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EFFICIENT SOLVING TECHNIQUES OF MATRIX EQUATIONS 
FOR FINITE ELEMENT ANALYSIS OF EDDY CURRENTS 

T. Nakata, N. Takahashi and K. Fujiwara 

ABSTRACT 

Efficient techniques for solving matrix equations 
for 2-D finite element analysis of eddy currents in 
electrical machinery connected to constant voltage 
sources are conceived by treating grad@,i.Ca@/az, as 
unknown variables. The computer storage and the 
computing time can be considerably reduced by modifying 
the coefficient matrix to a symmetrical and banded one 
with edges. 

1. INTRODUCTION _._____ 

In 2-D eddy current analysis using the magnetic 
vector potential, grad@ ( a @ / a z )  should be considered 
in some cases[ll. As the bandwidth of a coefficient 
matrix in such an analysis becomes large due to 36/32 .  
the computer storage and the computing time are 
considerably increasedr21. In the finite element 
analysis of magnetic fields in electrical machinery 
connected to constant voltage sources, in which the 
exciting currents are treated as unknown variables, the 
coefficient matrix becomes unsymmetrical[3]. Though we 
sometimes encounter such problems, they are not 
investigated in detailrll. 

In this paper, the following new techniques which 
have been developed to overcome those problems are 
introduced. The first technique is the reduction of the 
bandwidth by treating not only the vector potentials 
but also a@/az as unknown variables, and the second 
one is the modification of the unsymmetrical matrix to 
a symmetrical one. 

2. NEW TECHNIQUES _. 

2.1 Reduction of bandwidth -_.__I 

The new technique is explained using a model with 
nv windings and ng conductors as shown in Fig.1. Most 
of the electrical machinery may be represented 
substantially by this model. Each turn in one winding 
is connected in series. It is assumed that eddy 
currents do not flow in the windings. Vq and Ioq are 
the terminal voltage and the magnetizing current of the 
q-th winding respectively. 

(1) Fundamental equations 
2-D magnetic fields with eddy currents are 

governed by the following partial differential 
equation[51: 

___ 

r I  

conductor 1 2 P "9 

Fig.1 Model with windings and conductors. 
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where A is the magnetic vector potential, and v is the 
reluctivity. Jo and Je are the magnetizing current 
density and the eddy current density respectively. Je 
can be denoted by the vector potential A, the electric 
scalar potential @ and the conductivity a as 
follows~ll: 

a A  a d  

a t  a Z  ( 2 )  J, = - U  (-+-) 

The following equations can be obtained by 
Galerkin's method from Eqs.(l) and ( 2 ) [ 3 1 .  

( i = 1 , 2 , .  *,nu) 
( P =  1 , 2 ,  ,ng) 

( q = 1 , 2 , *  *,nv) ( 3 )  
where Ni is the interpolation function[51, Ioq, Stvq 
and nq are the magnetizing current, the cross-sectional 
area and the number of turns of the q-th winding 
respectively. abP/az is the 36/92 of the p-th 
conductor. Q denotes the analyzed region. Q, and hq are 
the cross sections of the p-th conductor and the q-th 
winding respectively. nu is the number of unknown 
nodes. 

(2) Improved method for calculating grad@ 
In the eddy current analysis, an electric field, 

namely the a b / &  term plays an important role[ll. In 
2-D analysis, a@/& is constant in a conductor, and 
that of the p-th conductor is given by[ll 

( 4 )  

where Stp is the cross-sectional area of the p-th 
conductor. When there are ng independent conductors in 
the analyzed region, ng kinds of a@/&. should be 
considered as shown in Fig.1. 

In the conventional method, the bandwidth is 
increased when 36/32 is considered[21. The mechanism of 
the increase of the bandwidth due to a$/& is explained 
using a simple model shown in Fig.2. As the area A ( " )  
of each element e in the conductor is the same, 
a $ , / a Z  of the conductor in Fig.2 can be obtained from 
Eq.(4) as follows : 

OO18-9464/88/01OO-0170$01 .OOO 1988 IEEE 
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Fig.2 Model of subdivision. 

where At is the time interval of the time difference 
methodr51. Stl is the cross-sectional area of the 
conductor in Fig.2. 

Equations ( 3 )  and (5) suggest that the vector 
potentials of the nodes on one conductor, such as nodes 
1 to 8 and 10 in Fig.2, are related each other. 
Therefore, the half-bandwidth Bw of the coefficient 
matrix is increased as shown in the following equation: 

Bw=lO 
_ r  . r - .  

x x xix x 
x.Xix] 

where x in the coefficient matrix denotes the nonzero 
element and 8 denotes the increased nonzero element.due 
toa@/az. The coefficient matrix is symmetric and forms 
a banded structure. The half-bandwidth Bw is equal to 
10. The fact that Bw is equal to 10 means that the 
matrix in Eq.(6) is nearly the full matrix. Therefore, 
when the number of unknown nodes is very large, the 
computer storage and the computing time are 
considerably increased and the calculation is not easy. 

If 36/22 is treated as an unknown independent 
variable, such a disadvantage can be overcome. Because 
the coefficient matrix becomes the banded one with an 
edge as shown in the following equation: 

where 4’  denotes 26/32. In Eq.(7), 8 in Eq.(6) due to 
36/32 are moved to the locations enclosed by a solid 
line. The number of the columns of the submatrix (E) 
enclosed by the solid line is equal to that of 86/32, 
namely the number of conductors. In this case, the 
number of unknown variables is larger than that of 
Eq.(6). Therefore, the following equation whlch 1s 
obtained from Eq.(4) should be added to Eq.(6). 

_- 3:’ + & dxdy = 0 

If the coefficient matrix of Eq.(9) is symmetrized 
as shown in Section 2.2, the calculation is possible by 
memorizing only the upper part (E*) of the edges and 
the banded matrix (H). AS only (H) and (E*) in Eq.(9) 
are memorized and solved independently, the computer 
storage and the computing time can be reducedr61. For 
example, the memory storage is decreased from 62 
(locations enclosed by the broken line in Eq.(6)) to 54 
(locations enclosed by the broken line (HI and the 
solid line (E*) in Eq.(9)). The reduction of the 
computer storage is not so remarkable in this example. 
When the number of elements, however, is increased and 
there are many kinds of 26/32, the decrease of computer 
storage is remarkable. For example, in the case of 
Fig.4(a) denoted in Section 3, the computer storage is 
considerably reduced to about 1/12 of that of the 
conventional method. 

In solving Eq.(9), a solver for banded matrix is 
used for the matrix (H), and that for full matrix is 
used for the edge matrix (E*) independently. 

If the winding has parallel circuits, the number 
ng of 36/22 are very much increased, because ab/& 
should be defined in each turn[71. A s  the reduction of 
the computer storage and the computing time is 
remarkable when the number of the columns of the edge 
matrix (E*) in Eq.(9) is large, the technique proposed 
here is especially effective for such a problem. 

(3) Improved method for analyzing electrical machinery 

Magnetic fields in electrical machinery should be 

, . - - ._._......____._________.-..___I_-__._---_._-. __ 
connected to constant voltage sources . _ -  - - ..- 

analyzed under the specified terminal voltages, because 
they are usually excited by constant voltage power 
sources as shown in Fig.1. In such a problem, the 
terminal voltages V1, V2, ..., Vnv are given and the 
magnetizing currents Iol, Io2, ..., Ionv are unknown. 
The analysis of such a problem is possible by treating 
the magnetizing currents as unknown variablesr31. 

Figure 3 shows the q-th circuit of Fig.1. The 
finite element region (2-D) which is enclosed by a 
broken line in Fig.3 corresponds to the winding shown 
in Fig.1 except the coil end. Roq and Loq are the 
resistance and the leakage inductance of the coil end 
respectively. Rcq is the resistance of the q-th winding 
in the finite element region. The following equation 
can be obtained from Kirchhoff’s second law: 

finite element region 
‘c ----, 

The final equation for treating 86/32 as unknown 
variables is given by 

Fig.3 Equivalent circuit 
for the q-th circuit. 



172 

(10) 
where aq 1s the interlinkage flux of the winding. By 
representmg the interlinkage flux @ using the vector 
potential A, Eq.(lO) can be rewritten'as follows: 

(11) 

As there are nv independent windings, the number of 
equations similar to Eq.(ll) is nv. 

As the number of Eq.(3) and that of Eq.(ll) are nu 
and nv respectively, both the vector potentials and 
the magnetizing currents can be calculated by solving 
those equations simultaneously. The final equations 
for analyzing eddy currents in electrical machinery 
connected to constant voltage sources can be obtained 
by combining Eq.(3) with Eqs.(8) and (11). In the 
nonlinear analysis using the Newton-Raphson iteration 
technique, the increments &Aj, 6$l; and &Ioe at the 
instant t are obtained from the following equation: 

(12) 
j=lr2,...,nu 
k = l  ,2, .  . . , n g  
R = l , 2 , .  . . , n v  

For the first-order finite element method, Gi is 
given by[51 

where Ne is the number of elements in the whole region. 
Ncq and Np are the number of elements in the cross 
section of the q-th winding and that in the p-th 
conductor respectively. Abe is the vector potential at 
a node ke. The superscript t denotes the instant of 
the calculation. Gike is the Kronecker delta. 6i(e) 
is unity when the node i is in the element e and zero 
when the node i is outside the element e. Sike is 
defined by[51 

(15) 

with the other coefficients obtained by a cyclic 
permutation by subscripts in the order i, j, k. 

Fp and Eq correspond to the left sides of Eqs.(8) 
and (11) as follows: 

( 1 6 )  

(17) 

aGi/aAj etc. in Eq.(12) are derived from Eqs.(l3), (16) 
and ( 1 7 ) .  

2.2 Symmetrization of Matrix -___ 

The coefficient matrix in Eq.(12) is not 
symmetric in the region enclosed by a broken line. That 
is, aGi/a$i in Eq.(12) is different from aFp/aAj as 
follows : 

(19) 

aGi/aIol is also different from aE /aA. as follows: 
q 7  

If Eqs.(l9) and (21) are multiplied by StpAtO and 
At respectively, the edges of Eq.(12) become 
symmetric. As [aGi/aA,l in Eq.(12) is a banded matrix, 
Eq.(12) can be solved as a banded matrix with 
symmetrical edges. Therefore, the computer storage and 
the computing time can be reduced. 

3. AN EXAMPLE 
.-__ 

In order to verify the usefulness of the new 
technique, it is applied to models shown in Fig.4. Each 
turn in one winding is connected in series. Six 
isolated conductors or three isolated ring conductors 
which are infinitely long in the z-direction are placed 
inside an exciting winding. The exciting winding is 
connected to an external power source V I .  The 2-D 
construction for Figs.4(a) and (b) are the same as 
shown in Fig.5. We assume that the model is 
surrounded by the high permeability material ( !J=m) as 
denoted by the hatched part in Fig.5. Then, the line c- 
0 is the Dirichlet boundary (A=O) and the line 0-a-b-c 
is the Neumann boundary. Though a$/az can be neglected 
in Fig.4(b), it should be defined in each conductor in 
the case of Fig.4(a)[11. ng and nv in Eq.(12) are 3 
and 1 respectively in the case of Fig.4(a), and they 
are zero and 1 respectively in the case of Fig.4(b). 
The conductivity r~ sf the conductor is 0.354x1O8(S/m). 
The resistance (Rcq+Roq) of the winding is 1 ( R )  and the 
leakage inductance Loq is neglected. The frequency and 
the effective voltage of the external power source are 
50(Hz) and l O O ( V )  respectively. The number of elements 
and that of unknown nodes are 4608 and 2352 
respectively. 

The flux distribution in Fig.4(a) is different 
from that in Fig.Q(b) as shown in Fig.6. Table 1 shows 
the comparison of the half-bandwidth, the computer 
storage required for the coefficient matrix and the 
computing time. This Table shows that they can be 
considerably reduced by introducing the new techniques. 
Even if there are three kinds of a$/az as shown in 
Fig.4(a), the analysis is possible within only a 
small increase of the memory storage and the computing 
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(with 
a6/az) 

conductor 4 

nductor 2 ( a @ 2 / a z )  
- 
With symmetrical 
edges(nv=l,ng=3) 73 30 

I 
v c o n d u c t o r  6 ( a m 6 / a z )  'conductor 3 ( a a , / a z )  

(a) six parallel conductors which are not 
connected each other 

Fig.4(b) 
(without 

am/az) 

Table 1 Comparison of half-bandwidth, 
memory storage and CPU time 

1 13 I 104 1 21 
With symmetrical 
edges (nv=l) 

Type of 
matrix 

Model 
(sec.) 

I Conventional 1 1536 1 1355 I 3562 Fig.4(a) (nv=l) 

I 1 I i 

eddy current . Computer : NEC ACOS-1000 (15MIPS) 

time compared with those of the problem having no conductor 1 

conductor 2 a@/az (Fig.4(b)). 

4. CONCLUSIONS __ _____ 
It has been shown that the computer storage and 

the computing time can be considerably reduced, for 
example, to about 1/10 and 1/100 of the conventional 
ones, by treating 36/32 as unknown variables and 
introducing symmetrization technique. If the number of 

(b) three parallel ring conductors 36/32 is increased, the reduction of the computer 
storage and the computing time is more remarkable. 

The techniques proposed here are more effective in 

gnetizing current 

Fig.4 Analyzed models. 

Y 3-D analysis. The study in 3-D analysis will be 
1, cent er 1 in e 

reported later. 
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