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A Direct Computation of State
Deadbeat Feedback Gains

Kenji Sugimoto, Akira Inoue, and Shiro Masuda

Abstract—This note gives a new method for computing a feedback
gain which achieves state deadbeat control. From systems given in the
staircase form, this method derives the deadbeat gain in a numerically
reliable way. It is also shown that the gain turns out to be LQ optimal
for some weightings.

1. INTRODUCTION

As is widely recognized, it is by no means trivial to compute
state deadbeat gains in a numerically reliable way. In addition to
the conventional method using the reachability matrix, a number
of approaches have been proposed in literature (see, e.g., [4]).

Emami—Naeini [3] has given a method based on the linear
quadratic (LQ) control theory. Van Dooren [2] has computed
the gain by repeating conversion of a given system. These two
methods are numerically stable, and each of them has its own
merit. In [3], the deadbeat gain is computed as an LQ regulator
for a specially chosen pair of weightings, which gives an elegant
interpretation of the deadbeat gain. In [2], the norm of the gain
is optimized in addition to the minimal time deadbeat property.

In this note, we propose a new method for computing a
deadbeat gain. The obtained gain turns out to be LQ optimal for
some weightings, and hence it shares the advantage with the
method by [3]. Yet the present approach does not require
solving the Riccati equation, and hence is algorithmically more
transparent. LQ optimality is shown by using the result on the
inverse regulator problem.

II. MAIN RESULT
Consider a reachable system

x(t+ 1) =Fx()+Gu(t), t=1,2,- @

where F, € R"*", G, € R"*™. No assumption is made on non-
singularity of F,. As in the existing work [2], [3], we start by
converting the pair (F,, G,) into the staircase form

A, Fy Fp - Fy
A, F .

o=|°| F=|7F % . @
0 0 AI‘- FM"

where u is the reachability index, A » has full row rank r,, the
diagonal element matrices F,, are r, X r,, and the rest are of
compatible sizes. It is well known that the form (2) can be
obtained via orthogonal similarity transformations, and hence
this process is numerically reliable. '

Now we compute the deadbeat gain directly from (2). In order
to explain the recursive nature of the algorithm, let us first
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define a sequence of submatrices
B
A, Eyp By
A .
Iy 0 A p+1
GP = e FP = ) ) (3)
0 I 0 A, E,
for p = 1,--, u. Then we have F = ﬁl, G =G, and
F *
A pp
F, =1 4 A , p=1,,p—1. 4
’ Gp+1 Fp+1J )

Namely, F;H is embedded into the preceding Fp.
With these notions, the deadbeat gain K is given by the
simple recursive formula:

K, =A;F,
K, =A0,[1 K, 1, p=p—1,1, )
K=K,

Here, A~ denotes any right inverse of the matrix A.

Remark: For each p, K, in the formula (5) is chosen so that

N A 0 —K,.il|a
F,-G,K, = [0 I” ]FP.
Note that in the right-hand side, the r, columns of the first
factor matrix are all zeros. An effect of taking such K, is
indicated by the following theorem.
Theorem 1: The feedback gain (5) achieves minimal time
deadbeat control.
Proof: In view of (2), (4), and (5) we compute

0 -Kls [0 -k,
o I]Fl [0 1]

0 -K,][0 * wol
- I ]0 F, - G,K, A

(F, - 6.K,)" =

o o

A A -1
o —Ky(F, - Gszz': i ©
0 (h-6,K)

We can proceed this process recursively with respect to the
suffix p. Furthermore, in the final suffix p = u, we have F, —
G,K, = 0 by (5). By induction, we thus obtain (F — GK)* =
(F, — G,K)* = 0, as expected. o

II1. LQ OPTIMALITY

Now we show that the deadbeat gain obtained by (5) is
optimal for some weightings. To this end, we give a criterion for
optimality in a more general form.

Theorem 2: In the system (2), suppose that G has full column
rank. (Then A, is square and invertible.) If a stabilizing feed-
back gain K is written as

K=A7'I LIF ¢)]
for some L, then K is LQ optimal for the performance index
J=3 xT()Ox(1),
t=0

Q=HTH, H=A;YI L) ®)
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Proof: Denoting Z(z) == (zI — F)™'G, the return differ-
ence matrix for the gain (7) is

W(z) =1+ KZ(z)

=A7l1 L][AOI] + ATMI LIFZ(2)

=zAT'[I L]Z(2) C)
by (2) and (7). Hence we have, in view of (8),
WT(z=HYW(2) = Z7(z~1)QZ(2). (10)

On the other hand, let K be the LQ optimal gain for the
performance index (8), and let W(z) be its return difference
matrix. Then it is well known ([1], [5], [7]) that W(z) satisfies the
Kalman equation

WT(z"HGTIGW(2) = ZT(zV)OZ(2) 68}

where 1T is the solution of the corresponding Riccati equation.
In view of (10) and (11), we can readily show that K = K by
slightly modifying the technique in [5, prop. 3.1]. O

Remark: Note that the control weighting R = 0 in the perfor-
mance index (8). The existence of the Riccati solution is, how-
ever, ensured in this case (see [6]).

We see that the deadbeat gain by formula (5) satisfies the
condition (7) by putting L = K,. We thus have the following
result.

Corollary: The deadbeat gain K by (5) is LQ optimal.

IV. AN EXAMPLE
Consider the system
F,=diag (1,271,277 ¢ =(1,,D7. (12)

Applying the staircase algorithm, we obtain the form (2). If
n = 4, for example, we have

47¢e -1 -—34e-1 53e—-17 —-13e-17
F= -34e-1 69¢e—1 -—-23e-1 S5.4e—-17
0 -23-1 4.5¢ -1 12¢e -1 |
i 0 0 1.2¢e -1 27 -1
[ —2.0e + 0
g = 0 (13)
ol
i 0

Then the deadbeat gain by the formula (5) is
K,=3.0e+0,-13e+0,1.7e — 1, —6.0e — 3) (14)

while the gain K, computed via the reachability matrix is the
same.

In the latter method, we have used the toolbox “ctrbf” of
MATLAB. Due to the special algorithm of this software, it is
feasible to calculate reachability matrices without causing the
well-known numerical instability. Even so, as n increases, the
error of the latter grows rapidly and, as an extreme case, when
n = 16 we have obtained

I(F, — g,K,)"ll = 9.2¢ — 28,
ICF, = g,K)"ll = 2.3¢ + 79. a5s)

Here, the computation was carried out by MATLAB of NEC-PC
version.

V. CONCLUSION

We have shown that the gain (5) achieves deadbeat control
and is LQ optimal. Although we do not have to solve the Riccati
equation for any weightings, it is ensured that the obtained
feedback gain belongs to the class of optimal control.

REFERENCES

[1] B. D. O. Anderson and J. B. Moore, Linear Optimal Control, 2nd
ed. Englewood Cliffs, NJ: Prentice-Hall, 1990.

[2] P. Van Dooren, “Deadbeat control: A special inverse eigenvalue
problem,” BIT, vol. 24, pp. 681-699, 1984.

[31 A. Emami-Nacini and G. F. Franklin, “Deadbeat control and
tracking of discrete-time systems,” IEEE Trans. Automat. Contr.,
vol. AC-27, pp. 176-181, 1982.

[4] J. O'Reilly, “The discrete linear time-invariant time-optimal con-
trol problem—An overview,” Automatica, vol. 17, no. 2, pp.
363-370, 1981.

[5] K. Sugimoto and Y. Yamamoto, “Solution to the inverse regulator
problem for discrete-time systems,” Int. J. Contr., vol. 48, pp.
1285-1300, 1988.

[6] K. Sugimoto, A. Inoue, and S. Masuda, “Solvability of the
discrete-time Riccati equation for singular weightings,” in Proc.
MTNS-91, Kobe, Japan, 1991.

[71 1. L. Willems and Van de Voorde, “The return difference for
discrete-time optimal feedback systems,” Automatica, vol. 14, no.
5, pp. 511-513, 1978.

A Newton-Squaring Algorithm for Computing
the Negative Invariant Subspace
of a Matrix

C. S. Kenney, A. J. Laub, and P. M. Papadopoulos

Abstract—By combining Newton’s method for the matrix sign function
with a squaring procedure, a basis for the negative invariant subspace of
a matrix can be computed efficiently. The algorithm presented is a
variant of multiplication-rich schemes for computing the matrix sign
function such as the well-known inversion-free Schulz method which
requires two matrix multiplications per step. However, by avoiding a
complete computation of the matrix sign and instead concentrating only
on the negative invariant subspace, the final Newton steps can be
replaced by steps which require only one matrix squaring each. This
efficiency is attained without sacrificing the quadratic convergence of
Newton’s method.

L. INTRODUCTION

The need to compute invariant subspaces of a matrix A €
Cr4a*"4 arises in a variety of settings. For example, a com-
mon procedure for solving the algebraic Riccati equation
involves finding the negative invariant subspace of an associated
Hamiltonian matrix [25), [26]. In recent years there has been
renewed interest [11-{4], (7], (8], [10]-[13], [18]-[22], [25], [27]-[29]
in using the matrix sign function to solve such problems,
especially for large matrices.

The matrix sign function is a generalization of the scalar sign
function for complex numbers. If z is a complex number which
is not on the imaginary axis, then sgn(z) is —1 if z has negative
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