Z Bl fiI2 My = (| APy + Zhi||A1/2fiH27

L

Mz = ||Zo||2+Zhllng , M= ||A1/220|| +Zh||Al/29LII ,

=

=1

Proof. 'We begin by proving the uniqueness of sequences. To do this, let
(Wo, 20, M0) = (wo, 29,m0), and let {(w;,%;,7;)}/_, be another sequence which has
the same properties as {(w,,z,,m)}L 1 has. Since 7y =17, we have n, =7; for
1<i<j. By this fact we have (z; — 2;) — (zi_1 — 2i—1) + hiA(a;_i (w; — w;)) = 0 for
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1<i<y. Let 1<:<j and assume that w, = w;, and z, =72, for 0<k<i— 1.
Taking the inner product of the above equality with z;, — z; (= (w; — w;)/h;) we
find that ||z — 2> + a1 ||AY*(w; — @;)||> = 0. This, together with the non-
negativity of a;_;, implies that z; = Z;, and then w; = w;. The uniqueness is thus
shown by induction.

To prove the existence of a sequence {(wl,zl,m)} _, satisfying the desired
properties, let € € (0,1] and consider the system of three equations

(wf —wi)/hy == + 8:2)
(2f = 250) /s + af Awf = i Fi_y + g5, (8:3)
(0 = 1) by = e ®.4)

for 1<i<j, where af =a;+¢ for —1<i<j—1, and (wyg, 25,75) = (W, 20, M0)-
Since a; ; =& > 0 for 1< <j, the above system has a solution {(w;,z,n;)}_; in
D(A) x D(AY?) x R. We prove that

| AY?wf || < (O(T) + 1) My + C(T) M, + MpC(T) Ms, (8.5)

(L+M+¢e)(C(T)+1)My + (C(T) + 1) M;

+(L+M+e)C(T)My+ (L+M+e+1)MpC(T)M;, (8.6)

(n)* < (C(T) + )M,

Jlwf I* < (C(T) + 1)M1 (L + M +&)C(T) My + C(T) M.
+(L+M+e)C(T)My+ (L+ M +e+1)MpC(T)M;, (8.8)

I” <
[ERRES

for 1<1<j. By (8.4) we have

() — mi1)* <207 (0] — i) = 2hinfe; <hi((n7)* +¢€;)  for 1<i <,

which implies that (n7)* < M;+ > ioy hy(nf)? for 1<I<j. Since 0 < h; <3 for
1<i<I, we apply Lemma 2.4 to obtain (m) < exp(2T)M;y for 1<1<j. The
desired inequality (8.7) is thus proved. By (8.2) we have

i I1* = llwi 1 < 20w7, (25 + ;) < 2hllwf | + Rl 25 + Rl £

for 1 <<l Once (8.6) is proved, the desired inequality (8.8) is obtained similarly
to the derivation of (8.7).
Let 1<I<j and set z; = Zﬁﬁ:thkAw,f for 0<i<l—1 and 2y =0. Let
1<i <. Then we have, by (8.2) and (8.3),
A Zwf |2 = | APl P < AP, AVPw] — APy
(Awy, bz + fi)>
< 1’1; ) ZZE> + 2h2 <A1/2U)7;5, A1/2f2>

NN

2<Zz£ - Zis—laxz?—l> = 72a1€—1<xig—1 755 Ti_ 1> +2h <771 i—1y Li— 1> +2h <91a T 1>
< - a”is—l(”xis—lH2 - ||l‘f|| )+2h <77L i—1y Li— 1> +2h <gu Li— 1>

Adding both sides of the two inequalities above, and using the fact that
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a;_, >a;_ o, we have

1AV 207 |2 = AV wf 4 |12+ 2((f, 25) = (@0, 250)) = (a2 1 = afsllaia )

l
<2h(APwd AV EY 4+ 20> " by (nf AV Fy, AV )
k=i

[
+ 2h7 Z hk:<A1/zgi7 A1/2w15>a
k=i

and the right-hand side is bounded by

!
hil| AYVPwi |2+ Bl AV £+ Tha(nf ) Mp + hi Y byl A ||
=1

l
+ Thy | A gil P + hi Y byl AV wi .
k=1

We sum the inequalities obtained above from i =1 to ¢ = [, and use the fact that
xz; = 0 and the non-negativity of a_;. This yields

[
JAY2F | < My + 2006, 26) + (1+2T) Y gl AV |
k=1

I !
+TMFZhi(77i5)2 +TzhiHAl/2gi”2' (8.9)

i=1 i=1

By the definition of z{ we have 2(x{, z5) = 23 %_; hu(AY?wi, AY225), and Yang’s
inequality shows that the right-hand side is estimated by

!
> hill AV wi]P + T AV 517
k=1

Substituting this inequality and (8.7) into (8.9), and applying Lemma 2.4 to the
resultant inequality, we obtain the desired inequality (8.5).

To prove (8.6), let 1<I<j and 1<i<I. We take the inner products of (8.2)
and (8.3) with a; | Aw; and z; respectively and add the two resultant equalities,
so that we find, by Schwarz’s inequality,

a1 [| A0 |P — al ol APl P+ (12717 — Hl2E P
<(ai — o 9)l|A w4 |
+ byl (| AP0+ A2 £IP) + (0 M+ 2012517 + gil®)-

By using the properties of {a;} and (8.5), we see that the right-hand side is
bounded by

(Lhi_1 + (M +¢&)h;)((C(T) + 1) My + C(T )M, + MpC(T)Ms)
+ hi(M + 5)||A1/2f71||2 + Mph;(07)? + hillgill” + 2h]|25 ||

The desired inequality (8.6) is obtained by adding the inequalities obtained above
from i =1 to ¢ =, and applying Lemma 2.4. It is thus shown that (8.5) through
(8.8) are satisfied.
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By (8.5) through (8.8), for each 1 << j the sequence {(w;,27,n7)} is bounded
in D(AY?) x H xR as ¢ | 0. B%l reﬂex1v1ty there exists a null sequence {e(n)}
such that for each 1<i<j, {w "} and {7} converge weakly to w; and 2 in

D(AY?) and H respectively, and {77 } converges to 7; in R, as n — oo. The
desired estimate for the sequence {(w;,z;,n;)}_; follows from the estimates (8.5)
through (8.8). Let € D(AY?). Taking the inner product of (8.3) with ¢ and the
limit as 0 — 00, we have (@, (% — z-1)/hs) + a; 1 (A2, AV2w) = (o, miFry + ),
which implies that a;_jw; € D(A) and —A(a;_jw;) = (z —zi_)/hi — (0 Fi_y + g5)
for 1<i<j. We conclude that {(w;, z;,m;)}_; is a sequence satisfying the
desired properties. O

Proof of Theorem 8.1. Let X = D(AY?) x H x R, E = D(A) x D(AY?) x R
and Y = D(A%?) x D(A) x R, and define S(u,v,&) = (u+ Au,v+ Av,€) for
(u,v,€) € Y. Then condition (H1) is clearly satisfied.

As in the previous section we use the homogeneous reduction technique. To define
two sets D and D, we use three real numbers R > Ry, > ry > 0. Let us define
D ={(u,v,§) €Y : [[ul pasr) < R, [|v][ pa) < R, § = 1}. Then it is obvious that the
set D is closed and bounded inY. We prove the theorem by applying Theorem 5.6 to
the family {A(¢, (w,z,n)) : (t, (w,z,1)) € [0,Ty] x D} in X defined by

A(t, (w, 2,m)) (u, 0,€) = (v, = A(o(| A" w|*)u) + EF (t,w), 0)
for (u,v,&) € D(A(t, (w, z,m))), where

D(A(t, (w, 2,1))) = {(u,v,€) € X : v € D(A?), 0| A"*w||*)u € D(A)}.

It is easily seen that {A(t,(w,zn)): (¢, (w,2n)) €0,Ty] x D} is a family of
closed linear operators in X satisfying condition (H2).
Let Xy, = D(A) x D(AY?) x R (= E). Then it is obvious that

X, NS H(X,) = D(A%) x D(A*?) x R

and (1.2) is satisfied. If Dy is defined by the set of all elements (u,v,§) i
D(A?) x D(A%?) x R such that AY?u =0, |ju|| < Ry, 7y <||AY?v|| < Ry, ||v] <R0,

| Av|| < Ry, ||A*?0|| < Ry and & = 1, then condition (1.3) is clearly satisfied.
Condition (H5) follows from condition (F) and the inequality

lo([lA*w]*) = o (|| A"*@|*)| < 2M, (R*) R A (w — @)

for w,w € D(AY?) with ||AY?w|| <R and |AY*@| <R. Condition (H6) is
satisfied with B(t, (w, z,m))(u,v,&) = (0,6AF(t,w),0) for (u,v,§) € X, t € [0,T})
and (w, z,n) € W, where W is the open, bounded set in Y consisting of all
elements (u,v,§) €Y such that [lul[p492) < 2R, [[v]|pa) < 2R and [§| < 2.

We prove that the family {A(t, (w z,m)) : (¢, (w, z, 77)) [0,T] x D} satisfies
condition (H3), where T'> 0 is yet to be determined. For this purpose, let Ay > 0
be chosen such that 4(1 + T))A\ <1, and let (ugy, vy, &) € Dy and {t;}}_; be a
finite sequence such that 0 =t; <t; < ... <t;<T and t;, —t;_; <\ for 1 <k <.
Let M = M,(R%), My = sup{ | F(t, 0) 5 oo, : £ € 0, Tyl |l pouvey < R} < 00 (by
condition (F)) and L = 2M,,(R?)R*. We shall inductively show that there exists a
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solution {(uy, vy, &)Yy in D(A%?) x D(A) x R of the system

(wp —we1) /(b — ti1) = g, (8.10)

(v — v_1)/ (e — trr) + o (| APy [P Ay, = §F (81, wyy), (8.11)

(& — &)/ (te — te1) = 0, (8.12)

for k=1,2,...,14, satisfying the following properties:

0<a, <M for 0<k<i; (8.13)

Ogak — Qp_q <L(tk _tkfl) fOI' nggl, (814)

1F (b wi [ o2y < M for 0< k< s (8.15)

(up, vy, &) € D for 0 < k<. (8.16)

Here we set t_; =0, a_; = 0 and a; = o(||A?u||?) for 0 <k <.
Since AY2uy, =0, the desired properties (8.13) through (8.16) are true for
1=0. Let 1<j<¢ and assume that there exists a solution {(uk,vk,fk)}k , in
D(A%?) x D(A) x R of the equations (8.10) through (8.12) satisfying (8.13)
through (8.16) for 0<k<j— 1. For each [ =0,1,2, let
(w(lh 2(1]777[0) = (AZ/2’U/U’AZ/2UO?§O) and Fkl = AI/QF(tka uk)
for 0<k<j—1. Let 1 € {0,1,2}. Since (uy,vy,&) € Dy we have
(w6, 20,70) € D(A?) x D(A'?) x R.
Since uy, € D(A‘W) for 0< k<] — 1 (by the hypothesis of induction), we see by
the property of F that {F/}/_{ is the sequence in D(AY?). By (8.13) through
(8.15) for 0<k<j—1 (the hypothesis of induction), we apply Lemma 8.2 with
hy =t — t,_, and (fk,gk,ek) (0,0 O) for 1 <k<j, so that there exists a unique
sequence {(w!, 2L, nh)}_, such that w! € D(AY?), a;_yw! € D(A), z! € D(AY?) and
nteR for 1<i<y, satlsfylng the system
(wf—wf D/t = ti1) = 2,
(ZII_ )/(t_tz 1) (71w)_777FL 1
(mt = i)/ (8 — tioy) =

for 1 <7< j. Moreover, since 770 =¢, =1 we have
[AY2 W < (C(T) + V)| A wg | + C(T) | A2 2| + MpC(T),
I1211* < (L + M)(C(T) + DI|A*wp|* + (C(T) + 1) 2]
+ (L4 M)C(T)|| AV + (L + M 4+ 1)MpC(T),
lwjl* < ( (T) + Dllws|® + (L + M)C(T)| A wp > + C(T)| 20
(L + M)C(T)|| A2 + (L + M + 1) MpC(T).

Define (u;,v;,;) = (w) wy, J,n ). By uniqueness we see that (w2}, 7)) = (u;,v;,)
for 1<:<j—1 and that

(A1/2 l Al/2 ]’nj) ( I+1 Zl-+l,7']§-+l) c D(AI/Q) % D(Al/Q) « R

J’]

for [ =0,1. Since & =1 we have n? = 1. These facts together imply that (8.10)
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through (8.12) are satisfied with k= j and that
(u,v;,;) € D(A*?) x D(A) x {1}, wh=A"%u; and =z} = AV,
for [ =0,1,2. Notice that A1/2wé = AZ/Q(Al/QuO) =0 for [ =0,1,2. Then the three
estimates above show that
| AT 0|2 < O(T) (R + Mp),

14"20;[* < (C(T) + 1) R} + (L + M)C(T)Rg + (L + M + 1)MpC(T),

147 u;]|* < (C(T) + DR + (L + M+ 1)O(T) (B + Mp).
Since limy, C(T') = 0, it is possible to choose T'> 0 so small that (u;,v;,§;) € D.
This means that (8.16) holds for k = j. From this fact we deduce that the desired

properties (8.13) and (8.15) are valid for k = j.
It remains to prove that (8.14) is true for k = j. Since

(d/dB)or(|0A *u; + (1 — ) AV u;_y||?)
=20"(||0A" u; + (1 — 0)AY?u; 4 |1?)
x (OAYu; + (1 — 0) AV u;_y, AV (t — t )
and the right-hand side is estimated by 2MU/(R2)R (t;—tj_1), we have
aj—aj 1 <L(t;—t;4). The derivative of J(||9A1/2uj +(1- G)Al/zuj,lﬂz) is
rewritten as
o' (I0A2u; + (1 = 0) A 2u; %)
x (Ol AP0l (t; = tjo1) + (A Py, AP0t — 1),
If wy, := F(tp_1,up_1) — ap_1 Ay, for 1 <k <j then

k P k
U = Uy + LU + Z(tp - tp—l) Z(tq - tq—l)wq and v, =wvy+ Z(tp - tp—l)w1
p=1 p=1

q=1

by (8.10) and (8.11). Since AY2uy =0, ry<|[AY%v|| <Ry and [|[AY*w,| <
1/2+MR for 1<p<j we have

(AY2u;_y, A0y > ¢, (13 — 2TR(M}* + MR) — T*(M}/* + MR)?),

and the right-hand side is non-negative, if T" is chosen sufficiently small. It follows
that the function J(||9A1/2Uj+ (1 —9)A1/2u]-,1\|2) is non-decreasing in 6 € [0, 1];
hence a;>a;_;. It is thus shown that condition (H3) is satisfied.

The argument above shows that (8.13) through (8.15) are true if (ug, vy, &) € Dy
and (8.16) is satisfied. By virtue of this fact, condition (H4) is a direct
consequence of Lemma 8.2. g
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